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EDWARD  H.  COURTENAY. 


Ix  the  publication  of  the  following  Treatise  on  the 
Differential  and  Integral  Calculus  by  Edward  H.  Courtenay, 
two  Institutions  have  an  equal  interest  —  th^  Military 
Academy  where  he  was  graduated  in  the  year  1821,  and 
the  University  of  Virginia,  where  he  died  in  thaFall  of  1853. 

Mm 

Mr.  Courtenay  was  born  in  the  City  of  Baltimore,  on  the 
19th  of  Nojp^ember,  1803.  He  entered  the  Military  Academy 
as  a  cadet  in  September,  1818,  and  was  the  youngest 
member  of  th£  Class  of  that  year. 

The  Coursef  of  Study  embraced  a  term  of  four  years.  In 
three  years  Mf^'^Courtenay  made  himself  highly  proficient  in 
all  the  branches^  and  wa^  graduated  at  the  head  of  his  class, 
in  July,  1821.      ,  -   -    ;  .:  ,*•  /    ' 

In  his  initiatory  examination  he'^inade.a  strong  impression 
on  the  mind  of  the  examiner,  who  'remarked,  when  the 
examination  was  concluded,  that  "  a  boy  from  Baltimore,  of 
spare  frame,  light  complexion  and  light  hair,  would 
certainly  tdke  the  firet  place  in  his  closssr' 

We  transcrrbe*  the  following  record'  from  the  Register  of 
tlie  United  States  Military  Academy.' 

"  Edward  II.  CouRTEXAY^—Promoted  Bvt  Second  Lieut, 
Corps  of  Engineers,  July  1,  1821. — Second  Lieut.  July  1, 
1821. — Acting  Asst.  Professor  of  Natural  and  Experimental 
Philosophy,  Military  Academy,  from  July  23,  1821,  to  Sept. 
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1, 1822 ;  and  Asst.  Professor  of  Engineering,  from  Sept.  1, 
1822,  to  Aug.  31,  1824. — ^Acting  Professor  of  Natural  and 
Experimental  Philosophy,  Military  Academy,  from  Sept.  1, 
1828,  to  Feb.  16, 1829 ;  and  Professor,  from  Feb.  16, 1829, 
to  Dec.  31,  1834. — Resigned  Lieutenancy  of  Engineers,  Feb. 
16,  1829 ;  and  Professorship  of  Natural  and  Experimental 
Philosophy,  Dec.  31,  1834. — Professor  of  Mathematics, 
University  t)f  Pennsylvania,  from  1834  to  1836. — Division 
Engineer,  New  York  and  Erie  Railroad,  1836-37. — Civil 
Engineer,  in  the  service  of  United  States,  employed  in  the 
construction  of  Fort  Independence,  Boston  Harbor,  from 
1837  to  1841.*— Chief  Engineer  of  Dry  Dock,  Navy  Yard, 
Brooklyn,  N.  Y.,  1841-42. — Professor  of  Mathematics, 
University  of  Virginia,  since  1842. — Author  of  Elementary 
Treatise  on  Mechanics,  translated  from  the  French  of  M. 
Boucharlat,  with  additions  and  emendations,  designed  to 
adapt  it  to  the  use  of  the  Cadets  of  the  U.  S.  Military 
Academy,"  1833. — ^Degree  of  *A.  M^  cojrforred  by  University 
of  Pennsy 
Sidney  Colle< 


j'lvania,    18^4^\\and    of'.'tXrJ^V.by  Hampden 

lege,  va^-ksi^v-  ••"*••  .'•;:••;/. 
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♦  Mr.  Courtenay,  while  employed  as  Engineer  in  the  cotisfnicticfti  of  the  works 
in  Boston  Harbor,  was  associated  with  that  distinguished  of^cer,  Colonel  Sylvanus 
Thayer,  -of  the  Corps  of«Enffine§rs.  •  • 

The  year  before  Mr.  tifou'rfenay  entered  the  Military  .Academy,  as  a  Cadet, 
Colonel  Thayer  had  beeH  (pppipted  Superintendent,  ^^e.tvaff*  then  engaged  in 
laying  the  foundation  of  \JiQ*8y*i«A  .of  instruction '^i^ol  •Jl^poipline  which  has 
imparted  so  much  reputation  to>iTpt'in8titllittoA./.   >,  *  •*•  ,  * 

It  was  among  the  most  agreeably' and  cherisJi^cf^^efkilsr^Acesof  Mr.  Courtenay *s 
life  that  he  enjoyed  the  entire  confidence  aftd  ^uindsliip  of  so  interesting  and 
distinguished  a  man. 

The  relation  of  principal  and  pupil,  in  a  public  institution  became  the  basis  of 
a  sincere  and  generous  friendship ;  and  when  the  news  reached  the  north  that 
Courtenay  was  dead,  no  eye  was  moisteneil  by  a  tear  of  warmer  sjrmpathy  than 
that  of  the  Superintendent  who  had  guided  his  youth  and  admired  his  life. 

f      /- 
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The  author  of  this  notice  examined  Mr.  Courtenay  when 
he  entered  the  Military  Academy,  was  associated  with 
him  in  the  Academic  Board,  and  knew  him  intimately 
in  all  the  situations  which  he  subsequently  filled;  and 
yet  feels  quite  incompetent  to  do  justice  to  the  memory 
of  so  perfect  a  man  and  so  dear  a  friend. 

The  painter  who  has  a'  faultless  form  to  delineate  or  a 
perfect  landscape  to  transfer  to  the  canvas,  is  embarrassed 
by  the  very  perfection  of  his  subject.  He  has  nothing  to 
put  in  opposition  to  the  beautiful — no  shading  that  can  give 
full  effect  to  the  living  light.  Characters  which  afford 
strong  contrasts  are  easily  drawn — it  is  the  perfect  char- 
acter which  it  is  difficult  to  sketch. 

The  intellectual  faculties  of  Professor  Courtenay  were 
blended  in  such  just  proportions,  that  each  seemed  to  aid 
and  strengthen  all  the  others.  He  examined  the  elements 
of  knowledge  with  a  microscopic  power,  and  no  distinction 
was  so  minute  as  to  elude  the  vigilance  of  his  search.  He 
compared  the  elements  of  knowledge  with  a  logic  so  scruti- 
nizing that  error  found  no  place  in  his  conclusions; — and 
he  possessed,  in  an  eminent  degree,  that  marked  character- 
istic of  a  great  mind,  the  power  of  a  just  and  profound 
generalization. 

His  mind  was  quick,  clear,  accurate  and  discriminating 
in  its  apprehensions — rapid,  and  certain,  in  its  reasoning 
processes,  and  far-reaching  and  profound  in  its  general 
views.  It  was  admirably  adapted  both  to  acquire  and 
use  knowledge. 

The  intellectual  faculties,  however,  are  but  the  pedestal 
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and  shaft  of  the  column — the  moral  and  social  faculties 
are  its  entablature  or  crowning  glory.  It  is  these  faculties 
which  shed  over  the  whole  character  a  soft  and  attractive 
radiance,  exhibiting  in  a  favorable  light  the  majesty  of 
intellect  and  the  divine  attributes  of  truth,  justice  and 
beneficence. 

It  was  the  ardent  desire  and  steady  aim  of  Professor 
Courtenay,  during  his  whole  life,  to  be  governed  by 
these  principles,  and  there  are  few  cases  in  which  the 
ideal  and  the  actual  have  been  brought  more  closely 
together.  Modest  and  unassuming  in  his  manners  even 
to  dlflSdence,  he  was  bold,  resolute  and  firm  in  asserting 
and  maintaining  the  right.  Liberal  in  his  judgments  of 
others,  he  was  exacting  in  regard  to  liimself.  He  could 
discriminate,  reason,  and  decide  justly,  even  when  his  own 
interests  'were  involved  in  the  issue.  His  love  of  truth 
and  justice  was.  stronger  than  his  love  of  self  or  of  friends. 

His  intercourse  with  others  was  marked  by  the  gentlest 
courtesies.  He  was  an  attentive  and  eloquent  listener. 
Difl'erences  of  opinion,  appeared  to  excite  regret  rather  than 
provoke  argument,  and  his  habitual  respect  for  the  opinions, 
wishes  and  feelings  of  others,  imparted  an  indescribable 
charm  to  his  manners. 

As  a  professor  he  was  a  model.  He  was  clear,  concise, 
and  luminous  in  his  style  and  methods.  Laborious  in  the 
preparation  of  his  lectures,  even  to  the  minutest  facts,  he 
was  at  all  times  prepared  to  impart  information.  His  manner, 
as  a  teacher,  was  highly  attractive.  He  never  by  look,  act, 
word,  or  emphasis  disparaged  the  efforts  or  undervalued 
the  acquirements  of  his  pupilg.     His  pleasant  smile  and  kind 
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voice,  when  he  would  say,  "  Is  that  answer  perfecUy 
correct?"  gave  hope  to  many  minds  struggling  with  the 
difficulties  of  science  and  have  left  the  impression  of  affec- 
tionate recollection  on  many  hearts. 

At  the  Militar}'-  Academy,  on  the  banks  of  the  Hudson, 
where  Mr.  Courtenay  was  educated,  and  where  he  first 
labored  to  advance  the  interest  of  instruction  and  science, 
liis  name  is  recorded  on  the  list  of  distinguished  graduates, 
and  honorably  enrolled  among  the  most  eminent  Professors 
of  that  Institution.  Tliere  his  labors  and  memory  will  live 
long  together. 

At  the  University  of  Virginia  he  has  left  a  name  equally 
dear  to  that  distinguished  Faculty  of  which  he  was  an  orna- 
ment and  to  the  many  pupils  whom  he  there  taught.  When 
these,  in  later  years,  shall  revisit  their  Alma  Mater,.to  revive 
early  and  cherished  recollections — to  strengtlien  the  bonds  of 
early  friendships  and  renew  their  resolves  to  be  good  and 
great,  they  will  find  that  a  wide  space  has  been  made  vacant. 
They  will  realize  in  sorrow  that  a  favorite  professor  has  been 
transferred  from  the  halls  of  instruction  to  the  grove  of  pines 
which  borders  the  town,  and  which  contains  the  remains  of 
the  revered  dead.  Thither  they  will  go,  in  the  twilight  of 
the  evening,  to  visit  the  grave  of  a  man  of  science — their 
able  teacher  and  faithful  friend.  In  reviewing  his  life  and 
contemplating  his  character,  they  will  exclaim — 

"Mark  the  perfect  man  and  behold  the  upright;  for  the 
end  of  that  man  is  peace." 


FisHKiLL  Landing, 
March  lOM 


INO,  ) 

,  1855.     J 
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NOTICE. 

The  following  work  was  left  by  Professor  Courtenay,  in  manuscript,  in 
a  highly  finished  condition ;  and  yet,  it  must  be  regretted  that  it  could  not 
receive  the  final  corrections  of  the  author.  A  premature  death,  at  the 
meridian  of  life,  placed  the  work  in  other  hands,  and  any  slight  inaccuracies 
of  language  which  may  now  appear/  would  doubtless  have  been  corrected, 
if  the  sheets  could  have  passed  under  the  eye  of  the  author. 

It  is  a  cause  of  thankfulness,  however,  that  the  work  was  entirely  com- 
pleted by  Professor  Courtenay ;  and  in  its  publication  the  plan,  language, 
and  even  the  punctuation,  have  been  followed  with  a  fidelity  due  to  tlie 
memory  of  a  friend. 

The  work  will  be  found  more  full  and  extensive  than  any  which  has  yet 
appeared  in  this  country  on  the  same  subject ;  and  the  part  which  relates 
to  the  Calculus  of  Variations  will  be  especially  acceptable  to  the  American 
public. 

It  is  perhaps  not  improper  to  add,  that  the  Publishers  have  generously 
offered  to  publish  the  work  on  very  favorable  terms,  and  that  the  profits, 
whatever  they  may  be,  will  go  to  the  family  of  the  author. 
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CHAPTER  I. 


FIRST   PRIKCIPLSS. 


1.  In  all  mathematical  calculations,  the  quaptities  which  are 
presented  for  our  consideration  belong  to  one  of  two  remarkable 
classes :  namely,  constant  quantities,  which  are  such  as  preserve 
the  same  values  throughout  thei  limits  of  one  in|estigation ;  or 
variable  quantities,  which  may  assume  successively  different  values, 
the  number  of  such  values  being  unlimited. 

The  first  letters  of  the  alphabet,  as  a,  &,  c,  &;c.,  are  usually 
employed  to  denote  constant  quantities,  and  the  last  letters  z,  y,  a?, 
&c.  are  used  to  represent  such  quantities  as  are  variable, 

2.  When  two  quantities  x  and  y  are  mutually  dependent  upon 
each  other,  so  that  a  knowledge  of  the  value  of  one  will  lead 
to  that  of  the  other,  they  are  said  to  be  Junctions  of  each  other. 
Thus,  in  the  equations 

y  =:  crx,      y  =.  bx^  +  ex  -\-  e,      y  =  aa:^  -f  bx'^  —  ex  +  e^ 

the  value  of  y  is  determined  as  soon  as  that  of  x  is  known ;  and 
accordingly  y  is  said  to  be  a  function  of  x. 

In  like  manner,  an  assumed  value  of  y  will  fix  the  correspond- 
ing values  of  r,  and  therefore  a:  is  a  function  of  y.  There  is 
this  difference,  however,  between  the  two  cases:   when  the  value 
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of  X  is  assumed,  that  of  y  is  obtained  by  a  simple  substitu- 
tion ;  whereas  the  determination  of  the  value  of  x  from  that 
of  y  requires  the  solution  of  an  equation.  Hence,  y  is  called 
an  explicit  function  of  2,  but  x  is  said  to  be  an  implicit  func- 
tion of  y. 

The  general  fact  that  y  is  an  explicit  function  of  a?  is  written 

thus  : 

y  =  Fa^        or        y  =  9a?, 

when  the  character  i^  or  9  stands  as  the  representative  of  certain 

operations  to  be  performed  on  the  quantity  x,  the  result  of  whic? 

operations  will  be  a  quantity  equal  in  value  to  y.      And  when 

we  wish  to  imply  that  the  values  of  x  and  y  are  connected  by 

an  unresolved  equation,  or  that   y  is   an   implicit  function  of  x, 

we  write 

F{x,  y)  =  0,         or         9(ar,  y)  =  0. 

For  the  purpose   of '  illustration,  let  there  be  taken  the  three 

equations        ^ 

yz=zax  +  h        (1), 

y=iax^  +  hx  +  c        (2), 

y  =  ax^  ■\' hx^  +  ex  +  e         (3), 

and  suppose  x  to  receive  an  increment  h  in  each  equation,  con- 
verting it  into  x  +  h^  and  causing  y  to  assume  a  new  value  yi. 
Then  if  the  form  of  each  function,  or  value  of  y,  be  supposed 
to  remain  unchanged,  the  three  equations  (1),  (2),  and  (3),  will 
become  respectively  ^ 

y,  =:a{x  +  h)  +  h         (4), 

y,  =  a{x  +  A)2  +  b{x  +  h)  +  c        (5), 

and  yi  =  a{x  +  hy  +  b{x  +  hy  -i- c{x  +  h)  +  e         (6). 

Subtracting  (1)  f?om  (4)  we  obtain 

yi  —  y  =  ah     (7). 


FIRST  PRINCIPLES.  15 

from  (2)  and  (5)  we  get 

yx—y  =  ci{^xh  +  h^)  f*bh     (8). 
And  from  (3)  and  (6) 

yi—y  =  a(3z2A  +  SjtA^  +  A3)  4.  j(2jrA  +  h'^)  +  ch    (9). 
From  (7)  we   deduce,  by  division, 

y^-y 


h 


=  a         (10); 


from  (8)  ^^^IT'  "^  "^^^"^  +  ^)  +  *     (11); 

=2ai:  +  aA  +  i ; 
and  from  (9) 

^^7^  =  «(3^^  +  3^^  +  ^'')  +  K2«  +  ^0  +  ^        (12). 

The  results,  (10),  (11),  and  (12),  express  tno  ratio  between 
the  increment  h  assigned  to  a:,  and  the  corresponding  increment 
yx—y  imparted  to  y.  The  values  of  this  ratio,  in  the  three 
examples  selected,  present  remarkable  differences. 

In  the  first  example,  this  ratio  retains  the  same  value  a,  what- 
ever may  be  the  value  assigned  to  the  increment  A.  In  the 
second  example  it  consists  of  two  parts, 

one  =  2aa?  +  6, 

entirely  independent  of  A,  and  the  other  =  aA, 

V 

which  varies  with  A.     If  the  value  of  A  be  supposed  to  diminish, 

the  ratio 

2aa;  +  ft  +  aA         (11), 

will  become  more  and  more  nearly  equal  to  2aa?  +  h ;  and,  final- 
ly, when  A  becomes  indefinitely  small,  the  ratio  is  reduced  to 
this  latter  value. 

The  corresponding  increments  h  and  y^  —  y,  when  indefinitely 


16  DIFFERENTIAL    CALCULUS. 

small,  arc  called   tho  d^crentials  of  the  quantities  x  and  y,  and 
the  limiting  value  of- the. ratio 

h 

is  called  the  differential  coefficient,  because  it  is  the  multiplier  of 
the  differential  of  x  necessary  to  produce  the  differential  of  y. 

The  differentials  of  x  and  y  are  written  dz  and  (fy,  the  char- 
acter d  being  the  symbol  of  an  operation   to  be  performed  on 

X  or  y,  not  a  factor :  and  tho  differential  coefficient  is  written  y— 

Moreover,  one  of  the  variables  (usually  x)  is  called  the  inde- 
pendent variable,  its  increment  dx  (although  small)  being  arbi- 
trary ;  while  the  other  y,  whoso  increment  dy  depends  on  that 
of  Xy  is  called  the  dependent  variable  or  simply  the  function. 

In  the  third  example,  the  ratio 

A 
reduces,  at  the  limit  when  h  =  0,  to 

ax 

These  examples  illustrate  the  fact  that  two  indefinitely  small 
quantities  may  yet  have  a  finite  ratio ;  and  they  suffice  to  show 
that  the  form  of  the  differential  coefficient,  which  is  usually  a 
function  of  ar,  will  depend  very  materially  on  the  form  of  the 
original  function  y. 

(3.)  The  considerations  just  presented  analytically  adrnit  of 
geometrical  illustration.  For,  whatever  may  be  the  relation  be- 
tween X  and  y,  the  former  may  be  regarded  as  the  abscissa,  and 
the  latter  as  the  ordinate  of  a  plane  curve ;  and  the  determination 
of  the  relation  between  the  corresponding  increments  of  x  and  y, 
is  reduced  to  finding  the  change  in  the  length  of  the  ordinate 
produced  by  an  arbitrary  change  in  the  length  of  tho  abscissa. 
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It  is  the  chief  object  of  the  Differential  CUoulus  to  investigate 
the  laws  of  increase  of  functions  having  valriMis- forms,  when  such 
changes  are  produced  by  an  arbitrary  change  in  the  value  of 
the  independent  variable  upon  which  the  values  of  the  functions 
depend. 

Geometrical  considerations  will  also  point  out  very  clearly  how 
it  happens  that  a  given  augmentation  of  the  variable  x  will,  in 
different  stages  of  its  magnitude,  produce  widely  different  increments 
of  the  function  y. 

Referring  to  the  an-        ^ 
nexed  diagram,  it  will 
be  apparent  that  near 
the  vertex   C   of  the 
curve   CPE^  a    slight     { 
increase  in  the  value  of 

the  abscissa  x  will  produce  a  comparatively  large  increase  in  the 
value  of  the  ordinate  y ;  but  when  the  tangent  to  the  curve  forms 
a  smaller  »igle  with  the  axis  OJT,  as  at  P,  the  same  increment 
in  X  will  produce  a  much  smaller  increase  of  y ;  and  if  the  tangent 
be  nearly  parallel  to  OX^  the  increment  received  by  y  will  be  very 
small  in  comparison  with  that  given  to  x.  Finally,  hy  continuing 
to  increase  ;r,  the  ordinate  y  may  first  cease  to  increase,  and  may 
afterwards  actually  decrease,  or  the  increment  of  y  may  become 
negative ;  and  these  different  results  will  occur  without  any  change 
in  the  form  of  the  function  y. 

4.  One  of  the  first  inquiries  presented  for  consideration  is  the 
determination  of  the  general  form  of  the  function  F{x  +  k)  ;  for, 
since  we  desire  to  compare 

yz=^Fx        with        y^  =  F{x  +  A), 

it  is  important  to  know  what  form  F{x  +  A)  will  assume  when  ex- 
panded into  a  series  of  terms  involving  x  and  A.  Hence  the  fol- 
lowing 
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Proposition.  To  determine  the  general  form  of  the  development 
of  any  function  of  U^e  algebraic  sum  of  two  quantities,  such  as 
F{x  +  A),  arranged  according  to  the  powers  of  the  second  h. 

1st.  There  roust  be  one  terra  in  the  development  of  the  form 
Fx,  and  the  other  terms  must  contain  A.  For,  since  the  develop, 
ment  is  supposed  to  be  general,  and  therefore  true  for  all  values  A, 
it  ought  to  be  applicable  when  A  =  0,  in  which  case  the  undeveloped 
function  F{x  +  h)  reduces  to  Fx,  This  condition  will  be  satisfied 
by  supposing  the  first  term  in  the  development  to  be  Fx^  and  all 
the  succeeding  terms  to  contain  powers  of  A,  since  the  supposition 
A  =  0  will  then  give  rise  to  an  equation,  Fx  zzz  Fx,  which  is  identi- 
cally true.  And  no  other  conceivable  form  of  development  would 
lead  to  this  result. 

We  may  therefore  write 

F{x  +  h)  =  Fx  +  Ah'  +  Bh*  +  Ch'  +  &c.        (1), 

in  which  the  coefficients  A^  B^  (7,  &c.,  will  usually  be  functions  of  Xy 
and  the  exponents  a,  5,  c,  dsc.,  undetermined  constants. 

2d.  None  of  the  exponents,  a,  6,  c,  &c.,  can  be  negative.  For  if 
there  could  be  a  term  of  the  form 

^A-*        or        —,, 

A* 

it  would  become  infinite  when  A  =  0,  thus  rendering  the  developed 
expression  infinite,  while  the  undeveloped  expression  would  become 
simply  Fxy  and  this  latter  would  probably  be  finite. 

8d.  None  of  the  exponents  can  be  fractional.  For  if  there  could 
be  a  term  of  the  form 

EK         or        E\fh\ 

such  term  would  have  as  many  different  values  as  there  are  units 
in  8 ;   that  is,  it  would  have  8  values ;    and  each  of  these  values 
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could  be  combined  in  succession  with  the  aggregate  of  the  other 
terms  of  the  series. 

Now  if  each  of  these  other  terms,  except  the  first  term  jRr,  be 
supposed  to  have  but  one  value,  the  sum  of  all  the  terms  containing 
A  will  have  s  different  values.  And  if  Fx  be  susceptible  of  n  dif- 
ferent  values,  the  entire  development  will  admit  of  n  X  s  values, 
since  each  value  of  Fx  may  be  combined,  in  succession,  with  each 
value  of  the  remaining  terms. 

But  F{x  +  h)  being  of  the  same  farm  with  Fxy  must  have  the 
same  number  n  of  values.    Thus,  for  example,  if 

F{x  +  h)=z{x  +  A)*'        then        Fx  =  a* 
and  both  will  have  three  values. 

If  F{x  +  h)=a{x  +  hy  +  h{x  +  h)*, 

then  Fx  =  az^  +  6a;? , 

and  both  will  have  five  values,  &;c. 

Thus,  in  the  case  supposed  above,  where  there  was  one  fractional 
exponent,  F{x  +  k)  would  have  n  values  when  undeveloped,  but 
n  X  8  values  when  developed — a  manifest  absurdity. 

We  conclude  therefore  that  the  exponents  a,  5,  c,  &;c.,  in  the 
general  development,  must  be  positive  integers;  and  in  order  to 
make  the  development  include  every  possible  case,  we  write 

F{x  +  h)=Fx  +  Ah  +  Bh^  +  Ch^  +  Dh\  &C., 

including  every  power  of  A.  If  in  any  particular  case  some  of  these 
terms  should  be  unnecessary,  it  will  suffice  to  suppose  the  cor- 
responding coefficients  A,  B,  C7,  &;c,  to  reduce  to  zero. 

We  have  a  familiar  example  of  the  expansion  of  F{z  +  A)  in  the 
well  known  binomial  theorem.     Thus,  if 

F{x  +  A)  =  (a?  +  A)»  =  a?«  +  nar^^A 
.  n(n— 1)     ,  _-   ,  n(n  — l)(n  — 2)       „/     . 
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we  shall  have 

1  •  <« 


n(n-l)(n-^2) 

1.2.3         *     >  «^"-» 


where  A,  B^  0^  &c,  are  functions  of  x. 

The  following  are  likewise  examples  of  the  development  as  ap- 
plied to  particular  cases. 

2.  Let  jRr  =  (a  +  xy+  bx* :    then 

F{x  +  A)  =  (a  +  *  +  A)*  +  b{x  +  A)", 
which  expressions,  when  expanded  by  the  binomial  theorem,  give 

F{x  +  A)  =  (a  +  «)*+  i  (a  +  «)"*  A  - 1  («  +  a:)"*  A«  +  &a, 
+  6««  +  n6«— » A  +  ',  ~o  ^^  **^A'  +  &C. 

1  .  ^ 

+  U6n(n  -  !)*-»  -  g  (a  +  «)"*]A«+&a 

which  corresponds  with  die  general  form. 

3.  Let  ^*  =  log  « :    then 

F{x  +  A)  =  log  (x  +  A)  =  log  [x  (l.+  ^)]  =  log  a;  +  log(l  +  ^ 

=  logx+if(--^  +  3^-  — +  &C.J 
where  M  denotes  the  modulus  of  the  system  of  logarithms. 

...F{x  +  h)=Fx+^.h-^h'+^h'-^k^  +  &c 
which  also  corresponds  to  the  general  form. 
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It  may  be  well  to  observe,  that  although  the  form  of  the  develop- 
ment of  F{x  +  k)  is  always  sudi  as  has  been  indicated  while  x 
retains  its  general  value,  yet  it  is  possible  (in  some  cases)  to  assign 
certain  particular  values  to  x  which  shall  cause  the  development 
in  this  form  to  become  impossible. 

Thus,  if  in  the  second  of  the  above  examples,  we  put  «  =:  —  a, 
the  true  development  of  F{x  +  h)  will  become .  simply 

F{z  +  A)  =  A*  +  ft  (-  a)»  +  ftfi(-  a)«-»  h  4-  &c.. 

in  which  one  ^'actional  exponent  appears.^ 

The  same  supposition  causes  all  the  coefficients  involving  negative 
powers  of  a  -f  X  to  become  infinite  in  the  general  expansion.  It 
will  be  shown  hereafter  that  the  particular  cases  in  which  the 
general  development  is  inapplicable,  are  always  indicated  by  some 
of  the  terms  of  the  development  becoming  infinite.  At  present 
it  is  sufficient  to  remark  that  the  number  of  such  cases  is  compara- 
tively small,  i^d  that  they  will  receive  a  special  examination. 

6.  From  the  development  of  F{x  +  A),  we  derive  a  direct  and 
general  method  of  finding  the  difierential  of  any  proposed  function 

y=zFx. 
For,  if  we  give  to  j?  an  increment  k,  we  shall  have 

y^  =  F{x  +  h)=:Fx  +  Ah  +  Bh^  +  CA^  +  &c 
.'.y^-y  =  F{x  +  K)--Fxz=:Ah  +  Bh^  +  C/A^  +  <&a 

h 

And  by  passing  to  the  limit,  when  A  =:  0,  we  get 

dy 

-J-  z=z  A,        whence        dy  =  Adx. 

ax 
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Thus  it  appears  that  the  coefficient  A  of  the  Ist  power  of  h 
in  the  deyelopment  of  F{z  +  h)  is  the  differential  coefficient  of 
the  proposed  function^  and  this  multiplied  by  dx  gives  the  re- 
quired differential  of  y. 

It  will  be  found  convenient,  however,  to  form  rules  for  dif- 
ferentiating functions  of  the  various  forms  likely  to  arise,  and 
to  this  investigation  we  proceed  next 


CHAPTER    II. 

DUTKBENTIATION  OW  JLLOKBRAIO  FUKCTI0N8. 

6.  Prop.  To  differentiate  the  product  of  two  functions  of  a  sin- 
gle variable. 

Liet  u  =zf/Zj 

where  y  and  z  are  given  functions  of  the  same  independent  variable 
X,  and  let  x  take  an  increment  k,  converting  k,  y,  and  z,  into  u^,  y^, 
and  Zi.  Then,  since  y^  and  Zi  will  each  be  a  function  of  x  -\-  h, 
we  shall  have 

yi  =  y  +  ^A  +  ^A»  +  Ch^  +  <fec., 

and  «i  =  2  +  A^k  +  B^h^  +  C^h^  +  &c. 

•  •  •  «i  =  yi^i  =yz+  {Az  +  A^y)h  +  (^2  +  J?iy  +  AA{)K^ 

+  {Cz+  C^y  +ABi  +  A^B)k^  +  <fec 

+  (Cfe  +  C^y  +  ^A  +  AiB)h^  +  <&o. 
and  when  A  =  0,  this  becomes 

du        .     ^     .  dy       ,    dz 

A      dy  -  .        cfe 

arnoe  A  =-r        and        ui,  =  -r-  • 

And  by  multiplying  by  dx^  we  get 

c^u  =  zdy  +  ydt. 
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Thus  the  differential  of  the  product  yz  of  two  functioni  is  found  by 
multiplying  each  function  by  the  differential  of  the  other  function^  and 
adding  the  results, 

7.  Prop.  To  diiTerentiate  the  product  of  several  functions  of  a 
single  variable. 

1st.  Let  u  =  vyz,  where  v,  y,  and  z^  are  functions  of  the  inde- 
pendent variable  x. 

Put  yz=z8;        then        u=:vSj 

and  by  the  last  proposition, 

du  =  vds  +sdv,        and  also        ds  =  ydz  +  zdy. 

Substituting  the  values  of  s  and  ds  in  that  of  cfu,  there  results 

du  =  v{ydz  +  zdy)  +  yzdv  =  vydz  +  vzdy  +  yzdv. 

2d.  Let  t*  =  svyz. 

Put  yz  =  to ;        then        t*  =  svio, 

.  • .  du  =z  svdw  +  swdv  +  vwds  =  sv{ydz  +  zdy)  +  syzdv  +  vyzds,  • 

or,  du  =  svydz  +  svzdy  +  syzdv  +  vyzds  ; 

and  the  same  method  could  be  applied  to  the  product  of  a  greater 
number  of  functions. 

Hence  we  have  the  following  rule  for  the  differential  of  the 
product  of  several  functions  : 

Multiply  the  differential  of  each  factor  by  the  continued  product  of 
all  the  other  factors,  and  add  the  results, 

8.  Prop.  To  differentiate  a  fraction  whose  numerator  and  denom- 
inator  are  functions  of  a  single  variable. 

Let  tt  =  - »  where  y  a^d  z  are  functions  of  x. 

z 
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Then  y  =  uz,  and  this  differentiated  by  the  rule  for  products, 
gives 

dy  =  udz  +  zdu  =  -  •  rf z  +  zdu 

z 

,  • .  zdy  =  ydz  +  «Vti, 
zdy  —  ydz 
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and  by  reduction  du  = 

Thus  the  rule  is  as  follows : 

Multiply  Hie  differential  of  the  numerator  by  the  denominator,  and 
the  differential  of  the  denominator  by  the  numerator ;  subtract  the 
zeeond  product  from  the  first,  and  divide  the  remainder  by  the  square 
of  the  denominator, 

9,  Prop.  To  differentiate  a  power  of  a  single  variable. 

1st.  L#et  u  =  X*,  where  n  is  a  positive  integer. 

Regarding  x*  as  the  product  x.  x.  x,  x,  dsc,  of  n  equal  factors 

each  =  X,  and  applying  the  rule  for  differentiating  a  product,  we 

get 

du  =  x*^^dx  +  x*^^dx  +  x^^^dx  +  &c.,  to  n  terms. 

.  • .  du  =z  nx*^^dx, 

and  the  rule  in  this  case  is  the  following : 

Multiply  the  given  power  (x")  by  the  exponent  (giving  nx")  ;  then 
diminish  the  exponent  by  unity  (giving  nx°^^)  ;  atid  finally,  multiply 
by  the  differential  of  the  root  (producing  nx'*~^dx). 

2d.  Now  suppose  the  exponent  n  to  be  a  positive  fraction  - 


• 


Then  u=zx' 

.  •  •  u^  =zx*,  where  the  exponents  a  and  c  are  both  positive  integers. 

Hence,  by  the  application  of  the  rule  just  established  for  such 

oases,  we  have 

cu^~^du  =  ax^^^dx 


.        ax—^  _        a      7f^^      ,        a   a-i-*!.? ,        a  f-i , 
. • ,  a tt  = dxz=-' - — r dx  =  -X     ^^ «dxz=:-x*     dx. 

I   l\c-l  C  C 


Ctt*-*  c 


t 
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and  the  rule  for  differentiating  the  power  is  the  same  as  when  the 
exponent  is  a  positive  integer. 

8d.  Let  the  exponent  be  a  negative  integer,  or  k  =  ar^ 
Then  u  =  --  = 


and  this  differentiated  by  the  rule  for  fractions,  gives 

ar»+*  —  (n  +  l)ar»+A  ndz  _^,t 

And  the  rule  is  still  the  same. 

4th.  Let  the  exponent  be  a  negative  fraction,  or  let  u=zx   \ 
Then  u^  =  «-•,  and  by  the  first  and  third  cases, 


eu^—^du  =  -—  aor^^^dx^       or,        duz= --r-  dx. 


c    tt«-i 


a    xr^^^dx  a  ---i  . 

.•,  du=. — -T =• X  •     dz. 

c     I  -?  \c-l  c 

\x  '] 

and  the  formula  is  still  the  same. 

We  might  have  deduced  the  rule  for  differentiating  a  power,  as 
alike  applicable  to  all  cases,  by  employing  the  binomial  theorem ; 
for,  since  the  second  term  in  the  development  of  {x  +  h)\  is 
nx^-^h^  for  all  values  of  n, 

d(7^\ 
we  must  have  ^   '  =  no;*-^,     or,    d  (a?»)  =  nx*^dx, 

Jt  is  intended,  however,  to  demonstrate  the  tnith  of  the  binomial 
theorem  by  the  aid  of  the  differential  calculus,  and  hence  the  neces- 
sity of  establishing  the  rules  for  differentiation,  without  reference  to 
that  theorem. 

RemarJc,  If  the  function  which  it  is  proposed  to  differentiate 
contain  a  constant  factor,  such  factor  will  appear  in  the  differential. 
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Thus  d  (ax)  =  adx,  for  when  x  takes  the  increment  h,  the  function 
ax  becomes 

Ui  =  a(z  +  h)      and     .  • .  -— —  =  a      and      -7-  =  a. 
^  '  A  dz 

Similarly  if  u  =  a^  Fx,  where  F  denotes  any  function, 

then  ttj  =  aF{x  +  k)      and      (fw  =  ad  (Fx), 

10.  Prop.  To  differentiate  the  algebraic  sum  of  several  functions 
of  a  single  variable. 

Let  uz=:A8+  Bv—  Ci/  +  Dz, 

where  «,  v,  y,  and  z,  are  functions  of  x. 

Then  when  z  takes  the  increment  A, 

As  becomes  As^  =z  A{8  +  A^h  +  ByK^  +  CJi^  &c.). 

^v  becomes  Bv^  =  ^  (v  +  J^A  +  ^jA^  +  CJi^  &c.). 

CV  becomes  (7yi  =  C7(y  +  J3A  +  ^gA^  +  CgA^  &;c.). 

Dz  becomes  Dz^  -  D  {z  +  AJi  +  B^K^  +  C74A*  &c.). 

•  • .  tt  becomes  w^  =  -4«  +  ^v  —  C7y  +  i)2? 

+  (AA^  +  -B.^2  -  ^^3  +^-^4)  ^  +  ^c- 
,  •.  rft*  =  (^^1  +  ^^,  —  (7^3  +  DA^)dz. 
But      ^i(i!z  =  c2!9,       ^3(^0;  =  dvy       A^  =  </y,       ^^(fx  =  dz, 

.'.  du  =  Ad8  +  Bdv  -  Cdy  +  i>c^«. 

And  the  rule  is  as  follows : 

Differentiate  the  terms  successively,  and  take  the  algebraic  sum  of 
the  result. 

Remark,  If  a  constant  be  connected  with  a  variable  quantity  .by 
the  sign  +  or  — ,  such  constant  will  disappear  by  differentiation. 

Thus,  when  we  have  u  =  a  -f  Fx,  then 

ti,  =  a  ■{•F{x  +  h)—a-^Fx  +  Ah  +  Bh\  &a, 

=  t*  +  ^A  +  Bh\  <&c. 

.  * .  c^tf  =  Adx,  the  constant  a  having  disappeared. 
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SXAMPLE8. 

11.    1.  To  differentiate 

y  =  4a;3  +  Taj^  —  8ar  +  5. 
Applying  the  rule  for  powers  to  each  term  we  obtain 

(fy  =  4  X  ZxHx  +  7  X  ^dx  -  %dx  =  (12«»  +  14a;  -  8>&. 

.-.4^=  12x2+14* -8. 
ax 

2.  y  =  ax^{bx  +  c)  =  abci^  +  acx^. 
Differentiating  this  as  a  product,  we  get 

rfy  =  2ax{bx  +  c)dx  +  ax^bdx  =  [Sabx^  +  2aex)dz, 

Or  by  first  performing  the  multiplication  indicated,  and  then  dif- 
ferentiating as  a  sum,  the  same  result  is  obtained. 

.'.-^^z^abx^  +  Zaex. 
dz 

4x^ 

3.  y  = 


{b  +  x^y 

Differentiating  by  the  rules  for  fractions  and  powers,  we  obtain       •^ 

_  12*2(6  +  x^ydx  -  3(6  +  x^y  X  4g3  X  2xdx  "^ 

•  ^  ""                                 (6  +  x^y  '*^: 


V  ... 


.    rfy  _  12*2(6  ~  *2)  :l^ 

•   •  flte""    (6  +  a?»)*  J/^i 

y=ya  +  6^  =  (a  +  6*2)«.  .  \- 


rfy  =  5 (a  +  62»)"*X  2bxdx  .  • .  ^  =  -7=^=-  ^, 

.  ■•  *•; 

4    'I 

.■■■'#' 
■     t      • 


.J 
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5.  u  =  x{l  +  z^){l  +  «3). 

^=:  {I  +  x^){l  +  x^)  +  x{l  +  x^)  x2z  +  x{l+a?)  xSx^^ 

=  l+a;»  +  af5  +  «*  +  2r»H-2*«  +  8«3  +  8«» 
=  1  +  ar'*  +  4x3  +  (kc*. 

6.  II  =  -/«  +./r+^=  [x  +  (1  +  ic2)*]* 

g=i[.+(iW]-*x[i+(i+.«r*x] 
1 


.Y  .  ♦  rfu       8 .  I 

c  du  ^ 

8.  K  =  —  —  6  =  car*  —  6.  -—-=--  6cx''^  = = 

«*  d!«  a' 

9.  tf  =  y/x.^y/x  +  1  =  «*(«*  +  1)*. 

du  =  ^ «"*(**  +  1  )^dx  +  ^xV  +  1)"*  X  l^'^dx. 

du  _  {x^  H-  1)^  1  _        7a;^  +  4 


8x*  4x*(x'  +  1)*      12V^  V^*  +  1 


1  +  -/nr^ 

X 

du  ^-^  x\\  --  g»)"*  -  (1  +  y/i^l^) 1  4-  'v/1  -  ar» 

11.  ^  = ^^^.^ ^±zLy^r^^ 

«  +  -/!+«»        «»  -  (1  +  «2) 
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12.  «  =  \/[''-4=+V('''-*T]' 

36  42r 


Saj-Zo;      ^^  —  x^ 


V5 

J3.    tt  =  -w  a  +  a?  +  y  a  +  a?  +  -y/a  +  x  &c.,  continued  indefi- 
nitely. 

Here         «  =  -vA'+  a;  +  «>         wid         .  • .  m^  =  a  +  i»J  +  ti, 


or. 


tt2  —  tt=i:a  +  a;,  •'•^"2"''  V  ^  +  *  ■*"  4' 


A* 1 

*   *  dx"  y^4a  -I-  42;  +  I 

The  functions  considered  hitherto  are  called  algebraic  functions, 
because  they  require  only  the  performance  of  the  common  algebraic 
operations  of  addition,  subtraction,  multiplication,  division,  raising 
of  powers,  and  extraction  of  roots.  There  is  a  second  and  very 
extensive  class  of  functions,  in  which  the  variable  enters  as  an 
exponent,  or  in  connection  with  logarithms,  sines,  cosines,  tangents, 
circular  arcs,  &;c.,  of  which  the  following  are  examples :  a-*,  «*, 
logr,  sinar,  (cosar)"**,  sin ""^  ar,  (log  a:)*****,  &c.  These  are  called 
transcendental  functions,  and  they  will  be  considered  in  the  next 
chapter. 


CHAPTER    III, 


TRANSCENDENTAL   FI7KCTION8. 


12.  Prop,  To  differentiate  t*  =  log  ic 

Let  z  take  the  increment  h^^  converting  u  into 

^'i  =  log  (x  +  h). 
Then  u^  =log  (  a?  +  ^)  =  log  U  ( 1  +  - jj  =  log  x  +  log  ( 1  +  -J. 

or  «,  =  «  +  ir^___4.___&c.j 

where  M  is  the  modulus  of  the  system. 

ax  ax  X  X       • 

Hence  the  rule  is  as  follows: 

Multiply  the  differential  of  the  variable  hj  the  modulus  of  the  sys- 
tem in  which  the  logarithm  is  taken,  and  divide  the  product  by  the 
variable. 

If  the  logarithms  belong  to  the  Naperian  system  whose  modulus 
is  equal  to  unity,  we  shall  have 

.       dx  • 

rf(loga?)  =  — . 

X 

As  the  essential  properties  of  logarithms  arc  the  same  in  all  sys- 
tems, while  the  form  of  the  differential  is  simplest  in  the  Naperian 
system,  the  logarithms    employed   throughout   the   Calculus   will 
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always  be  the  Napcrian,  unless  the  contrary  is  distinctly  specified, 
and  the  rule  for  differentiating  a  logarithm  will  be  simply  this : 
Divide  the  differential  of  the  quantity  by  the  quantity  itself, 

13.  Prop.  To  differentiate  an  exponential  function  as  ii  =  a',  the 
base  a  being  constant 

Passing  to  logarithms  we  have 

9  log  u  z=,x  log  a, 

m 

.  • .  c?(log  u)  =  d{x  log  a)        or        —  =  log a.dx\ 

.  • .  cftt  =  log  a .  t« .  c?a?  =  log  a .  a*,  cb        and        —  =  log  a .  a*. 

And  the  rule  for  differentiating  an  exponential  is  this: 
Multiply  the  exponential  (a')  by  the  differential  of  the  exponent 
(dx),  and  that  product  by  the  Naperian  logarithm  qf  the  base  (log  a). 
Cor.  If  a  =  tf,  the  Naperian  base,  we  shall  have  log  e  =  1 ; 

. . .  d{e*)  =  e'dx,        and         -^  =  e*. 

Remark,  The  rule  for  differentiating  logarithmic  functions  will 
often  be  found  useful,  even  when  the  original  function  is  algebraic, 
since  by  passing  to  logarithms  we  may  give  the  function  a  simpler 
form. 


Examples  af  Logmithmic  and  JSxfponenttal  FwioUans, 


4.  1. 

Let              u  __  log  {x 

1  +  (1  + 
dx 

7i  +  «' 

du 

''Tx'- 

m 

dx 
1 

~(* 

-/!  +  «» 
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■ 

Passing  to  logaritluns  we  have 

logu  =  log  a?  +  log  (a2  +  a?)  +  ^log  (a^  -  «»). 

du  _dz      d{a^  +  z^)       lrf(o»  ~  ar») 
•*•    u^a?"*"    o^  +  a;*     '*'2    a»-r» 

— r 


a?       a*  +  a:*      a^  --  a^ 
. ..  *f  =  («»  +*«)yo«  -  «»  +  2^/^"=^  -  ^'^"Lt^ 

«♦  +  0*2?.—  4x* 


8.  u  =  log  ^. 

V^ar^  +  1  +  a: 

Multiplying  numerator  and  denominator  by  the  numerator  we  haye 

u  =  log ^a  ^  2  _Va =  ^^^  (2«^  +  ^  "  2«V^*  +  1) 

du  _  4x  -  2'y/x^  +  1  -  2a?'(a;^  +  1)"^  ^  _       2 


c^a;  2a;»  +  1  -  2a;y52-^.  i  V^Tl 

4.  u  =  x*V^.    Then  log  ii  =  a-y/—  1  log  a?. 

cfu  / — r-cfa; 

.".  — =av/—  1 — I 
u  ^  X 

and  eft*  =  ay/^ .  a:«>/^ .  —  =  a^—  1  x*^-^dx. 

Hius  the  rule  for  differentiating  a  power  is  still  the  same,  when  the 
exponent  is  imaginary 
3 
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5.  u  =r  X*.    Then  log  u  =  x  log  x. 

.'.  —  =:\ogx.dx  +  X. —  =  (loga;+  l)djj 
.••  ^  =  *'(logar+l). 

6.  u  =  X''. 

« 

This  signifies  that  z  is  raised  to  a  power  whose  exponent  is  x', 
and  it  must  not  be  confounded  with  (x*)*,  which  latter  implies  that 
X*  is  raised  to  the  a?**  power, 

du  dx 

Then    log  t«  =  «*  log  a?  .  • ,  —  =  log  a;(log x  +  \)7fdx  +  x*  — 

U  X 

. ' .  ^  =  aJ*'.  «•  [log  ir(log  x  +  l)  +-J 

7.  u  =z  e*'     where  e  is  the  Naperian  base. 

log  t»  =  a?*  log  e  =  «*    .  • .  —  =  e*',  x*  (log  x  +  1). 


dx 


8.  u  =  ««  .  Then        log  u  =  e*  log  a? 

.•.^  =  a.c(loga:  +  -j.'. 

9.  u  =  log  (na:).         Then         du=:^^  =  —. 


Tills  result  is  the  same  as  when   u  =  log  x,  as  might  have  been 
anticipated,  since  log  (war)  =  log  n  -h  log  x,  and  log  n  is  constant. 

10.    «  =  log(logir).     Then    i«  = -l^lll^  =  _^*— . 

log  a:  a:,  log  a: 

du_      1 
'   '  dx^  X  log  a: 
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11.  t*  =  (log  ar)*  =  log  ^x.    Then  du  =  n  log  *"^  x .  c?(log  x) 

du      n .  log  *"*  X 
'  '  dx^         X 

12.  t«  =  «i<«V^H^.    Then    log t«  =  log y^oH^ 


.-.  tt=y^^M^=  (a»  +  ir2)»     and    ^  = 


^'^      VoM^ 


13.  u  =  ej^***** .  du  =  «^"'''  .  rf  (log«ar) 


du      n     log^x   _     ^_ 
dx      X  ^ 


14.  ^  =  4  ^  ^<^g^^  —  Q  «*^og*  "*■  82*** 

—  =  ar^log^x  +  -x^\ogx--  -x^  logo?  —  -^  +  -a^  =  a^  log^ar. 

15.  u  =  e*{a^  -  4ir3  +  12a?3  -  24ir  +  24) 

^  =  (f'(x*  -  4r3  +  12x2  _  24a;  +  24) 

+  <f'(4ic3-12«2  +  24«  — 24)  =(f*.ar*. 


Trtffonometrical  JFimctions. 

15.  The  trigonometrical  functions  sin  x,  cos  or,  tan  x,  6ic.  will  next 
be  considered,  but  the  determination  of  the  forms  of  their  diflcren- 
tials  will  be  facilitated  by  the  following 

Prop,  The  limit  to  the  ratios  -i— ,  - — -»    and   1    when  the 

sm    chord  tang 

arc  is  diminished  indefinitely,  is  unity. 

_      -  -,.  sin         cos        rad— versin       ,        versin 

Proof.  Smco     - —  =      ..     = 3 =  1 3—, 

tan      radius  rad  rad 
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and  since  the  last  term  in  this  equality  can  be 

rendered  smaller  than  any  assignable  quantity 

by  taking  the  arc  sufficiently  small,  it  follows 

sin 
that  the  limit  to  the  ratio  —  is  unity. 

tan  ^ 

But  both  the  chord  AB  and  the  arc  AB 

are  intermediate  in  value  between  the  sine 

BD  and  the  tangent  AT.     Hence  at  the  limit,  when  the  arc  is 

indefmitely  small, 

arc  ^    arc    _  arc  __  8»n  _ 
sin  ""  chord  ""  tan  ~"  tan 

16.  Prop.  To  differentiate    y  =  sin  «. 
In  the  well  known  trigonometrical  formula, 

1  1 

sin  a  —  sin  5  =  2  sin  «  (*  ~"  ^)  ^^^w  (®  +  ^)i 


make 


a  =  a;  + A 


and 


6  =  a?. 


Then       l(a-6)=lA,       and.     l(a  +  6)  =  a;  + ^  A. 

.  • .  sin  («  +  A)  —  sin  a;  =  2  sin  5  A ,  cos  (a?  +  -  A). 

sin  (a;  +  A)  —  sina;      28in-A,cos  (^p  4-^  A) 

^  2 


But  at  the  limit  when  A  =  0, 


sm~A 


sin-A  J 

j C08(«+-A). 

2* 


1,      and      cos  (a:  +  -  A)  =  cosa;. 
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,•.-=-  =  -^ — '-  =  cos  ar,      and      acsin  x)  =  cos  « .  arc 
dx  dx 

17.  Prop.  To  differentiate    y  =  cos  a?. 
.'^Here  y  =  cos  «  =  sin  i -<  —  «| 

^^re  <  =  semi-circumference  of  the  circle  whose  radius  =  1. 

.*.  rfy  =  rfsini-*  —  arl  =  cosi-*  —  ajj-rfl-*  —  xj  =  —  smxdx 

dy      d  cos  X 
.  • .   -r  ==  — r —  =  —  sin  af ; 
dx  dx 

the  n^ative  sign  prefixed  to  the  value  of  this  ratio  signifies  that  the 
cosine  decreases  as  the  arc  increases. 

18.  Prop.  To  differentiate    u  =  tan  x, 

,  sin  a:      cos  x.dsinx  —  mix.d cos  x 


.  Ul  UUl  ii,J  .-^   V 

cos  a; 

co8*a? 

oos^x  +  sin^j; 
cos*a? 

dx=: 

dx 

COS^J?  "" 

sec^a: 

,dx. 

• 
•   • 

du 
dx" 

dt&nx 
dx 

=  sec'a:. 

19.  Prop.  To  differentiate  u  =  cot«. 


=  —  <x)sec*a? .  <f a; 

du      d  cot  X 


=  —  oosec'a:. 


dx  dx 

20.  Prep.  To  differentiate  u  =  sees. 

TT  1  ,         ,    1  —  rf  cos  a?      s'mx.dx 

Here  t»  =  sec  a?  = ,' .  duz=d = = — 

cos  a;  cos  a;         cos^a;  cos^a; 

-  .  ,  du      dsiicx 

or,  a  u  =  tan  a; .  sec  a; .  oa;       and       .".-7-=: — - —  =  tanar.seca;. 

dx         dx 
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21.  Prop,  To  differentiate  u  =  cosecz. 


du  =  cf(cosec2)  =  rfsecf-flr  —  x\ 

=  taD(i*-z)sec(l*-x)rf(l*-x) 


.  =  —  cot  a; .  cosec  zdx. 

du      d  coseo  x 

.  • .  -r-  = 1 =  —  cot  X .  cosec  X, 

dx  dx 

22.  Prop.  To  dlfrercntiatc    u  =  vcrsin  x. 

du  =  {^(yersinz)  =  «?(!  •—  cos  2;)  =  sin  xdx. 
du      d  versin  x 


=  sm  X. 


dx  dx 

23.  Prop.  To  differentiate  u  =  covcrsin  x. 

du  =  (/(coversin«)  =  rf.versinj-flr  —  a:J  =  sinf-  or  —  a'Jrfi-flr  —  «i 

.  du        d  covcrsin  x 

=  —  cos  x.dx,  .'.-;-= , =  —  cos  X, 

dx  dx 

24.  In  each  of  these  expressions,  x  represents  the  length  of  an 
arc  described  with  a  radius  equal  to  unity,  and  the  radius  does  not 
appear  in  the  formulce :  but  it  is  necessary  to  ronicniber  that,  in 
each  case,  72  =  1  must  be  understood  to  enter  into  the  formula  as 
oflen  as  may  be  required  to  make  the  two  members  of  the  equation 
homogeneous. 

Oeofnetrical  Illustration. 

25.  The  results  just  obtained  may  be  illustrated  geometrically  in 
such  a  manner  as  to  convey  a  more  precise  view  of  the  compara- 
tive small  changes  imparted  to  the  several  trigonometrical  functions, 
by  an  arbitrary  small  change  in  the  arc  upon  which  they  depend. 
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lltns  let  ab  represent  an  arc  x  deacribed 
iritb  rad  =  1 ,  and  bb^  =  dx  a  Email  io- 
crement  given  U)  x.    Then 

*ii  =  d . sin X,  >fi  =: (I . COB z,  »,  =  d.taax, 
rti  =  (/.secx. 

Also  when  (£,  i»  diminished  continually, 
ike  small  figures  bthj  and  Mj  will  continu- 
ally approach  to  the  forms  of  right  angled  triangles,  becoming  in- 
definitely near  to  such  forms  at  the  limit  Moreover,  the  two  small 
triangles  will  then  bo  similar  to  cbe.  Hence  we  shall  have  the 
proportions 

eb  :  ee  ::  &bj  :  bjt    or     1  :  cos  ;c  : :  (£e  ;  if  sin  x  =  cos  xdx, 

cb  ;  eb  : :  bbi  :  bt     or     1  :.  aiax  ::  dx  :  tf  cos  x  =  sin  xdx, 

He  latter  result  should  be  written     dcosx  =  —  aiux.dx,  be- 
cause the  cosine  diminishes  as  the  arc  increases. 

Agutt  we  have  the  proportions 

ea  I  et  : :  rt  :  Itj    1    .-.  ea  xeh  :  («()'  : :  ifti  :  «, 
and      eb  :  cl  : :  bb^  :  rt    )    or  P  :  sec*a:  ::  dx  :  dtaax. 
.  • .  dXanx  =  aec'xdx. 

Also  ca  :  at  : :  rt  :  rli    I    .■ .  ea  X  cb  :  at  X  et  i:  bbi  :  rt^. 
cb  :  et  ::  bbi  :  rt   )    01  1'  :  tanx.secz  ::  dx':  d  aeax, 
-  .-.  <2secie  =  tan3:.seox.<£c. 

In  the   same  manner,  expressions   for    dcotx,    dctxecx,   iK., 
could  be  obtained. 

(XrcuU^  Functions- 
26.  Wo  will  now  consider  the  drcular  functions,  Bin~'x,  tan^'s^ 
&C.,  which  expressions  are  read,  the  arc  whose  sine  is  x,  the  arc 
whose  tangent  is  z,  &o. 
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In  these  cases,  it  is  the  arc  which  is  the  function,  or  dependent 
variable,  the  independent  variable  being  the  sine,  or  the  tangent,  dMX 

27.  Prop,  To  difTerentiate  y  =  sin-^a:. 

Since  this  notation  is  intended  to  imply  that  y  is  the  arc  whose 
sine  is  equal  to  x^  we  must  have  as  an  equivalent  relation 

«  =  siny 
.  • .  (AT  =  cos  y .  ay     and     -~  =  —  — 


^«      cosy      -v/n^sin^      vT"-«» 
d  sin""^a?  1 


28.  Prop,  To  differentiate  y  =  cost-**. 

Here  a?  ==  cos  y,  •  * .  (i!x  =  •—  sin  y .  (fy 

.    dl^ 1     ^  1  ^_^         1 

<i^  sin  y  -v/l  -  cosV  vT-  «» 

rf  cosr-^a?  1 


■    • 


29.  Pr()p.  To  differentiate  u  =  tan-^o:. 

35  =  tan  t«,  .  • .  (fa?  =  sec^u .  du 

du  I  1  1 

'   •  cir  ""  sec*!*  ""1  +  tau*u  "  I  +  x^ 

d  tan-*aj  1 

'•        dx^  ~  1  +«a* 

30.  Prop,  To  differentiate  t»  =  cot-*r, 

X  =  cot  w,  ,'.  dzz=i  —  coscc^ .  du 

du  I  1  1 


dx  cosec^a  1  +cot*M  1  +  a?' 

d  co\r^x  __  1 

•*'       dx      ""  "■  1  +  a?« ' 
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31.  Prqp.  To  dififerentiate  u  =  secr^o;. 

0?  =  seo ti,  . * .  cfor  =  tan u.aecu.du 

du  I  1  1 


dx      tanti.seot*      sec t*  Vsec^u  -  1   .  «-/«»  -  1 

d  secr^x  __         1 

32.  Prop.  To  differentiate  t*  =  cosecr-^rc 

X  =  cosec  «,  .  • .  cfflf  =  —  cot  tt .  cosec  u .  (f « 

du 1 1     _ 

da;""   cot  t« .  cosec  u  "■   cosec  w-v/cosec'tt  —  1 

1 

d  cosecr^a?        1 


33.  Prop.  To  differentiate  u  =  versin-^a?, 

X  =  versin  t*    .  * .  cfrr  =  sin  t« .  cf u  =  ^2  versin  u  —  versin^u  .  (fu 

cftf  1  1 

^       -y/2  versin  t*  —  versin^M       -^2x  —  a;* 

cf  versin— ^j?  _  1 

34.  Prop.  To  differentiate  u  =  coversin"**. 

a?  =  coversin  u 

.  • ,   da?  =  —  cos  u  .du  =.  — -  -y/2  coversin  u  —  covcrsin^i* .  du. 

du  1  1 


or, 


"^  -1/2  coversin  m  —  cover8in''*u  -y/Si  —  ar* 

d  coversin— 'a:                 1 
Off  —  =  — « 
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35.  The  differentiation  of  trigonometrical  and  circular  functions 
will  now  be  illustrated  by  examples. 

KZAMPLES. 

1.  «  =  3  8in*a;. 

(f u  =  3  X  4  sin^^  .dsinx  =  12  sin^j? .  cos  x .  dx 

du 
.  • .  -1-  =  12  sin'j: .  cos  x. 
dx 

2.  u  =  cos  nx. 

du  =  —  sin  nx .  d{nx)  =  -^nsmnx.dx 

du 
.  • .  -r-  =  —  n  sin  nx, 
dx 

3.  a  =  tan*wa?. 

(;?u  =  n  tan"-^  nx .  rf  tan  nj;  =  71^  tan"-^  nx .  secVw: .  cte 

.  • .  -r-  =  n^  tan"-^  nar .  scc^/t*. 

'^       4.  t*  =  sin  Sx .  cos  2a?. 

cftt  =  (3  cos  Sx .  cos  2a;  —  2  sin  3a; .  sin  2x)dx 

,  • .  -r-  =  3  cos  3j?.cos 2a;  —  2  sin  Sar.sin  2jr  =  cos 2x cos 2x  +  2cos 5a?. 
dz 

5.  u  =  (sin  x)*.     Then      log  u  =  a; .  log  (sin  x) 

.  • .  —  =  [log  (sin  x)  +  x  cot  a:](f ar ,  • .  —  =  (sin  x)'.  [log  (sin  ar)  +  a;  cot  x]. 

6.  tt  =  (cos  x)"'°  '.     Then    log  u  =  sin  x  log  (cos  a:) 

.  • .  -y-  =  (cos  a;)"**  '  [cos  a?  log  (cos  x)  — -  sin  a?  tan  ar]. 

7.  «  =  sin  (cos  x),    du  =  cos  (cos  x)dcoii  x. 

du  .  ,         V 

.  • .  -T-  =  —  sni  ar .  cos  (cos  x), 
dx 
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&  tt  =:  sin 


—  em— 1 


-v/i  +  «» 


rf  ^  "  (1  + «»)'-*»  (1  + «»)"* 


Cftf  1 


9.  u  =:  log  tan  x. 

du      sec^j;  1 


d!;r       tan  x      sin  a; .  cos  ;i;      sin  2x 

10.  w  =  log  y/-j--?|^  =-log(l  +  sinrr)  -  -log(l  -  sin*). 

dftt  __  1  r    cos «  cos  a:    ■]  _      cos  a;      ^     1 

(/a:  "~  2  Ll  +  sin  a:      1  —  sin  a;  J  "~  1  —  sin^a?  "~  cos  x 

11.  u  =  sin-i  (3a?  —  Ax^). 

du  __  3- 12a;g  __         3 

dx  ""  yT^r"(3^TZli5)i  "■  ./iZT^ 


12.  «  =  log  (cos  X  +  -y/—  1 .  sin  x). 

du  __  ^—  1 .  cos  a;  —  sin  a;  ^    > — r- 
rfa; ""  cos  a:  +  yCTTTsin  a;  " 

1  /6  +  a.cosa;\ 

13.  t#  =  — =  •  cos-*  I  — —-. )• 

-|/o»  —  6'  \a  +  *  -  cos  a-/ 

/6  +  a .  cos  a?\ 
\a  +  6 .  cos  a:/ 


rf«  =  -     » 


y'a*  —  6^      r       lb  ■\'  a  .  cos  ar\2 
V  \a  +  A .  cos  ar/ 

a  sina?  (a  +  6  cos  a:)  —  h  sin  x  (6  -f-  a  cos  x) 


(a«  —  6y  (a  +  6  cos  a:)[(a  +  *  cos  a:)*  —  (6  +  a  cos  a;)']* 


(;?a; 
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du  (a'  —  b'^)  sin  z 


^      (o2  -  b^)\a  +  6  COS  x)[{d^  -  b%l  -  cos^ar)]* 

1 

a  +  bco3X 

14.  u  =  f  •  cos  «. 

-p-  =  e*  cos  z  —  «*  sin  a:  =  «*  (cos  a;  —  sm  a?). 

^15.  t*  =  tan-i  (-/I  +  a>»  —  x). 

du  _      (1  +  gg)"*ar  -    I  _  ^  1 

rfx  ~  1  +  (yTTi^  _  ^)2  ""       2  (1+  x^) 

16.  tf  =  log  ^sin  X  +  log  ^cosx. 

rfu  __  1  /cos  a?       sin  ar\  __      1 
rfa;  ""  2  \sin  x       cos  a;/  ~~  tan  2« 

17.  «  =  log^/^4^+itan-ia?. 

11  1 

=  ;jlog(l  +«)  --log(l  -ar)  +-tan-i«. 

cfu  1  1  1  1 


dar      4(1  +  x)    '  4(1  -  ar)  ^  2(1  +  a;^)  ""  1  -  ar* 

-  ^  e«*  (a  sin  x  —  cos  a:) 

18.  u  = ^^ — r— — '. 

a*  +  1 

-r-  =    ,  .    ,   roe*'  (a  sin  a?  —  cos  x)  +  a««»  cos  x  +  e«»  sin  arl 
ctea^+l*-^  ^  •■ 

=  «•*  sin  aj; 


.CHAPTER    IV. 


SUCCSBSIYE   DIFFERSNTIATION. 


36.  When  we  difierentiate  a  function  u  =  Fx^  the  difTerential  oo- 

du 
efficient  -j-  will  usually  be  itself  a  function  of  ar,  and  will  therefore 
dx 

admit  of  being  differentiated.     This  will  simply  be  equivalent  to 

examining  the  comparative  rates  of  increase  of  the  independent 

variable  x  and  the  variable  ratio  -r—    This  differentiation  will  give 

rise  to  a  second  differential  coefficient,  which  may  also  be  a  function 
of  Xj  and  this,  in  its  turn,  being  differentiated  will  give  a  third  differ- 
ential coefficient,  &c 

37.  To  illustrate  this  subject,  let  u  =  a:^  be  the  proposed  function. 
The  first  differential  coefficient, 

du      ^  « 

second  differential  coefficient, 

fdu 


m 


dx 
third  differential  coefficient. 


=  6a?, 


du 

J    dx 

=  1^  =  6. 

dx 

As  the  third  differential  coefficient  in  this  example  proves  con* 
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stant,  the  fourth  and  all  succeeding  differential  coefficients  will  be 
equal  to  zero. 

38.  The  preceding  notation  of  successive  differential  coefficients 
being  inconvenient,  it  is  replaced  by  the  following : 

d —  - 

c.                                  dx  .          dhi^ 

£  or                          — ; — >  we  write      -r-r- ; 

dx  dx^  ' 

du 

'o^  rf—j —      we  write      -^-p  &c, 

dx  cuj"* 

dx 
the  symbols  d^,  d\  &c.,  indicating  the  repetition  of  the  process  of 
differentiation  twice,  thrice,  dzc,  and  not  the  formation  of  a  power. 

On  the  contrary,  the  expressions  dx^,  dlr^,  &c.,  represent  powers 

d^u 
of  dx.     The   second  differential  coefficient   -r-^    ™*y  ^®  obtained 

immediately  from  the  first  differential  coefficient  -t->    by   dif!cren- 

thus  producing  -7—1 
and  then  dividing  the  result  by  dx. 

Now  since  the  law  according  to  which  the  independent  variable 
X  changes,  in  different  stages  of  its  magnitude,  is  entirely  arbitrary, 
we  adopt,  as  most  simple,  that  law  by  which  the  successive  incre- 
ments of  X  are  supposed  equal ;  that  is,  we  make  dx  constant. 

The  same  supposition  will  enable  us  to  derive  each  successive 
differential  coefficient  from  the  preceding  coefficient  by  a  similar 
process  of  differentiation  and  division. 

EXAMPLES. 

39.  1.  u=:x\         ^  =  nx^\     p^  =  n(n  -  l)ar*-^ 

dx  dx^  ^  ' 

to  •« 

^  =  n(n  -  l)(n  -  2)x^,  ^^-  =  n(«  -  l)(n  -  2)(n  -  3)*-'  &a 
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This  operation  will  terminate  when  n  is  a  positive  integer ;  but 
if  n  be  a  negative  integer  or  a  fraction,  the  number  of  variable 
differential  coefficients  will  be  unlimited. 

dy      \      d^y  \       d^y       1.2 

2.  y  =  logx.      _=^    _=-_     _=._, 

d^y           1.2.3         ,,    •       ,           d^y       ^  1 .2. 3.  ...(n  -  1) 
-r4-  = -, —    and  by  analogy    -^—  =  ± ^ '— 

the  upper  sign  will  apply  when  n  is  odd,  and  the  lower  when  n  is 
even. 

3.  «  =  sin  z. 

du  dhi  d^u  d^u 

and  the  succeeding  differential  coefficients  will  recur  in  the  same 
order. 

4.  y  =  cos  ar. 

dy  dhf  d^y  dhi 

and  the  coefficients  will  now  recur  in  the  same  order. 

5.  ii  =  tan  X, 

du  _      d^u  d^u 

■r-=  sec'ar,  -r-5  =  2 sec^a; .  tan ar,  -z-r-  =  4  sec^a? tan^a;  +  2 sec*a:,  &c. 

dx  d^  '  dx^ 

Here  the  law  of  formation  of  the  successive  coefficients  is  not 
obvious. 

6.  ti  =  a«. 

du  d^u  _  d^u 

—  =  a« .  log  a,     ^  =  a* .  log'a,     ^  =  «'  •  log^a,  ^t., 

the  law  of  the  coefficients  being  very  evident. 
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7.  f»  =  e«. 

du  ePu  (Pu 

^'■*''    "5^""*'*    "S?""**'      . 

the  coefficients  being  all  equal 

8.  tf  =  8in(fia;). 

The  formation  of  successive  differential  coefficients  will  be  found 
extremely  useful  in  the  expansion  of  functions  by  the  methods 
which  will  be  explained  in  the  chapters  immediately  succeeding. 


CHAPTER  V. 


maolaurin's  theobsm. 


40.  The  theory  of  Madaurm  is  a  very  general  and  useful  formula 
for  the  development  or  expansion  of  a  function  of  a  single  variable, 
in  a  series  involving  the  positive  ascending  powers  of  that  variable, 
when  such  development  is  possible. 

41  •  Prop,  \i  y  z=z  jPar,  where  Fx  denotes  such  a  function  of  a;  as 
can  be  expanded  in  a  series  containing  the  positive  ascending  powers 
of  fl?,  then  will  the  form  of  the  development  be  the  following : 

in  which  the  parentheses  are  used  to  denote  the  particular  values  of 

dy    d^y 
the  quantities  y,  -p-,  -t-^,  dsc.,  enclosed  therein,  when  x  is  taken 

ax    dx^ 

equal  to  zero. 

Proof,  By  hypothesis,  y  can  be  expressed  in  the  form 

yz=A  +  Bx+Cx^  +  Dx^  +  Ex^  +  dec,         (1). 

in  which  A^  By  C,  ^g,,  are  unknown  constants. 

.'.^  =  B  +  2Cx  +  BDa^  +  AUs^  +  &c. 
ax 

^=  2C+ 2.3Z>ar  +  3.4-E:a?»  +  &0. 
dx* 

^=  2.32)  +  2.3. 4Er  +  &c. 
ax^ 

&0.        dsc. 
4 
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Now  making  2;  =  0  in  each  of  these  expressions,  we  obtain 

/^\=2.3.-LB;&c,  dec. 

These  values^  being  substituted  in  (1),  reduce  it  to  the  form 

which  agrees  with  the  enunciation. 

This  formula,  called  Maclaurin's  Theorem,  may  be  written  thus 

or  again,  if  we  represent  the  1st,  2d,  3d,  dec.,  differential  coeffi- 
cients, which  are  functions  of  ar,  by  F^x^  F<^,  F^,  dec,  the  formula 
may  be  written 


EXAMPLES. 

42.  1.  To  expand  y  =  (a  +  a:)«. 
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Here  ^  =  n(a  +  x)-\     -g  =  n(n  -1) (a  +  «)-*, 


•    g  =  „(»_!)(« -2)  («  +  ,)-», 

-^  =  n(»»  -  l)(n  - 2)(n  —  3)(a  +  «)•-*,  &&,  &0. 
Hence,  when  «  =  0. 

(,)  =  «..    (!)  =  „«-     (g)  =  «(«-l)a-. 

(S)  =  «(»  -  1)  («  -  2)  (»  -  S)«"-*.  *«•.  ^ 
And,  therefore,  by  substitution  in  Madaurin's  formula^ 

y  =  (a  +  a:)*  =  a*  +  na*-i«  +      .^^      a»-^«» 

Thus  we  have  a  simple  proof  of  the  binomial  ihearem,  applicable 
to  all  values  of  the  exponent,  whether  positive  or  negative,  integral 
or  fractional,  real  or  imaginary. 

2.  To  develop  y  =  log  (!+«), 

the  modulus  of  the  system  being  if, 

dy        M       d'y  M         tPy  _   1.2M 

dz^l+z     da?".     (1  +  xy'    rf««  ■"  (1  +  «)•* 

d*y 1.2.8if 

(f «*  ""      (1  +  xy' 
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.  • .  when  a;  =  0,     (y)  =  log  1=0, 

And  by  substituting  these  values  in  Maclaurin's  formula,  we  have 

y  =  log  (1  +  a;)  =  M{x  -^x^  +  lx^^^^  +  &c.) 

which  is  the  fundamental  theorem  used  in  the  computation  of  loga- 
rithms, and  is,  indeed,  that  which  was  employed  in  deducing  the 
rule  for  differentiating  logarithms. 

3.  To  expand  y  =  sin  x. 
Here                                      Fx  =  8mx 

.  • .  F^x  =  cos  ar,    F^  =  —  sin  a:,    F^  =  —  cos  ar,    F^x  =  sin*, 

and  the  succeeding  coefficients  recur  in  the  same  order. 

.\F0  =  sin 0  =  0,   Ffi  =  cos 0  =  1,   F^O  =  0,   F^O  =  —  1, 

Ffi  =  0,    Ffi  =  1,  <&c 

.  • .  by  substitution  in  (4)  the  third  form  of  Maclaurin's  theorem, 
we  have 

Sm  X  =z  X h  CEO. 

1.2.3  ^1.2.3.4.5       1.2.3.4.5.6.7^ 

Tliis  series  converges  very  rapidly  when  x  is  small. 

4.  To  expand  y  =  cos  x, . 

Fx  =  cos  X,  F^x  =  —  sin  x,  F^  =  —  cos  x,  F^x  =  sin  ar,  F^x  =  cos  «, 
and  the  succeeding  coefficients  recur  in  the  same  order, 

.'.FO  =  lyFfi  =  0,  F^O  =  -  1,  F^O  =  0,  /;0  =  1,  J^^O  =  0, &c. 

x^  a?*  ofi 

,' ,  cos  a?  =  1  —  - — -  -I ■ \-  dec. 

1.2^1.2.3.4       1.2.3.4.5.0^ 
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5,  To  develop  y  =  a*. 

Employing  Naperian  logarithms,  we  have 

Fx  —  a*,    F^x  =  a*,  log  a,    F^  —  a* .  log^,    F^  =  a*,  log^a,  &0. 
,  •.  i^'O  =  1,  i^iO  =  log  a,  i^jO  =  log'o,  jPjO  =  log^o,  Ffi  =  log^a,  &a 

.  •.  a'  =  1  +  logaj  +  log^o  j-^  +  log^aj-^-^ 

This  is  called  the  exponential  theorem. 

Cor.  U  a  =z  e  the  Naperian  base,  then  log  a  =  log  e  =  1, 

and  if    z  =.\     also, 

1.1.1.        1        .  1 

^1^1.2^1.2.3^1.2.3.4^       * 

a  formula  for  the  Naperian  base. 

Cor,  If  :e  =  1,  but  a  not  equal  e,  then 

a«  =  1  +  loga  +  ^p^  log^a  +  ^    g    3^^^^^  +  FlTsI^^^^  "^  ^^ 

a  formula  for  a  number  in  terms  of  its  Naperian  logarithtn. 

Prop,  To   express  the  sine  and  cosine  of  an  arc  in  terms  of 
imaginary  exponentials. 

In  the  scries  giving  the  value  of  e',  put  successively 


ry^—  1,      and      —  zj—  1  for 


X, 


z 


y^ITl  22  Z^  /- T 


1.2       1.2.3    •   1.2.3.4 


^ 1.2.3.4.5 


■  / 


ji"  :v 


I,- 
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and 


e-v-1  =1 1  - 


z^f^ 


-r-7^  + 


:^^/^ 


1.2  '    1.2.3 


+ 


«* 


,/iri 


1.2.3.4      1.2.3.4.5 


—  &0. 


^  L        1.2^1.2.3.4  J 

V  L        1.2.3^1.2.3.4.5  J 

But  the  first  series  within  the  [  ]  is  the  development  of  cos  ?,  and 
the  second  that  of  sin  z^ 


.  • .  008  «  = 


t 


^^pl  J^ 


.... 


(^). 


8in2;  = 


e*^/-^—  fr*yf-^ 


.... 


2^-1 


W, 


These  singular  formula,  discovered  bj  Euler,  are  very  useful  in 
the  higher  branches  of  analysis,  especially  in  the  development  of 
functions. 

Cor,     If  we  divide  (E)  by  (^),  there  will  result 


tan  2  = 


e»\A-i- 


^Izyf^  ^  1 


•.  .  . 


y:n[«'v/=i  +  r-'^     y=T[e 


2*a/— I 


1] 


((7). 


Cor.  If  we  make  z  =  a;-/—  1  in  (^),  (-ff),  and  (C),  we  can 
express  the  sine,  cosine,  and  tangent  of  an  imaginary  arc  in  terms 
of  real  exponentials ;  thus  : 


in  (ir-v/—  1)  = 


—  e^ 


sm 


2^"^ 


(D),  cos(a?-/— 1)  = 


c-*-f  e^ 


tan  (afV—  ^)  = 


r-»«-l 


2 

1    -g2. 


(^) 


/=ri(e-«»  +  1)       -/=n"(l  +  e'x) 
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Car.  If  we  square  (^)  and  (IS)  and  add,  there  will  result 

008^  +  WD^Z  = =  1, 


And  similarly     8in*(«V—  1)  +  cos*(a?^—  1)  =  1; 

two  results  obviously  correct 

43.  The  applications  of  Madaurin's  theorem  are  oflen  much 
restricted  by  the  great  labor  necessary  in  forming  the  successive 
differential  coefficients.  This  may  sometimes  be  avoided  by  ex- 
panding the  first  differential  coefficient  by  some  of  the  algebraic 
processes.     For  example, 

To  expand  ti  =  tan-^j?. 

Here  —  ^  > 

<i«      1  +  «» 

which  gives  by  actual  division,  the  quotient 

!—«'  +  «*  —  «•  +  «•  —  &C. 
,     .  • .  jPrc  r=  tan-*af, 

jPi«  =  1  —  re*  +  «*  —  a^  +  ir^  —  &C. 
i^^=-.2a?  +  4x3-Gar»  +  ar''-&c. 
/Vc  =  -  2  +  3 .  4a;»  -  5 .  6x*  +  7 .  8a^  -  &C. 
/;a:  =  2.3.4aj-.4.5.6ir3  +  6.7.8a;«-&c. 
^^  =  2 . 3. 4  -  3. 4. 5. 6x2  +  6 . 6. 7. 8x*  -  &a 
/V«?=-2.3.4.6.6ar  +  4.6.6.7.at3-&c. 
/',!?=  -2. 3. 4. 6. 6 +  3. 4. 6.6.7. ar»-&c 
jFVir  =2.3.4.5.6.7.8;r-&c. 

•  •./'0  =  tan-iO  =  0,    i^iO  =  l,    i^,0  =  0,    /'30=-1.2, 
i^^OrrO,    i^aO  =  1.2.3.4,    jF;0  =  0, 
/^Ozr- 1.2.3.4.5.6,    /;0  =  0,&c. 
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Therefore,  by  substitution  in  Maclaurin's  formula^ 

Fx  =  tan-^a;  =1*  —  -a?  +  ~x*  —  -x'  +  ^or*  —  &o. 

«j        o        T         y 

If,  in  this  formula,  we  make    ii  =  -«'  =  arc  of  45% 

4 

then  aj  =  tan  45**  =  1. 

and  ^  =  4(1  __+--_4.&o.); 

a  formula  for  determining  the  ratio  of  the  diameter  to  the  cir- 
cumference of  a  circle. 

This  scries  converges  so  very  slowly,  that  even  a  tolerably 
accurate  approximation  to  the  value  of  «*  cannot  be  deduced  from 
it,  without  employing  a  great  number  of  terms. 

44.  Prop,  To  deduce  Euler's  more  convergent  series  for  the 
ratio  of  the  diameter  to  the  circumference. 
If  in  the  trigonometrical  formula 

.      ,     ,    .  V         tan  a  4-  tan  6 

tan  (a  +  6)  = — -, 

1  —  tana.tano 

we  put        a  +  6  =  -  «',        then        tan  (a  +  &)  =  I9 

.  • .    1  —  tan  a .  tan  6  =  tan  a  +  tan  h ; 

whence  wo  deduce  tan  h  = • 

1  +  tana 

And,  therefore,  if  any  value  be  assigned  to  tana,  that  of  tan 6 
can  bo  determined. 

1-1 

1  2      1 

Let  tana  =  -,        then         tan  5  = =  o' 

.  • .  T  «*  =  tan-^  -  +  tan-i  -• 
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«.d  tan-»  1  =  i  - 1  (i)%  1  (1)  -  l(iy  +  &c. 

1         1  •      1      ,      1  1      ,    . 

•'4    ""2      3.23^5:2*      7,2'^ 

+  l--i-+-i L  +  ^c 

^3      3.33^5.3»      7.3^^ 

Bj  taking  six  terms  in  the  first  set,  and  four  in  the  second,  and  mul- 
tiplying by  4,  we  get  the  common  approximation, 

AT  =  3 .  1416. 

Car,  We  might  extend  this  method,  obtaining  series  still  more 
convergent.     For  if  we  take  four  arcs  c^,  r^,  C3,  and  c^,  such  that 

Cj  +  Cj  =  tan-i -  and  c^  +  c^=z  tan-^ ^.    Then  €^+€2+  c^+  ^4=  jat, 

and  if  we  assume  the  values  of  tan  c^  and  tan  ^3,  those  of  tan  Cj  and 
tan  c^  can  be  determined.  Moreover,  the  values  of  tan  Cj,  tan  c^, 
ten  C3,  and  tan  c^,  can  all  be  rendered  less  than  |,  and  therefore  the 
series  for  determining  I  ^  nill  be  more  convergent. 

46.  Prep.  To  obtaiti  more  convergent  series  for  the  value  of  «'. 

2  tan  a 
If  in  the  ftrmula        tan  2a  = 


1  —  tan^a' 


we  put      ,:: \:i  "-:'.. ';     Jana^r-,    then 

'■: .  ••     ••  .•-    :j-    •■•  K 

*  ■•         *       2  tan  2a  ^  "l2       120 

•nn.  ,•.   tail4a=: = = • 

aw  ^  .   .  MMirtu       i_|.an22a      ,_^       119 

144 
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Now  this  result  is  very  little  greater  than  unity,  and  therefore  4a 
must  be  slightly  greater  than  45°. 

Put  4o  —  -  «'  =  « 

4 

where  z  is  a  very  small  arc.  ^ 

,  tan4a  —  tan-r«' 

X  4 

Then  tan  «  =  tan  (4a  —  -«')= « — 

1  +  tan4a.tan-«' 

4 

120 

_119 Ji^ 

""120""  239* 
"^119 

...l^  =  4tan-l-tan-^ 
\5      3.53^5.5»      7.57^9.5»  / 


\239      3 .  2393  ^  5 .  239*  / 


By  taking  three  terms  in  the  first  line  and  one  in  the  second,  we  get 
the  common  approximation  v*:::  3. 1416;  and  by  taking  eight 
terms  of  the  first  line  and  three  of  the  second,  we  get 

^r  =  3 .  141592653589793. 
46.  1.  To  expand  u  =  sin-^a;. 

Fx   =  sin"^  X, 

F^x  =  -— i=  =  (  1  -  aj^)""*  • 


vrr 


x^ 


=  ^  +  O"   +1:2:2-^**+  1-7273:25^  +  *»• 

_         1.2      ,    1.3.4    ,  ,    1.3.5.6    .  ,    . 
^'^  =  O^  +  0:25"  +17273725**  +  *°- 

»^       1.2  ^1.2.22''  +  1.2.3.23*^  +  *°* 
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-^^^  =  "17272^^+     1.2.3.23    ^  +  ^^' 

P.2.3».4  .    1.3^4.6».6    ,  .    ^ 
-^^=     1.2.2»     +     1.2.8.23     ^  +  ^^ 

1.2.3^4.5^6 
^•'=        1.2.3.23       ^  +  ^"- 

P. 2.32,4.5*. 6  .    , 
'  1.2.3.23        ^^^ 

. -Pi= 0,  jPio  =  1,  ^aO  =  0,  i^jO  =  p,  /;o  =  0,  jf;o  =  12.3*, 

^gO  =  0,  i^^O  =  P. 32.52,  &c 
.     ,  .     12.ar3     ,       12.32.:c» 


1.2.3  •   1.2.3.4.5 
.       12.32.52,*^        .    , 

-4 1-  &(» 

^1,2. 3. 4. 5. 6. 7^ 


CHAPTER    VI. 

tatlor's  theorem. 

47.  Taylor'8  Theorem  i8  a  general  formula  for  the  development 
of  a  function  of  the  algebraic  sum  of  two  variables. 

Prop,  If  y  =z  Fx,  and  if  x  be  supposed  to  receive  an  increment 
k,  converting  y  into  y^  =  F{x  +  A) ;  then  will 

^^      ^^dx   l^dx^    1.2^(^3    1.2.3  ^rfz*    1.2.3.4^        ' 

rr,      .    .X         r.     .   ^^^    A   ,   <^i^a?      A* 
^(.  +  A)=i^.  +  -^.-  +  — .— 

.   d^Fx        A3       .  rf^J^'a;         A*  .       - 

-4- . . -4-  (Sic 

^   dx^     1.2.3^  dx*     1.2.3.4^ 

To  prove  the  truth  of  this  formula,  we  first  establish  the  following 
principle : 

If  in  the  expression  y^  =  F(x  +  A)  we  suppose  first  that  x  is 
variable  and  k  constant,  and  then  suppose  h  variable  and  x  constant, 
the  first  differential  coefficient  will   be  the   same  in  both  cases; 

thatis  ^^^ 

^^  '^'  dx--  dh 

This  is  almost  self  evident,  for  when  a  given  increment  is  assigned 
to  X,  or  to  A  the  same  increment  hiust  be  imparted  to  a;  +  A,  and 
therefore  F{x  +  k)  =  y^  will  undergo  the  same  change  in  the  one 
case  as  in  the  other.  Hence  the  ratio  of  the  corresponding  changes 
of  z  and  y^  is  equal  to  the  ratio  of  the  changes  in  A  and  y^.  This 
is  true  whatever  may  be  the  magnitudes  of  the  increments  im- 
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parted  to  ak  or  A,  provided  that  magnitude  be  the  same  in  both 
cases.  Buttwhen  we  suppose  these  increments  indefinitelj  small,  it 
is  no  longer  necessary  to  consider  them  equal.    For  since  the  ratio 

•■j^  does  noit  contain  <2r,  it  will  have  the  same  value  whether  dx 
dx 

and  dh  be  supposed  equal  or  unequal. 

dx        dh 


•   • 


, , ,  'm  ^m  ^(t) 

Similarly,       — -=— •  =  —r—  =  —jz—     <"• 


dx  dx  dh  "*      da:*        dh^ 

d*yi      d*yi 


And  generally,  ,^     dx^  "  dh- 

Now  assume 

yi  =  j^2;  +  A)  =  jRr  +  ^  +  ^2  +  CA^  +  Dh*  +  &c.       (1), 

that  being  the  general  form  in  which  F{x  +  h)  can  be  developed, 
as  shown  in  Art.  4.  The  coefficients  A,  By  (7,  JD,  &c.,  are  func- 
tions of  Xy  but  are  independent  of  h. 

If  we  diflferentiate  (1)  first  with  respect  lo  h  and  then  with 
respect  to  x,  and  place  the  resulting  difierential  coefficients  equoil, 
we  shall  obtain 

A  +  2Bh  +  SCh?  +  4i>A3  +  dec. 

dFx  ,  dA  ^    ^   ds'^  dC^^  .    , 

which  equation  being  true  for  all  values  of  A,  it  follows,  by  the 
principle  of  indeterminate  coefficients,  that  the  coefficients  of  the  like 
powers  of  A,  in  the  two  members  of  the  equation,  must  be  sepa- 
rately equal 

A      d^^     ^r.      dA     ^^      dB      ,^      dC  , 
•  •.    -4  = -7-,    2B=—,    3(7=—,    42)=— ,  &a 
ax  ax  dx  dx 
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^      1    cf^  1         d^Fx       ^      \    dC  1  (?*i^«  . 

Z    dz       1.2.3  ^rf^  ^    dx      1.2.3.4    dx^' 

Hence,  bj  substitution  in     (1), 

d^Fx         h^ 
^  dx^     1.2.3.4^        ' 

,  dy  h  ^  d?y      A»    .  d^y        A» 
or,  V,  =v4-— '--^ — —* 


cfa;  1   '  dx^    1.2  '  dx^    1.2.3 

^  cte*  1.2.3.4^  , 

If  we  denote  the  suceessive  differential  coefficients  bj  F^x^  F^ 
Fyt^  F^x,  &c.,  the  seizes  may  be  written 

Cbr.  The  formula  of  Maciaurin  may  be  readily  deduced  from 
that  of  Taylor;   for  if  we  make  a;  =  0  in  (2),  there  will  result 

Fk  =  FO  +  F^'-  +  F,oJ^^  +  F,0^^ 
which  is  Maclaurin's  theorem. 


BZAMPLES. 

48.  1.  To  expand    sin  (x  +  h),  in  terms  of  the  powers  of  the 

arc  A. 

F{x  +  h)  =sin(x  +  A), 
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F^  =  —  cos  «,      F^x  =  sin  a;,  &c. 

• ' .  B7  substitution  in  Taylor's  formula 

h  h^  h^ 

msi{x  +  h)  =8in«  +  oosa:-  —  sin  «-— 5  —  cos  a?  r— 5— 5  +  &a 

=  sin  « .  cos  A  +  cos  ^  •  sin  A,  a  well  known  formula. 

2.  To   expand    cos  (x  +  A)?  in  terms   of  the   powers  of  the 

arc  A. 

F{x  +  h)=cos{x  +  h), 

.  • .    i^a;  =  cos  or,     F^x  =  —  sin  a?,     F^  =  —  cos  ar, 
F^  =  sin  a:,     -F^a:  =  cos  a?,  &c 

•  •.By  substitution  in  Taylor's  Theorem  we  have 
C08(a:4-  ^)  =  C08af  —  sinarr-  —  cosa::j--jr  +  sma?       ■ 

=  COS  X .  COS  A  —  sin  a; .  sin  A, . . .  a  well  known  formula. 

8.  To  expand    log  {x  +  K)^    where  M  is  the  modulus  of  the 
system. 

i^a?  =  log  ar,    i^i^:  = --,     F^  =  '-'^, 

1.2^     ^  1 .  2 . 3  Jf  , 
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* 

4.  To  expand  u^  =  tan-^(a?  +  A), 

u  =  tan-^a:  =  Fx.    F^x  =  -— - — -  =  — 5-  =  cos^. 

*        1  +  ai*       seen* 

F^  =  —  2sin  t* .  cos  u  -7-  =  —  sin  2m  .  cos^. 

du 

FqX  =  (—  2cos  2u .  cos^u  +  2sin  2m  .  cos  w .  sin  u) 


dx 


=  —  2cos  u .  cos  3m  -7-  =  —  2cos  3m  .  cos^u. 

dx 


F^x  =  2.3  (sin  3m  .  cos^m  +  cos  3m  .  cos^m  .  sin  m)  — 

=  2.8co8%.8in4«^  =  2.3.8m4«.008*u.        . 

dx 

&c.,  &C. 

h  h^ 

,  • .  tan-^(ir  +  A)  =  m^  =  m  +  cos^  -  —  sin  2m  .  cos^  — 

1  8 

h?  A*  A» 

—  cos  3m  .  cos^w  -—  +  sin  4m  .  cos*m  -7-  +  cos  5m  .  cos*m &c. 

o  4  5 

6.  To  expand  m  =  tan(a:  +  A). 

Fx  =  tan  ar,      jF\ar  =  sec^ar,      F^  =  2  sec'a; .  tan  ic, 
J^gj;  =  2  sec^a;  (1  +  3  tan^ar).     &c.,     dec. 

h  h^ 

.  • .  tan  (a;  +  A)  =  tan  x  +  sec^a:  :r  +  2  sec^x .  tan  x  — - 

+  2  sec^a;  (1+3  tan2a:)  +  &c. 

Prop.  Having  given      m  =  jPy,      and      y  =  9a:,     to   form   the 

du 
differential  coefficient  —  of  u  with  respect  to  a:,  without  eliminating 

CLX 

y  between  the  equations,  in  which  the  characters  F  and  9,  denote 
any  functions  whatever. 
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Let  X  take  an  increment  h  converting  y  into  y^  =  9  (a:  +  A). 
Then  if  k  denote  the  increment  received  by  y,  we  shall  have,  by 
Taylor's  theorem, 

*  =  yi-y  =  ^-i  +  ^,-j^  +  ^-j^;3^  +  &c    (1). 

Also  when  y  takes  the  increment  Ar,  it  imparts  to  t«  =  Fy^  an 

increment 

du  Je      cPu     k^        cPu       k^ 
u,-u=F{j,  +  k)-Fy  =  ^j  +  ^.y^  +  ^^.j-^+&c., 

or  by  substituting  for  k  its  value,     (1). 

duTdy  h  ,   d^y    h^      ,   d^y       h^       .    .     1 
^  dyldx   l^  dj;^    1.2^  dj^   1.2.2^        J 

Dividing  both  members  by  A,  and  then  passing  to  the  limit  by 
making  A  =  0,  in  which  case     -^-r —  =  t"     ^®  8®* 

dx  ^  dy    dx  ^  ^' 

Thus  it  appears  that  the  differential  coefficient  of  u  with  respect 
to  ar,  is  found  by  differentiating  t*  as  though  y  were  the  inde- 
pendent variable,  then  differentiating  y  as  though  x  were  the 
independent  variable,  and  finally,  multiplying  the  first  of  the  co- 
efficients so  found  by  the  second.  \ 

49.  It  might  perhaps  seem  at  first  view  that  the  equation  (2)  is 
necessarily  and  identically  true,  and  therefore  that  the  preceding 
investigation  is  unnecessary.     But  it  must  be  borne  in  mind  that  the 

dy  which  appears  in  the  coefficient  -p    and  which  represents  the 

increment  given  to  y  by  assigning  an  arbitrary  small  increment  dz 
to  the  variable  x,  is  not  necessarilij  the  same  as  dy  which  appears  in 

5 
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^,  since  this  latter  increment  of  y  is  arbitrary  (though  likewise 

small). 

/.   -,     du 

1.  tt  =  ay,  y  =  0*,    to  find     -r— 

dx 

du  dy 

Here  —  =  av .  log  a,    -f-  =^  &*  log  ft. 

du      du    dy  _     ,  ,      ,  i«    ,     i  i      * 

.  • .  —  =  -T-  -y-  =  ay .  6* .  log  a .  log  6 .  =  a*   .  6« .  log  a .  log  o. 

2.  t^  =  log  y.     y  =  log  «. 

dy'^y''     dx"^  x^      '   '  dx"^  y   x"^  xlogx 

50.  Taylor's  Theorem  may  be  employed  in  approximating  to  the 
roots  of  numerical  equations. 

Let  Fx  =:  0  be  the  given  equation,  and  a  an  approximate  value 
of  one  of  its  roots  found  by  trial ;  then  we  may  put  x  =:  a  +  h^  in 
which  A  is  a  small  fraction  whose  higher  powers  will  be  small  in 
comparison  with  A,  and  may  therefore  be  neglected  without  great 

error.     But 

h  h^  k^ 

Fx  =  F{a  +  k)  =  Fa  +  F^a.^+  i^2«  j-g  +  ^s^yi^  +  ^^'  =  <>• 

,  •  •  By  neglecting  the  terms  involving  Aj*  ^^>  &c.,  we  get 

■n     .    *^    ^       yv  1  •  Fa 

Fa  +  F.a  t  =  0      and      .  • .  A  =  —  -77— 
^    1  F^a 

Adding  this  approximate  value  of  A  to  a,  we  have 

Fa 

a:  =  a-— -    nearly. 

jp^a 

Call  this  value  a^    and  put    a?  =  a^  +  Aj, 

Then  by  similar  reasoning  we  shall  find 

Fa.  Fa. 

^1  =  —  "eT— >    ^^^     X  z=za^  — —-  =  Oj,  a  nearer  approximation, 

and  the  same  process  may  be  repeated  if  necessary. 
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61.  Find  the  positive  root  of  the  equation 

ar*  -  12a;2  +  12«  -  3  =  0, 

to  three  places  of  decimals  inclusive. 
Here  we  find  by  trial  that 

a:  >  2 . 6       and       a?  <  8. 

Put  a  =  2.8. 

r.Fa^a^--  I2a^  +  12a  —  3 

=  (2.8)*-  12(2.8)2  + 12(2. 8)-3  =  -2.0144 

F^a=:^^  =  4a3-  24a  +  12  =  4(2.8)3-24(2.8) +  12  =  32.608. 

2  0144 

.'.h  = —-^----  =  0.062 nearly.  .-.  a;  =  a  +  A  =  2.862 nearly. 

To  test  the  accuracy  of  this  approximation,  put 

Oj  =  2 .  862        and        a:  =  a^  +  k^ 

Fa^  =  (2 .  862)*-  12(2 .  862)^+  12(2 .  862)-3=0 .  144674  nearly. 

F^a^  =  4(2 .  862)3  __  24(2 .  862)  +  12  =  37 .  083072  nearly. 

-   0.144674  ^  ^^o^^, 

•••^^= -377083072  = -"^-^^^^    '^^^^• 

.  •.  a:  =  ai  +  Aj  =  2.  862  -  0.003901  =  2.858099  =  2.858 

to  three  places  of  decimals. 

If  the  process  were  repeated  it  would  be  found  that 

a;  =  2 .  85808 ; 

so  That  the  second  approximation  is  true  to  four  places  of  decimals, 
and  the  fiflh  place  is  slightly  erroneous. 
2.  Given  of  =  100 

to  find  the  value  of  a;  to  the  place  of  hundredths. 
Passing  to  the  common  logarithms,  we  have 

a:  log  a;  =  log  100  =  2.      .  • .  ar  log  a?  —  2  =  0. 

Also  « >  3,      and      a:  <  4. 
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Put  a  =  3 . 5,      and      x  =  a  +  k. 

,'.  Fa  =  a\oga  —  2,      F.a  =  — j—  =  log  a  +  IT, 

da 

where  M  =  modulus  of  the  common  system  =  .  43429448 

Fa  =3.51og(3.5)  -2=  .5440G8  x  3.5-2=  -0.095'r62 

F^a  =  .  544008  +  .  434294  =  0 .  978362. 

.   .  095762    ^_ 
•'•^=:978302  =  -^®- 

.  • .  it  =  3 . 5  +  .  098  =  3 .  598      or      a:  =  3 .  60  nearly. 

We  shall  now  apply  Taylor's  Theorem  in  deducing  rules  for  the 
expansion  and  differentiation  of  functions  of  more  complicated 
forms. 

52.  Prop,  To  establish  a  general  rule  for  differentiating  any 
function  of  two  quantitijcs  p  and  q^  which  quantities  are  themselves 
functions  of  the  single  independent  variable  x. 

Let  u  z=  F{pf  g),  where  p  zzzfx^  and  q  =fiX,  the  characters 
F,/,  and /j,  denoting  any  function  whatever,  and  let  x  take  the 
increment  A,  converting  p  in  p  +  k  =z  p^,  q  into  q  +  I  =z  q^^  and 
u  into  u^. 

Then  u,  =  F{p  +  k,q  +  l)=  F{p  +  k,  g,), 

which  may  be  developed  by  Taylor's  Theorem  as  a  function  of 
2)  4-  k,  observing  that  q^,  which  does  not  contain  k,  will  appear  in 
the  development  as  would  a  constant : 

.•..,=^(,+t,,,)=^(p,«.)+^^-j 

But  F  {p,  q^)  =^  F  {p,  q  +  I),  which  developed  as  a  function  of 
q  +  I,  gives 
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J-C;,,  y  +  0  =  ^(2>,  ?)  +  — ^^-j  +  — 5^5— •  j^  +  &C. 
And  similarly  the  coefficient  of  Ir  in  the  second  term  of      (1). 

dp  dp 

may  also  be  developed  as  a  function  of  ^  +  Z,  and  will  give 

dF(p,q+l)  ^  dFjp,  q)  ^  dVdF(p,qy\l       ^^ 
dp  dp  dq\^       dp      A\ 

And  in  like  manner 

d'Fip.q,)       d^F{p,q-^l)_d^F{p,g)        ^  P-^(;>.  7)1  ,  ^^ 
•  dp*  ""  dp^  "        df'        '^  dqV      dp^      Jl-o'^ 

. ' .  By  substitution  in     (1). 

+  terras  involving  h^^  kl,  P^  k^^  &c. 

A    A  f  dq    h   ,   d^q     h^     ,    . 

And  l  =  q^^q  =  ^.^  +  J.  —  +  &C., 

dufdq    h    ,    d^q     h^     ,    ,      1 

dpldx    l^  dx^    1.2^        U  ^ 
Now  dividing  by   A,  and  then  passing  to  the  limit,  by  making 

A  =  0,  in  which  case  — ^ —  =  -r-*  we  obtain 

h  dx 

du       du    dq      du   dp  ,  . 

dx  ""  dq    dx      dp    dx 

.-.-dx  =  du  =  ^.  ^d*  +  ^.  ^rf*.         (3). 
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Thus  it  appears  that  we  must  differentiate  u  with  respect  to 
each  function,  as  though  the  other  functions  were  constant,  and 
add  the  results. 

53.  It  is  very  important  that  the  precise  signification  of  the 
notation  here  employed  should  be  distinctly  understood.  By  an 
attentiv-e  consideration  of  the  manner  in  which  the  several  expres- 
sions employed  in  the  formula;  (2)  and  (3)  arise,  it  will  appear 

that  the  expression   t— in  (2),  represents  the  ratio  of  the  change 

in  X  to  the  entire  cliange  in  w,  which  latter  is  produced  partly  by 
the   change   imparted   to  p,  and  partly  by  that   imparted   to   q: 

that  the  expression  —  •  —■  represents  the  ratio  of  the  change  ia  x 

to  that  part  of  the  change  in  u  which  is  communicated  through 

q :  and  that  -7-  •  -j-    represents   the  ratio  of  the  change  in  a;  to 

that  part  of  the  change  in  w,  which  is  communicated  through  p. 

We  must  be  careful,  therefore,  not  to  confound  -7—  •  -r-.  with  -r-, 

aq    dx  ax 

or  to  suppose  that  the  first  of  these  expressions  can  be  brought 
to  the  form  of  the  second  by  the  ordinary  process  of  algebraic 
reduction.      This  will  appear  evident,  when  it  is  recollected  that 

the  du  which  appears  in  —  refers  to  the  total  change  in  w,  while 

the  du  which  occurs  in  -7-  •  -r^,  refers   only    to   so   much   of  tho 

dq    dx'  ^ 

change   in   w,  as   is  communicated  through  q.     Similarly,  —  •  --, 

du 
must  nut  be  confounded  with  -r-,  for  a  like  reason. 

dx 

54.  To  differentiate  u  =  F[p^  q,  r,  «,  &c.)  when  /?,  q,  r,  5,  &c 
are  functions  of  the  same  variable  x. 

By  attributing  to  x  an  increment  A,  and  reasoning  as  in  the  last 
proposition,  we  readily  prove  that 
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.  Fdu  dp  ,  du  dq  ,  du    dr  ,  du   ds  ,   ^    TA 

+  terms  in  A^,  A^,  &c. 

Transposing  u,  dividing  by  A,  and  then  passing  to  the  limit,  we  have 

du     du  dp  ,   du  da   ,  du   dr  ,   du    ds   ,    . 

—  = —  •  -^  H •  — ^  H • 1 • h  &C. 

dx     dp   dx       dq    dx       dr  dx       ds    dx 

du  .         ,         du  dp     .     ,  du  dq    ,     ,  du    dr    . 

.'.-r-dx  =zdu=z  -■ f-  •  dx  +  -T-  '-r- ' dx  +  -r  •  T- ' <*^ 

ax  '  dp  dx  aq  ax  dr  ax 

m 

du    ds    ,         , 
+  -z — z-'dx  +  &C. 
ds  dx 

that  is,  we  must  differentiate  u  with  respect  to  each  of  the  functions, 
as  if  the  other  functions  were  constant,  and  add  the  results. 

55.  Prop.  To  differentiate  u  =  F{p,x),  where  p  =fx. 
Here  u  is  directly  a  function  of  x^  and  also  indirectly  a  function  of 
X  through  p. 

Now  if  in  the  equation      u  =  F{p,q)y  which  gives 

du       du   dp      du    dq 
dx  ~~  dp  dx      dq  dx 

we  put  q  =  x^  there  will  result 

_,        .  .     du      du  dp       du    dx 

u  =  F{p,x)    and    _  =  _._+_._ 

du  _du   dp      du       .  .         .  ^_| 

cLc      dp   dx      dx  dx 

The  formula  (1)  is  that  required,  but  we  must  distinguish  care- 

du 
fully  between  the  differential  coefficient  -r-  in  the  first  member,  and 

dx 

the  similar  expression  in  the  second.  The  latter,  called  the  partial 
differential  coefficient  of  u  with  respect  to  a?,  refers  only  to  that  part 
of  the  change  in  u  which  results  directly  from  a  change  in  a;,  while  p 
is  supposed  to  remain  constant ;  and  the  former,  called  the  total  dif 


/ 


»». 
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ferential  coefficient  of  u  with  respect  to  a;,  refers  to  the  entire  change 
in  u,  which  is  partly  the  direct  result  of  a  change  in  x,  and  partly 
an  indirect  effect  produced  through  p. 

To  distinguish  the  total  from  the  partial  differential  coefficient,  it 
has  been  agreed  to  enclose  the  former  in  a  parenthesis;  thus  we 
write 


dxj  "^  dp   dx      dx  '   *       ""  xjix  J      "  dp   dx  dx     ' 


Here  again  there  is  a  necessity  for  caution,  so  as  not  to  confound 

du 

—  •  dx  with  du ;  the  former  being  only  a  part  of  the  change  im- 
parted to  u  by  a  change  in  ar,  while  the  latter  is  the  symbol  of  the 
entire  change. 

Cor.  If  there  were  given      u  =i  F{p^  q,  x) 

where  p  and  q  are  functions  of  a;,  then 


[dul  __  du   dp 
dxJ  ""  dp    dx 


du    dq      du 

+  -7-  •  T-  +  -7- 


dq    dx       dx 

and  similar  expressions  would  apply  if  there  were  a  greater  number 
of  functions. 

EXAMPLES. 

66.  1.     u  =  sin-^  {p  —  g),    where    p  z=^Sx    and    q  =  4x^, 

^«*       2 ^^       I <^P      o     ^9       lo  « 

dp      0  _  (^  _  gy    dq       ^I'-ip-qf    ^  ^« 

du      du    dp      du    dq  3  —  \2x^ 

'   '  dx      dp    dx       dq    dx       -/i  _  (~p  __  ^\2 

8  -  12a;2  3 


-v/l  -  9^2  +  242;*  -  16a;«       ^1  -  x^ 
2.  w  =^5',  where  p  =  e*,  and  g  =  ar*  —  4x^  +  12a:2  _  24a;  +  24, 

^  =  q,    ^=p,    ^  =  e',    ^  =  4a:3-12a;2  +  24a;-24: 
dp  dq  dx  dx 
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du      du    dp      du   da 
*   '  dx      dp    dx       dq   dx 

3-  **  "=  "4    ""  "^  "^32'      ^^^^      ;>  =  logar. 

du  __  x*p      x^      dp  __l      ^M  __       2      ^    I   ^ 
^"■"2       "S"'    ^""?    ^""     ^  """^"^T 

•■•[I]=|-l+S="(l-i)'<j+-'(^-M) 

4.     «  =  f!!feli)    where    ^  =  «sin.,     and     j  =  cos:r. 

du  c*'         £?M  c«*         (fo  dq 

rf/?      a^  +  1'     fl^  a2  +  r     (ir  '     dx  ' 

eft*  __  ae"{p  —  q) 
dx"      a»+  1 

[^m"!  __  c?ti    dp      du   dq      du 
dxj  ~~  dp    dx       dq    dx      dx 

=    ^   .    ,  (a  cos  a;  +  sin  J?  +  a^  sin  ar  —  a  cos  x)  =  c«*  sin  x, 

DifferentiaUon  of  Implicit  .Functions. 

67.  In  the  various  cases  hitherto  considered,  we  have  supposed 
the  function  to  be  given  explicitly  in  terms  of  the  variable.  It  is 
now  proposed  to  establish  rules  for  differentiating  implicit  functions. 

Prop,  Having  given  F(x^  y)  =  0,  to  fonn  the  differential  coeffi- 
cient -^  without  solving  the  equation. 

Put  w  =  jP(a?,y);  then  u  will  be  a  function  of  x  directly,  and 
also  indirectly  through  y. 


[dn'X      du    dy      du 
dxA^dy    dx       dx 
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But  since  u  remains  constantly  equal  to  zero,  the  total  differen- 
tial coefficient  of  u  with  respect  to  x  must  be  equal  to  zero  also. 

du 

du   dy      da       ^  ,  du  dx 

^  •  ^  ,   ^  _!» — -  Q         whence         — — -  =  — • 

'    '   dy    dx       dx        ^  dx  du 

Thus  it  appears  that  we  must  form  the  partial  differential  co- 
efficients   -r-  and  -y-,  then   divide  the  former  by  the  latter,  and 
dx  dy'  J  i 

piHjfix  the  negative  sign  to  the  quotient. 

JSx.  1.  y^  —  2axy  +  x^  —  b^  =  0,  to  form  the  differential  coeffi- 
cient of  y  with  respect  to  x, 

du  du 

f*  =  y»  — 2aty +  X2-62     y-=  ^2ay  +  2x,    t-=  2y  —  2aa?. 

<ix  ay 

.     ^  —  _  —  2qy  4-  2x  _  ay  —  x 
\  \\)  V  '    '   dz"^         2y  —  2ax    ~'  y  —  ax 

2.  Given  x"^  +  Zaxy  +  y^  _  q,  to  form  the  1st  and  2d  differen- 
tial coefficients  of  y  with  respect  to  x. 

du  du 

.-.   u  =  x^  +  ^axy  +  y\     _  =  3a;2  +  3ay,     ^^^az+^y\ 

'    '   dx  ax  -^  y^ 

Put   ■^=  p^'   then  pi  will  be  a  function  of  x  directly,  and  also 
indirectly  through  y. 

ix^        X^dx  A        dy     dx        dx 
But 

dp^  i_  — «(<y3r+ y^_)  +py (^^ + «y)  ^i^  __  —  2j(a3;  -f  y^)4-  ff(a;^  +  qy) 

rfy  "  (ai  +  y2)2  ""'  c£f  ~"  (ax  +  y"2)2 
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Henco  by  substitution  and  reduction 

flPy  __  2t/x^  4-  ay^  —  a^x       /      a:^  -f-  ay\       a^y  —  ax^  —  22ry2 
5^  "         {ax  +  y3)2        X  ^-  iiiqr^s;  +         (cur  +  y^)^ 

2a^xy  —  2xy{x^  +  3aary  +  y^)  2a^xy 

""  (aar  +  y-y  ^  (aar  +  y2)3 

68,  Since  it  is  possible  to  form  the  successive  differential  coeffi- 
cients of  y  with  respect  to  ar,  without  solving  the  given  equation,  it 
vill  be  possible  to  expand  y  in  terms  of  x  by  Maclaurin's  Tlieorem. 

1.  Given  y^  —  3y  +  a:  =  0, 

to  expand  y  in  terms  of  the  ascending  powers  of  x, 

.=^-3,+,=o,   ^=1,  1  =  ,,,=-,).  .■.|  =  5jrV)- 

Expanding  the  last  expression  by  actual  division,  we  have 

^  =  |(i+y*  +  y*  +  &c.) 

.  • .  §  =  I  (2y+  4yH  6yH  &c.)  ^  =  1  (2y  +  6yH  12y»4-  &c.) 

g  =  l(2H:i8y^+60y«+&c.)^  =  ^  (2  +  20y»+80y«+  &c.) 

g  =  1  (40y  +  320y3  +  &c.)  ^  =  i-  (40y  +  360y3+  &c.) 

^  =  1  (40  +  1080y2  +  &c.)  J^  =  ^(40  +  1120y+  &c.)&c. 
But  when  «  =  0,  [y]  =  0, 

.  • .  By  substitution  in  Maclaurin's  formula, 

X        X  x^ 

^  =  3  +  3^  +  ^  +  **^ 
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2.  To  expand  y  in  terms  of  the  descending  powers  of  x^  from 

the  relation 

ay^  —  3c^y  —  aa?  =  0. 

Put  a:3  =  - ;         then         ayH  —  y  —  a  =  0. 

.  • .  tt=ay3!;— y—a,   —  =  ay\    -r-  =  Say^v  —  1,     —  = 


dv      ^  '     dy  '  '     (fv       1  -  ZayH 

Say^l  -  Say^i')  §  +  (6ayt;  g  +  3ay2)ay3 

5;;^  = (1  -  ^ay^Y '  ^"•'  ^"• 

But  when     v  =  0,  [y]  =  -a,     [^]  =  -a\     [^]  =  -  6a^  <kc. 

or  by  replacing  v  by  -j, 

The  use  of  this  method  is  much  restricted  by  the  great  labor 
usually  required  in  forming  the  successive  differential  coefficients. 


CHAPTER    VII. 

ESTIMATION   OF   THE   VALUES   OF   FUKCTIONB   HAYINO  THE 

INDETERMINATE  FORM. 

69.  It  frequently  occurs  that  the  substitution  of  a  particular  value 
for  a  variable  2  in  a  fractional  expression  will  cause  that  expression 

to  assume  the  indeterminate  form  -•     Such  expressions  are  oflen 

called  Vanishing  Fractions,  and  they  may  be  regarded  as  limits  to 
the  values  of  the  ratios  expressed  by  these  fractions,  when  the 
variable  value  of  x  is  caused  to  approach  indefinitely  near  to  some 

particular  value. 

ar*  —  1 
Thus  in  the  example  u  =  -^ — ,  the  value  of  which  can  usually 

be  determined  when  that  of  z  is  given,  by  a  simple  substitution,  we 

find  that  it  assumes  the  form  -  when  ;p  =  1.     But  the  value  of  u 

is  even  then  determinate ;  for  if  we  divide  the  numerator  and  de- 
nominator of  the  fraction  by  a;  —  1,  before  making  a?  =  1,  we  get 

_  ar3  4-  x^  +  ^  +  1 

as  a  general  value  of  u^  and  this  becomes 

1+1+1+14         ,  - 

1  +  1  +  1      =3       "^^'^       ^  =  ^- 

Here  we  see  plainly  that  it  is  the  presence  of  the  common  factor 
ar  •—  1  in  the  numerator  and  denominator  which  causes  the  fraction 
to  assume  the  indeterminate  form.     In  this,  and  in  all  similar  cases, 
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the  removal  of  the  common  factor  serves  to  determine  the  value 
of  u.  But  it  usually  occurs  that  the  discovery  of  this  factor  is 
attended  with  considerable  difficulty,  and  hence  the  necessity  of 
some  more  general  method  by  which  to  estimate  the  values  of  frac- 
tions which  assume  the  indeterminate  form  -,  when  the  variable  x 

takes  a  particular  value.     Such  a  method  is  readily  supplied  by  the 
Differential  Calculus. 
It  should  be  observed,  however,  that  there  are  other  indeterminate 

forms  besides  -,  such  as  the  following  : 


00 


+ 


^,     00  X  0,     00  —  00 ,     0^     00  0.     l-«  , 

each  of  which  will  be  considered  in  succession, 
60.  Prop,  To  determine  the  value  of  a  function  which  takes  the 

form  -  for  a  particular  value  of  the  variable. 

Let  u  =  —  = bo  a  function  which  takes  the  form  -  when 

Q         (px  0 

X  z=  a  ;  that  is,  let  i^a  =  0,  and  9a  =  0 :  let  it  be  proposed  to  find 
the  particular  value  [m]  assumed  by  u  when  x  =  a. 

Suppose  X  to  take  an  increment  //,  converting  t/,  P,  and  Q 
into  ^1,  Pi,  and  Q^,  respectively,  and  let  P^  =  F(x  +  h)  and 
§1  =  (p  {x  +  h)  be  expanded  by  Taylor's  Theorem  :  then  denoting 
the  successive  differential  coefficients  Fx  by  F-^x^  F^^  dec,  and  those 
of  ^x  by  (pjor,  (pg^,  &c.,  we  have 

Fx-^-F^x-^F^x  ^j-^+^3^^  +  <ka 


u  ^^=  -^(•^  +  ^)  = 


or  when  x  =  a 

h  h^  h? 

Fa  +  Fya--\'  -^2« yy^  +  ^^^  jT^Ts  "*"  "^^ 
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Bat  by  hjrpothesis,  Fa  =  0,  and  9a  =  0.  .  • .  Omitting  the  first 
term  in  the  numerator  and  denominator,  and  then  dividing  each  by 
hj  we  get 

F,a  +  F^a:^  +  F^j-^^  +  &c. 

«i  = ^^ ^7^^ ...  (1) 

Now  making  A  =  0,  we  convert  u^  into  [w],  and  thus  obtain 

Hence  it  appears  that,  in  order  to  determine  the  value  of  a 

Fx  0 

function  —  which  takes  the  form  ~  when  a:  =  a,  we  must  replace 
(px  0 

Fz  and  (px  by  the  values  of  their  first  differential  coefficients,  and 

then  make  ;r  =  a  in  each. 

It  will  sometimes  occur  that  this  substitution  will  reduce  to  zero 

both  jP^a  and  9^a,  in  case 

[u]  =  — ^  =  -  remains  still  undetermined. 

we  then  omit  F^a  and  (p^a  in  equation,  (1)  and  divide  the  numerator 
and  denominator  by  -— ^-,  thus  obtaining 

F^  +  F^a-  +  &;c 
^  = 1 ...  (2) 

Fm 
which  becomes  fttl  =  — =- 

when  A  =  0. 

•  •  •  when  the  first  differential  coefficients  both  reduce  to  zero,  they 
must  be  replaced  by  the  second  differential  coefficients.     If  F^  and 
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9^  both  become  zero  also,  we  omit  them  m  (2),  then  divide  by 
~,  and  finally  make  A  =  0,  obtaining 

And  since  the  same  reasoning  may  be  extended,  we  have  the  fol- 
lowing  rule  for  finding  the  value  of  \u]  =  —  =  ^,  viz. : 

Substitute  for  Fx  and  (px  their  first,  second,  third,  dc,  differential 
coefficients,  and  make  x  =  a  in  each  result,  until  a  pair  of  coefficients 
is  obtained,  both  of  which  do  not  reduce  to  zero ;  the  fraction  thu$ 
found  will  be  the  true  value  of  [u]. 

EXAMPLES. 

afi  —  1       0 

6L  1.  t«  = r-  =  -      when      «  =  1, 

X  —  I       0 

Fx  z=  x^  -^  I,    and    9a;  =  a?  —  1.    .  • .  FiX  =  5a;*,    and    9^0;  =  1. 

.  • .  Fia  =  5,    (p^a  =  1,    and    M  =  — ^  =  -  =  5. 

This  result  is  easily  verified  by  division,  before  making  «  =  1 ;  thus 
by  actual  division 


a;-  1 


=  x^  +  x^  +  a^  +  x+lz=5    when    a?  =  1. 


a*  —  b*      0 

2.  tt  = =  -    when    a?  =  0. 

X  0 

—  = j .      .   .  — =  loga-log6  =  [u]. 

This  result  is  easily  verified  by  expanding  a*  and  6*. 

a*  — d* 


Thus 


x^    .   ^         ,     ,      ,  a;      ,     «.     a?* 


1  +  log  a .  J  +  log^a  _  +  &C. — 1  —  log  6 .  Y  —  log^^  •  -—  +  &a 


X 
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X 

,  • .  w  =  log  a  —  log  5  +  r— ^  (log^a  —  \o^b)  +  &c. 
.•.[«]=  log  a  —  log  b      by  making      a?  =  0, 

a  «  =  iZl^^Z^  =  J      when       .  =  0. 

-1 
9ia:  ~~  2iP  >       •  '  ^^^  ~"  q 

Here  the  first  difibrential  coefficients  prove  equal  to  zero,  and 
therefore  they  must  be  replaced  by  the  second  differential  coeffi- 
cients.   But 

F^  _  (gg  ~  x^f^  +  x^{a^  -  ar^)"^ 
9aa:  "~  2 

•  -^V.  -      2      -2a -L«'- 
.  oa:*  +  «c*  —  2aex      0       , 

j^^a;  _  2aar  —  2ag        ^   i^|a  _  2ac  ~  2gc  _  0 
91*  ""  2bx  —  2Ac      *   '  (pitt  ~"  2^  —  2^  ~"  0* 

-.  F^      2a  Fm      2a      a      .  , 

Tien  -^=or'     •'•~^=sr=  z  =  M* 

_  x^  —  aa;2  —  a^x  +  a^      0       . 

6.  «  = "5 r =  -    when    x  =  a. 

ar  ^  a^  0 

F^x      ar2  -  2«a;  —  a*  i^,a       0       ^       ^  , 

9ia;       .2a;  9^0      2a  ^ 

a*  —  2a3z  +  20x3  _  ^      q 

•    />  _  g  — 2a;  i^^g g  —  2g 

9ia;  "  —  2o3  +  6gar»  -  4ar3'      '  * '  "^  -  -  2a'  +  6g3  —  4o» 

or  -^  =  —  -  =  —  00  =  [tt]. 

9iO  0  *■  •" 

6 
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7.  u  = ^— £  =  ^    when    a?  =  1, 

1  .  X 

F£ z  ^     2(1  -  xy^ 

8.  «  =  7 r^  =  ;r     when    X  =ia,     (*  being  an  integer.) 

(a?  —  a)*       0 

DifTerentiating  s  times,  we  get 


9. 


9;r       «(«  —  1)(»  — 2) 3.2.1' 

.    ^^-                    «'*"•                  -M 

•  "  9/x  ~«(«- l)(5-2) 3.2.1  ~^  ■*' 

tan  a:  —  sin  a:       0       .                 ^ 

V  = r-= =  7c    when    a:  =  0. 

sin^a?             0 

F^x      sec^a?  •—  cos  a:        ^    /^a      sec^O  —  cos  0 

0 

—  • 

0 

9,a:  ~  3  sin^a: .  cos  x^     *    *  9,0  ""  3  sin^O  .  cos  0  "" 

-F«x      2  sec^j; .  tan  a:  +  sin  2 

1  1                                                               _^M« - « 

(p^  ~~  6  sin  ar .  cos^a;  —  3  sin^j;' 

F^      2  sec-0  .  tan  0  +  sin  0       0 

• 

"   •    (p2«  "~  6  sill  O.cos^O  -  3  sin^O  ""  0 

F^            4  sec^a: .  tan^ar  +  2  sec*a:  +  cos  a: 

(p^       6  cos^x  —  12  sin^j; .  cos  a:  ~  9  sin^a: .  cos  x 

F^a            4  sec^O .  tan^O  +  2  sec*0  -|-  cos  0             3 

1_ 

"  0 

[«]. 

/h3r,              a  o^oSA             1  0  o\rt2(\      /»/^cl  A            O  o;n2A      r%rxa  A            A  ~ 

62.  The  method  just  explained  and  illustrated,  ceases  to  be 
applicable  when  we  obtain  a  differential  coefficient  whose  value 
becomes  infinite  by  making  x  =z  a;  for  such  a  result  shows  the 
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impossibility  of  developing  the  correspondiDg  function  F  {z  +  h)  hj 
Taylor's  Theorem,  for  that  particular  value  of  Xy  and  therefore  the 
process  founded  on  such  development  fails. 

The  expedient  adopted  in  such  cases,  is  that  of  substituting 
a  +  h  for  X,  then  expanding  numerator  and  denominator  by  the 
common  algebraic  methods,  then  dividing  numerator  and  denomi- 
nator by  the  lowest  power  of  h  found  in  either,  and  finally  making 
A  =  0.     A  few  examples  will  illustrate  this  method. 

63.  1.  «  =  ^^ -g  =  rv  when  a?  =  a. 

Here  the  first  differential  coefficients  reduce  to  zero,  and  all  suc- 
ceeding coefficients  become  infinite  when  a?  =  a.  We  therefor^ut 
a  +  hfor  X  and  expand. 


2. 


1*1  = 


_(a2_a2_2aA-A^)*_  (2a  +  ^)*(~A)* 


=  {2a  +  hy=  (2a)*+  ?  (2a)*  A  +  &o. 

.'.    [«]=(2a)* 

-i/r  —  -i/a  +  -i/a:  —  a      0     , 
u  =  -^ ,  =  t:  when  «  =  a. 

Put  a  +  A    for    a? 

(a  -f  A)*  -  a*+  (a  -f  A  -  a)*     A*4-  ia"*A  -  &c. 


«*i  = 


(a»  +  2aA  4-  A^  -  a*)*  A*(2a  +  A)* 

l+ia"*A*&c. 


(2a)*  +  i(2a)"*A&c. 


r  1  1 

•••  M= — r 

(2a)* 
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Remcark,  This  method  may  be  used  even  in  those  cases  to  which 
the  method  of  differentiation  is  applicable.     We  will  now  consider 

the  other  indeterminate  forms. 

P     Fx 

64.  Prop,  To  find  the  value  of  the  function  v  =  -77  =  — ,  which 

assumes  the  form  ^  when  a?  =  a. 

Put  P  =  —  and  0  =  — •    Then  we  have 

p  q 


p       q      0    , 
w  =  ^  =  -  =  -  when  «  =  a. 
\       p      0 

9 
Thus  the  function  being  reduced  to  the  ordinary  form  -,  its  value 
may  be  found  by  the  methods  already  explained. 

Now  since     p  =  — , 
And  similarly 


dp 

dx" 

1 

p2 

dP 
dx   ~" 

F,x 
{Fxf 

dq_ 
dx" 

9i^ 
Ux)^ 

<pl« 


•   •  *-   J"  9a  ""    F^a    "  ((pa)»  ^  Fjpi 


a 


(Fa) 

,        Fa       (p,(i       ,             Fa      F^a      _  _ 
.  • .  1  =  —  X  -7T-    whence    =  — ^  =  M. 

9a        J^-^a  (pa       9ja       '-  •* 

Hence  it  appears  that  the  ordinary  direct  process  of  substituting 
for  numerator  and  denominator,  their  first  diflerential  coefficients 
will  apply  when  the  function  takes  the  form  52^  But  since  when 
P  =z  CO  and  §  =  go  ,  their  differential  coefficients  will  also  be  in- 
finite, the  reduced  fraction  will  still  take  the  fonn  52>,  and  therefore 

00 ' 

will  not  serve  to  determine  the  true  value  of  w,  unless  we  can  dis- 
cover a  factor  common  to  the  numerator  and  denominator,  or  can 
trace  some  relation  between  the  numerator  and  denominator  of  the 
new  fraction,  which  will  facilitate  the  determination  of  its  value. 
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65.  Fro]^.  To  find  the  value  of  the  function  u  =  FxQ  =^Fx  X  (par 
which  takes  the  form  oo  X  0  when  x  =  a. 

Put  P  =  —    Then  t*  =  —  =  -    when   «  =  a,  the  .common  form. 
p  p       0 

1  dp  I    dF  F.x 

tiowsmcep  =  y,    wehave    -=__._= -.^^^ 

But  since  when  F  =  Fx  z=  cD,it3  differential  coefficients  will  also 
be  infinite,  the  value  of  u  will  take  the  form  ^  unless  the  infinite 
fector  should  disappear  by  division. 

66.  Frop,  To  find  the  value  of  the  function  t*  =P  —  Q  z=  Fx  —  ^x^ 
which  takes  the  form  x  -go  when  x  =z  a. 

Put  F=z-  and  0  =  -    Then 

p       g  pq  0 

and  the  value  is  to  be  found  by  the  ordinary  method. 

67.  Frop.  To  find  the  value  of  the  function  u  =  F  =  {Fxy   which 

+  00 

takes  either  of  the  forms  0*^,  oo  ®,  or  1       ,     when      a?  =  a. 

Ist.  Let  the  form  be  w  =  0®.     Passing  to  logarithms  we  have 
log  w  =  Q.\ogF=z  (px.  log  {Fx) 
• .  [log  u]  =  (pa,  log  {Fa)  =  —  0  X  oo . 
which  is  one  of  the  forms  already  provided  for. 
Thus,  having  found  log  u,  we  have  u  =  e^^s  ». 

2d.  Let  the  form  be  w=oo  ^  Then  log  u=Q,  log  Fz=(px.  log  (Fx). 
.  • .  [log  u]  =  (pa.  log  {Fa)  =  0  X  oo . 

a  form  already  considered. 
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3d.  Let  the  form  be  1-    . 

Then  log  m  =  Q  log  P  =  q>x.  \og{Fx). 

.  •.  Qogtt]  =  9a.log(^a)  =  dz  oo  x  0, 
and  the  form  is  still  the  same. 

EXAMPLES. 

68.  1.     w  =  (1  —  a?) .  tan («•  -|=  0  X  00     when    z  =  h 
Here  Fx  =  tan  Ix  •  -J        and        9«  =  1  —  a?, 

•   •    ^1*  =  I  sec^^a; .  0,    9^0;  =  - 1, 


IT 

"2 


) 


aed'-  «•  —  1 


^2  2  /  1    \      2 

«•      ,1  *\  2    /     ♦ 


1 

2.    u  =  «■'.  sin  ar  =  00  X  0     when  x  =  0. 

i-                                                     1     L 
Fx  z=.e  ^    <pa;  =  sin  a;,     .  • .  F^x  = ^  ^ »     9i^  =  ^^  ^« 

Here  the  function  still  takes  the  form  od  X  0 ;  but  the  true  value 

i_ 
is  easily  found  by  expanding  f . 

For        ;-.-(l+i+^^+3_^  +  &c.).« 

=  ^'  +  *  +  n2  +  IT2^:3^  +  ^''' 

«*  X  0=!  =  00  =  [«]. 
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a?*      00 

3.  u  =z  —  =  —     when    a?  =  00  • 

e*      00 

Differentiating  n  times,  we  get 

r-       n(n  — l)(n  — 2)....3.2.1       ^ 
M  =  — ^^ ^   =  0- 

loff^r      00        , 

4.  «  =  — ^—  =  —     when    «  =  oo . 

«•  00 

6.     u  = '  =  00  —00     when    a?  =  1. 

1  —  a?      1  —  a;* 

-2.-1-  -JL-liZi! 

^  "  ^a?  ■"  *'    ^  "  9a:  ""       2 

J  (1  -  ar2)  -  (1  -  ar) 
=  -r    when  aj  =  1. 


"  io  - 

«») 

~0 

w 

. .-.  M 

1 

2 

~  -1 

—   ^ 

1 

"2 

6,     u  = =•  — ; =00  —  00    when    x  =  h 

«  —  1      log  a: 

1        aj-1  , 

...  t,  =  L:i£  =  ?i2gfJ^^±i  =  ?    when    «=1. 
pq  (z  —  1)  log  a:        0 


■A 
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log  1  +  1  -  1       0 


.-.     [u]  = 


logl  +  1  -.1"~0 


•  Differentiating  numerator  and  denominator  of  the  valui  of  v  a 
second  time,  and  making  «  =  1,  we  get 

7.  tt  =:  a?*  =  0°    when    ar  =  0. 

logtt  =  «.loga;=  —  0  X  oo,    when    a:  =  0. 

-             log  a?           00      ,  ^ 

OP,  log  f*  =  — r—  = when  a:  =  0, 

1  00 

a? 
Then  J^  =  logir,        and        92?  =  — 

1 

9ia/  1  9i^ 

8.  tt  =  aj"»  •  =  00,    when    a?  =  0. 

sm  a? 

Since  =  I  when  a:  =  0,   .  • .  a?"**^  *  =  ic*  =  1  when  a;  =  0. 

a;  ' 

And  similarly     sin  «•»''  *  =  a:*  =  1  when  a?  =  0. 
Again,  since        sin  a? .  log  a?  =  sin  ar .  log  a? .  log  c. 

.  • .   a:«i«^  *  =  €"»  « .  lojr  X  ^  1    ^hen    a;  =  0. 
.  •  •   sin  a: .  log  a:  =  0,  when  a?  =  0. 
And  similarly    sin  a; .  log  sin  a:  =  0  when  a:  =  0. 

9.  tt  =  cot  aj»»«^  *  =  00  ®  when  a;  =  0. 

cos  X 
log  t*  =  sin  a: ,  log  -: —  =  sin  x  (log  cos  2;  —  log  sin  a?). 

Sin  <3b 

=  0  —  0  =  0    when    a;  =  0,        .-.  [a]  =  1. 
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1 
10.     u  =  (1  +  nx)'  =  1*     when    a?  =  0. 

log  (l  +  nx)      0    •  ^ 

loir  «  =  — ^-^^ '  =  X    when    a?  =  0. 

^  z  0 

•  •  •  By  differentiation,    [log  w]  =  y  =  n,     and    [u]  =  c*. 

i_ 
This  result  is  easily  verified ;   for  by  expanding  (1  +  nx)'    by 

the  binomial  theorem,  we  obtain 

x^     '      x\z        /1.2       x\x       l\x        / 1.2.3 


n*     ,         .    .       n3 


=  1 +n  +  ^p-^(l -0?)  +  j--^-^(l -ar-2a;2)&c. 


n^  n^ 


which  series  is  the  expansion  of  e\ 

11.  u  =  (cos  aa?)  *'*^**     =  i® ^    when    a:  =  0. 

1                     log  cos  aa?      0       . 
log  «  =  cosec*«c .  log  cos  ax  =     °.  ■ =  -    when    a?  =  0. 

Put  log  cos  ax^=.  Fx      and      sin^c^  =  9a;. 

.  • .  F^x  =  —  a .  tan  aa;,    ^lO?  =  2c .  sin  ex .  cos  ca;  =  c .  sin  2  ca?. 

F.a      0 
9ia  ""  0 
Differentiating  again  we  get 

F^  =  —  a* .  sec^oa;,    ^^  =  2c* .  cos  2caf. 
93a  2c*  •■  ^ 


CHAPTER  VIII. 

MAXIMA   AND   MINIMA   FUNCTIONS   OF   A   SINGLE   YARIABLX. 

69.  If  u  be  a  function  whose  value  depends  on  that  of  a  variable 
ar,  so  that  u  =  Fx,  aod  if,  when  x  takes  a  certain  value  a,  the  cor- 
responding value  Wi  of  tt  be  greater  than  the  values  which  immedi- 
ately  precede  and  follow  it,  then  the  value  u^  is  called  a  maximum  ; 
but  if  the  intermediate  value  be  less  than  those  which  precede  and 
follow  it  immediately,  the  value  u^  is  said  to  be  a  minimum. 

Suppose  for  example  that  when  a:  =  a,  the  general  value  u  =  Fx 
becomes  «,  =  /a,  that  when  x  ^^  a  ±  h  u  becomes  u^  =  F(a  +  h\ 
or  t/g  =  F{a  — -  A),  and  suppose  that  for  some  small  but  finite  value 
of  A,  and  for  all  values  between  that  and  zero,  the  corresponding 
values  of  both  v^  and  u^  shall  be  less  than  i/^,  then  will  u^  be  a 
maximum ;  but  if  t/j  and  Wg  be  both  greater  than  m^,  then  the  latter 
will  be  a  minimum. 

70.  In  order  to  discover  the  conditions  necessary  to  render  a 
function  {u  =.  Fx)  either  a  maximum  or  minimum,  the  following 
principle  will  be  established. 

Prop,  In  any  series  Ah^  +  Bh^  +  Ch^  +  &c.,  arranged  according 
to  the  positive  ascending  powers  of  A,  a  value  may  be  assigned  to  h 
so  small  as  to  render  the  first  term  Ah^^  (which  contains  the  lowest 
power  of  A),  greater  than  the  sum  of  all  the  succeeding  terms. 

Proof,  Assume  A  >  Bh^^^  +  Ch^"^  +  <fec.,  a  condition  always 
possible,  since  by  diminishing  h  the  second  member  may  be  ren- 


k.  ._ 
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dered  less  than  any  assignable  quantity.  Multiply  each  member  by 
A« ;  and  there  will  result  Ah"*  >  Bh^  +  Ch^  +  <kc.,  as  stated  in  the 
enunciation  of  the  proposition. 

Cor.  The  value  of  %  may  be  taken  so  small  that  the  sign  of  the 

first  term  shall  control  that  of  the  entire  series. 

» 

71.  Prop,  To  determine  the  conditions  necessary  to  render  a 
function  w  of  a  single  variable  x,  cither  a  maximum  or  minimum. 

Let  u  =  Fx,  and  suppose  x  to  receive  successively  an  increment 
and  a  decrement  h.    Then  developing  by  Taylor's  Theorem,  we  get 

dFx  h      d^Fx    K^       d^Fx      h} 
u,=Fir+k)=F.+  ^.-^  +  -^.^  +  -^.^+6.o.    (1) 

^,       ,,      „      dFx  k      d^Fx    A2       d^jPx      h?     ,    , 
«,=^(.-A)=^x-  — .j  +  ^.--^.j^+&c.    (2). 

Now  in  order  that  Fx  may  exceed  both  F{x  -\-  h)  and  F{x  —  A), 
it  is  obviously  necessary  that  the  algebraic  sum  of  the  terms  suc- 
ceeding the  first  term  in  each  of  the  series  (1)  and  (2)  shall  be 
n^ative ;  that  is,  we  must  have  by  employing  the  usual  notation, 

F,x.j  +  ^2^  J72  +  ^^"^  1:2:3"  +  ^^  <  ^  •  •  •  •  (3), 

h  h^  A3 

and    -^,^.-  +  /'^_-/'3a;p-^-^  +  &c<0....(4). 

Now  the  sign  of  the  first  term  in  each  of  the  series  (3)  and  (4) 
will  control  that  of  the  entire  series  when  h  is  taken  suflliciently 
small,  and  since  the  first  terms  of  (3)  and  (4)  have  contrary  signs, 
it  is  impossible  that  both  of  these  series  shall  be  negative,  so  long  as 

h 
the  term  F^x .  -  has  a  finite  value.     Hence  the  first  condition  neces- 
sary to  render  Fx  a  maximum  is  that  FiX .  -r-  =  0,  or  since  h  is  finite 

d7f*T 

^i*  =  -^  =  0 (5)- 
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Now  omitting  the  first  terms  of  (3)  and  (4),  we  have 

a 

and  F^  r2""^^^'l    2   3  +  ^^  <  ^  •  '  •  •  C')- 

The  signs  of  the  series  (6)  and  (7)  will  be  controlled  by  those  of 
their  first  terms,  which  terms  have  the  positiv^  sign  in  both  series  ; 

and  therefore  each  series  will  be  negative  when  F^  r— ~o  ^^  ^"  essen-- 

tially  negative  quantity,  or  when  F^  is  essentially  negative,  (since 

is  always  positive). 


1.2 

Thus  the  two  conditions  which  usually  characterize  a  maximum 
value  of  Fx  are 

dFx  ,       d^Fx 

^  =  0.      and      -^<0. 

On  the  contrary,  when  Fx  is  a  minimum,  we  must  have  Fx  less 
than  F(x  +  h)  and  F(x  —  A),  and  therefore  by  a  similar  couifte 
of  reasoning,  the  necessary  conditions  are 

dFx      ^  ,       d^Fx  ^  ^ 

_  =  0,      and      -^>0. 

The  conditions  here  obtained  are  those  usually  applicable :  the 
exceptions  will  now  be  considered. 

72.  The  results  obtained  in  the  last  proposition  indicate  the 
following  as  the  ordinary  rule  by  which  to  discover  those  values  of 
the  independent  variable  a:,  which  will  render  any  proposed  function  u 

a  maximum  or  minimum. 

du 
1st.  Form  the  first  difTcrential  coefficient  -r— ,  place  its  value  equal 

to  zero,  and  then  solve  the  equation  thus  formed,  obtaining  the 
several  values  of  x. 
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2cL  Form  the  second  differential  coefficient  -— r,  and  substitute  for 
«y  in  the  value  of  that  coefficient,  each  of  the  values  found  above. 
Then  all  those  values  of  x  which  render  --r-^  negative,  will  corres- 
pond to  maximum  values  of  u ;  but  those  values  of  x  which  render 
"-r-^  positive,  will  correspond  to  minimum  values  of  u.     And  when 

the  proper  values  of  x  have  been  ascertained,  the  maximum  or 

minimum  values  of  u  are  found  by  simple .  substitution  in  the 

equation  u  =  Fx. 

73.  1.  In  the  application  of  the  preceding  method,  it  may  occur  that  a 

du  dHt 

value  of  x^  obtained  by  making  —  =  0,  will,  when  substitued  in  -j-j^ 

cause  that  coefficient  to  reduce  to  zero  also.     In  that  case,  the  signs 

of  the  series,  (6)  and  (7),  in  the  last  proposition,  will  depend  on  the 

terms  which  contain  the  third  differential  coefficients;   and  since 

these  terms  have  contrary  signs  in  the  two  series,  the  value  of  z 

du  d^u 

which  renders  ^-  =  0,  and  -7-r-  =  0,  cannot  render  u  either  a  maxi- 

dz  da? 

d^u 
mum  or  minimum,  unless  it  should  happen  to  render  -^  =  0  also. 

When  this  occurs,  we  must  examine  the  sign  of  the  fourth  differential 
coefficient,  which  now  controls  the  sign  of  each  series,  and  if  this  be 
n^^tive,  the  value  of  u  will  be  a  maximum ;  but  if  positive,  a 
minimum. 

And  since  the  same  reasoning  could  be  extended  when  other  differ- 
ential coefficients  reduce  to  zero,  we  have  the  following  more  general 
rule  for  the  discovery  of  maximum  and  minimum  values  of  a  func- 
tion of  a  single  variable. 

1st.  Form  the  first  differential  coefficient,  place  its  value  equal  to 
zero,  and  deduce  the  corresponding  values  of  x, 

2d.  Substitute  each  of  these  values  in  the  succeeding  differential 
coefficients,  stopping  at  the  first  coefficient  which  does  not  reduce  to 
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zero.  If  this  coefficient  be  of  an  odd  degree,  the  corresponding  value 
of  u  will  be  neither  a  maximum  nor  a  minimum ;  but  if  it  be  of  an 
even  degree,  the  value  of  u  will  be  a  maximum  or  mininum,  accord- 
ing as  the  sign  of  that  coefficient  is  negative  or  positive. 

The  annexed  diagram  will 
illustrate  the  fact  that  the 
same  function  may  have  sev- 
eral maximum  and  several 
minimum  values;  and  that 
one  minimum  may  exceed  another  maximum.     Thus,  if  the  curvi 
CDEFGH  be  the  locus  of  the  equation  y  =  Fx,  then  will  DQmd 
FS  represent  maximum  values  of  the  ordinates  y,  while  C7P,  ER^ 
and  OX  will  be  minimum  values  of  the  same.     Also  the  minimum 
OX  exceeds  the  maximum  2>  Q. 

74.  The  substitution  of  a  value  x  =  a^  derived  from  the  equation 

—  =  0,  in  the  succeeding  differential  coefficients,  will  sometimes 

cause  the  first  of  these  coefficients  which  does  not  reduce  to  zero,  to 
become  infinite. 

This  happens  only  when  the  development  of  F  {x  +  k)  in  the 
ordinary  form  (by  Taylor's  Theorem)  is  not  possible  for  that  parti- 
cular value  of  X,  We  must  then  find  by  other  methods  (sudi  as 
algebraic  development)  the  true  value  of  the  term  which  cannot  be 
obtained  by  Taylor's  Theorem.     If  it  be  found  to  contain  a  power 

of  hy  which  will  change  sign  with  A,  such  as  h  or  h  ,  the  value  of 
u  will  be  neither  a  maximum  nor  a  minimum  ;  but  if  the  power  of 

h  be  such  as  will  not  change  with  A,  as  ^  or  A  ,  the  value  of  u 
will  be  a  maximum  when  that  term  is  essentially  negative,  and  a 
minimum  when  the  term  is  essentially  positive. 

75.  Finally,  it  may  occur  that  when  x  has  a  particular  value  a, 

du 
the  first  differential  coefficient  -r-  will  become  infinite,  and,  therefore, 
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in  order  to  complete  the  search  for  maximum  and  minimum  values 

that  equation,  we  must  substitute  a  +  h,  and  a  —  h  for  x  in  u  z=  Fx, 
Then  if  the  term  containing  the  lowest  power  of  k  be  found  to 
change  sign  with  A,  there  will  bo  neither  maximum  nor  minimum ; 
but  if  not,  there  will  be  a  maximum  when  that  term  is  negative,  and 
a  minimum  when  it  is  positive.  ^ } 

76.  Prop.  To  determine  the  maximum  and  minimum  values  of 
'  an  implicit  function  of  a  single  variable  x. 

Let  F  (a?,  y)  =  0  be  the  relation  connecting  x  and  y, 

du 

Put  u  —  F  (ar,y)  =  0;    then    -^  =  —  -j-. 

^     '         '  ax  du 

But  when  y  is  a  maximum  or  minimum,  ~  =  0 ; .  • .  -r-  =  0  also, 

ax  ax 

and  we  have  the  M>  following  conditions  by  which  to  determine  the 
values  of  x  at^Ml^ti^. 

^J^^n'^0..,(l),    and    «  =  ^(«,y)=0....(2). 

Having  found  the  values  of  x  and  y  which  correspond  to  either  a 
maximum  or  minimum,  we  distinguish  one  from  the  other  by  sub- 
stituting the  same  values  in  the  successive  differential  coefficients, 
and  stopping  at  the  first  which  does  not  reduce  to  zero.  If  this  be 
n^ative,  y  will  be  a  maximum ;  if  positive,  a*  minimum. 

The  successive  difierential  coefficients  are  formed  without  difficulty 

dv 

from  the  value  of  -^  already  found,  and  their  particular  values,  when 

-^  =  0,  become  much  simplified. 
dx 

-__  du  du  dhi  dhi 

Thus,  i^Mt  —  ^p^—  =  q^—^p^—^  grj,,  &c.,  and  employ 

the  [  ]  to  represent  the  particular  values  of  the  quantities  enclosed, 
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when  —  =  j9^  =  0.    Then  observing  that  pi  qi  &c.,  are  usually  funo- 
tions  of  both  x  and  y,  we  have 

^y  -      ^1  -  A       .    ^  -  A 
flte  q^ 

^  _  __  ^^  \  rfi?  "^  (fy  '  (£i;/      ^^  \  (fa  "^   rfy  *  (fe/ 
<fa3  -  •         q^^ 


•    -UO-         [^,]-  [q,]    ' 


^1= 


And  in  a  similar  manner  the  higher  differential  ooeffioients  can  be 
formed,  although  the  operation  is  more  laborious. 

77.  The  following  considerations  will  facilitate  the  application  of 
the  preceding  principles  to  particular  examples : 

1st.  If  a  quantity  which  is  a  maximum  or  minimum  contain  a 
constant  factor,  that  fisu^tor  may  be  omitted  and  the  result  will  still 
be  a  maximum  or  minimum. 

2d.  If  1^  be  a  maximum  or  minimum,  then  u  di  a  is  also  a  max- 
imum or  minimum,  but  a  —  u  will  be  a  minimum  when  «  is  a 
maximum,  and  a  maximum  when  t«  is  a  minimum. 

3d.  If  «  be  a  maximiun,  -  will  be  a  minimum ;  and  if  ii  be  a 

minimum,  -  will  be  a  maximum. 
u 

4th.  If  ti  be  a  maximum  or  minimum  and  positive,  then  «',  u\ 
and  in  general  u",  will  be  a  maximum  or  minimum  where  u  is  any 
positive  integer :  but  if  u  be  negative,  t*^,  «*,  and  in  general  «^, 
will  be  a  maximum  when  u  is  a  minimum ;  and  a  minimum  when  u 
is  a  maximum. 
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5th.  If  «  be  a  maximum  or  minimum  and  positive,  log  tf  will  also 
be  a  maximum  or  minimum. 

4 

6th.  If  the  power  u^*  be  a  maximum  or  minimum,  the  root  u  is 
not  necessarily  either  a  maximum  or  minimum;  £>r  it  may  be 
imaginary ;  and  even  when  u^*  =  0  and  a  maximum,  the  cor- 
responding root  t/  =  0,  although  real,  is  not  admissible  as  a 
maximum,  because  the  adjacent  values  of  u  are  imaginary. 

7th.  The  value  a;  =  oo  cannot  correspond  to  a  maximum  or 
minimum  value  of  u,  because  x  cannot  have  a  preceding  and  a  suc- 
ceeding value ;  but  u  z=  <x>  may  be  a  maximum  provided  the  pre- 
ceding and  succeeding  values  of  u  have  like  signs. 

8th,  In  determining  whether  ii  is  a  maximum  or  minimum  by 

the  sign  of  -r-^,  when  —  has  the  form  of  a  product  Wi .  Vj .  Vg . . . .  v„ 
and  X  =  a  causes  one  factor  v»  to  become  equal  to  zero,  the  only 
term  in  -73  necessary  to  be  examined  is  that  involving  -7-^,  since 

the  other  terms  disappear  with  v.. 

78.  1.  To  determine  the  values  of  the  variable  x  which  render 

the  function  «  =  Cor  +  Sx^  —  4x^  a  maximum  or  minimum,  and 

the  corresponding  values  of  the  function  u, 

du 
Here      u  =  6«  +  3«»  —  4r».    .•.y-  =  6  +  Qx  —  12«»  =  0, 

ax 

Hence  if  u  have  maximum  or  minimum  values,  they  must  occur 

when  a5  =  1  or  when  a;  =  —  -• 

To  discover  whether  these  values  are  maxima  or  minima,  we 
form  the  second  differential  coefficient :  thus 

^  =  6--24a:  =  6-24=-18      when      a?  =  1 

=  6  + 12= +  18      when      «=— s- 
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.  • .  whea  x=l,    tt  =  6  +  3  —  4  =  5    a  maximum, 

when  «=— -»    u  =  — 3  +  -  +  -=— -a  mimmum. 

2  4       2  4 

2.  «  =  a:*  —  Sa:'  +  22a:2  __  24a;  -|.  12,  a  maximam  op  minimum. 

^  =  4c3  _  24«3  +  44a?  -  24  =  0    or    a;3  -  6a;2  +  llx  —  6  =  0. 

The  value  2;  =  1  is  obviously  a  root  of  this  equation,  and  by 

dividing  the  first  member  by  z  —  1  we  have  for  the  depressed 

equation 

«*  —  5a;  +  6  =  0.    .  • .  a:  =  2,    or    «  =  3. 

Hence  the  values  requiring  examination  are 

a;  =  1,     a;  =  2,     and    a;  =  3. 

But         -T-T  =  12x2  —  48a?  +  44  =  +  8    when    a?  =  1, 
\  cur 

=  —-  4  when  a?  =  2, 
=  +  8  when  jc  =  3. 
•  when  a?  =  1,    i«  =  3    a  minimum, 

when  a;  =  2,    u  =  4    a  maximum, 

when  a?  =  3,     u  =  3    a  minimum. 

3.  t«  =  a?*  —  5a:*  +  hx^  +1     a  maximum  or  minimum. 

—  =  5a?*  -  20a?3  +  15a;2  =  0     or     a;*  -  4a?3  +  3a?2  =  0  .  .  .  (1). 

. •.  a;2  =  0,    or    a:^  —  4rc  4-  3  =  0, 
and  the  four  roots  of  (1)  are  0,  0,  1,  and  3. 

^  .=  20a?3-.60x3+30x=  0     when  a?=0 ;  /.  • .  let  us  examine  ^X 

=  —  10  "    a;=:l ;  then,  «  =  2,  a  max. 
=  +  90  "    a?=3 ;  then,  w  =  -  26,  a  miu. 

—  =  60a?2-120a?  +  30  =  30    when    a?  =  0. 
.•,«  =  !  is  neither  a  maximum  nor  a  minimum. 
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79.  In  each  of  the  preceding  examples,  the  condition  —  =  cb , 

renders    2  =  00,  and  therefore  not  applicable  to  a  maximum  or 
minimum. 

Remark,  In  forming  the  second  differential  coefficient,  it  will  save 
labor  to  omit  any  positive  numerical  factor  common  to  every  term 
of  the  first  differential  coefficient,  and  the  sign  of  the  second  differ- 
ential coefficient  will  not  be  affected  by  such  omission. 

80.  Ex.  1.  u  =  7 — .  J.^  a  maximum  or  minimum. 

[z  +  2)2 

du      3  («  +  Zy{x  +  2)  -  2  (a?  +  3)3  du 

Tx^ (^r+2p =  ^'     ^^'   di^"^' 

But,  when  ^  =  0   we  have  3(a?  +  3)2(x  +  2)  —  2(«  +  3)^  =  0. 

.  • .  ar  +  8  =  0,  or,  3(a;  +  2)  =  2(a:  +  3),  .  • .  a?  =  -  3,  or,  a:  =  0. 

d^u  _  6  (g  +  3)  (ar  +  2)^-  12  (a?  +  3)^(3;  +  2)  +  6  (a;  +  8)^ 
dx^  "  {x  +  2)* 

9  27 

=r  -   when  a:  =  0,  and  .  • .  u  =  -r-  a  minimum, 
o  4 

=  0      "       a?  =  -  3. 

Now,  without  actually  forming  the  3d  di£[|erentiai  coefficient,  it 
is  easily  seen  that  it  will  contain  one  term  (and  only  one)  which 
will  not  reduce  to  zero  when  a?  =  —  3 ;  and,  therefore,  the  corres- 
ponding value  of  u  is  neither  a  maximum  nor  minimum. 

27 

The  value    a?  =  0,    gives    «  =  —-  a  minimum.' 

4 

Now  takmg  the  equation  —  =  -^ '  ^    -l  o\3 — " =  ^  > 

we  get  a?  +  2  =  0,    or,    a;  =  —  2, 

and  by  putting  successively  a?  =  —  2  +  A     and     a?  =  —  2  —  A, 
in  the  value  of  the  original  function  tf,  there  results 
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^  ^    ^  ^       (-  2  +  A  +  2)«  A« 

«3  _  J-Ca  -  A)  _  p-^— ^-j-^  _  — ^5— 

and  since  both  of  these  are  positive  values,  and  less  than  that 
corresponding  to  a;  =  —  2,  we  have  tf  =:  oo   a  maximum. 

2.  «  =  -7 — r-rf^j  ft  maximum  or  mmimum. 

{x  +  1)3 

.-.a:  -1=0,    or,    2(x  +  1)'— 3(a?  —  1)  =  0,    or,    a;  +  1  =  0. 

,  • .  ar  =  1,    or,    a;  =  6,    or,    a?  =  —  1. 

(fiu      2(a;  +  if  -\2{x  +  l)(ar  ~  1)  +  12(a;  --.  ly 
d:r3  "  {x+  1)« 

cPw       1 
.  • .    -r-k  =  T  when  a?  =  1,  and  «  =  0,  a  minimum. 
(ur      4 

=  —  s^r-r  when  a:  =  5,   and   w  =  j^  a  maximum. 
324  27 

When    a:  =  —  1,    i  =  oo ,    which  is  neither  a  maximum  nor  a 
minimum,  for 

«2  =  ^(«  +  A)=-^^^|^>0, 

but  «3  =  i^(a-A)=(:i^^<0, 

3.  tt  =  6  +  (a?  —  a)  ,  a  maximum  or  minimum. 

■^  =  ~  (a?  —  a)  =  0,     .  • .  ar  =  a,     and     t*  =  6. 

cPu      3  -4 

But      Ti  =  7(^"~^)     =Q0»     when    x=:€i. 


MAXIMA  AND  MINIMA.  101 

Henoe  we  cannot  develop  by  Taylor's  Theorem.      Put    a  ±  A, 
for  X  in  the  value  of  u. 

.  • .  Uj,  =  6  +  (a  +  A  -  a)*=  b  +  {+  A)*>  b, 

.and  «3  =  6  +  (a  —  A  —  a)*=:  6  +  (-  A)  . 

This  last  value  is  imaginary,  and  therefore,  u  =  b  ia  neither  a 
maximum  nor  a  minimum. 

4.  u  =:*6  +  {x  —  a)  ,  a  maximum  or  minimum. 

|=l(.-a)*=0,    ...    .  =  ^    „d    .=  .    . 

??  =  J(«-a)-»=«, ■,!»»«  =  ».    Hen  p«  «  =  «  ±». 

.-.  tia  =  6  +  (a  +  A-  a)*=  6  +  (+  A)*  >  b, 

and  f«5  =  5  +  (a  —  A  —  a)*=  6  +  (—  A)*  >6,  also. 

.  * .  X  =z  a  gives  u  =  6,  a  minimum. 

5.  tf  =  6  —  (a  —  2)  ,  a  maximum  or  minimum. 

.;— = -(a  —  a;)  =0,     .*.  «  =  a,    and    t*  =  6. 
<ix      o^  ^ 

-r-z  =  —  rrr  (a  —  a?)     —  —  GO ,  when  x  =r  a.    Then  put  a:  =  a  ±  A. 
etc*  25^  ^  .  ^ 

.-.    «3  =  6-(-A)*<6,     and     tij  =  6 -(+ A)*<  6,  also. 

.  • .  X  z=z  a    gives    u  =  &,  a  maximum. 

I 

6.  tt  =  6  +  (a:  —  a)  +  c  («  —  «)*,  a  maximum  or  minimum. 

g  =  |(«-«)*+2<:(a:-a)  =  0. 

5  -l- 

.".   a?  — a  =  0,      or,     -  +  2c(a:  — a)   =0. 


«\T  C«3$    ^^^*3 
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• 


• .  a?  =  a, 


125         ^  ^        8125 

and  tf  =  6,  or,  x  z=a .  and  u  =  6 • 


„  ^     cf^tt      10 ,         x-i .  «  , 

But     -r5  =  -;r(*~*)     +2c  =  Q0,      when 
ox*      y 


JT  =r  a 


—  c  ^  0  when  a?  =  a  — 1  • 

3    -^  2l0c3 


n            u                         125  ,  r        8125 

Hence  when    2  =  a  —  »     we  have    11  =  6  —  — : — —-^  • 

a  minimum. 

In  order  to  examine  the  value  of  x  =  a,  put  a  it  A  for  x  in 
the  original  value  of  u. 

.  •.  M3  =  6  +  (+  A)*+  c(+  Kf  >  6,  «3  =  6  +(-  A)*  +f(-A)3<6. 

.  * .  u  =  6  is  neither  a  maximum  nor  a  minimum. 

7.  To  inscribe  the  greatest  rectangle  in  a 
given  circle. 

Put  the  diameter  -4  (7  =  a,  and  the  side 
AB  =  X  ;  then 

AB-^/a^-x^  and  ABy.ADz=zx^Ja^-^x\ 
r .  u  ^{^ABy^ADY z=zx\d^ '-^)^  a  max. 

.  • .  ^  =  2a'^ar  —  4^3  =  0.     .  • .  a:  =  0,     or    a;  =  a\/- 

(^ 

— -  =  2a3  —  12ar3  =  Sa*     when     x  =  0 

and  the  rectangle  must  be  a  square.     Its  area  is  -  a^. 

8.  To  inscribe  a  maximum  cylinder  in  a  given  right  cone  having 
a  circular  base. 


,sj.>j    ?5?!j  p;ii 


I 
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/  .'■'. 

\ 

*     rvi 

K           ^ 

^ 

lF 

9 

^ 

/ 

s 

"^ 

\ 

/^ 

'jF^ 

— ^^^^"^ 

-o. 

t-i 

a\ 

%                   ^ 

s-::^ 

Put  ^0  the  radius  of  the  cone's 
base  =  6,  CO  the  altitude  of  the 
cone  =  a,  DF  the  altitude  of  the 
cylinder  =  x. 

Then  from  the  similar  triangles 
CO  A  and  CQB  we  have 

CO  .CQix  OA  :  QD^^S^~ 

(a  —  x)h 
a 

,  • .  volume  of  cylinder  =  — ^ r-^ * 

.  • .  M  =  (a  —  xYx  =  a^x  —  2<M^  +  ^^  =  maximum,    ^ 

,  • .  ^-  =  a'  —  4aa?  +  3  j;2  =  0,    or    a?^  —  -  oa;  =  —  ^7  «'• 
ax  3  3 

2     _^1  1 

«  =  3«=*=ga  =  a    or     =-<i. 


ePtt 


=  —  4a  +  6a?  =  2a      when    «  =  a 


=  -2a 


C( 


1 


Hence  the  altitude  of  the  cylinder  is  one-third  of  the  cone,  and  con- 
sequently 

4  4 

volume  of  cylinder  =  —  neab^  =  -  volume  of  cone. 

9.  Find  the  greatest  and  least  ordinates  of  the  curve  whose 
equation  is  c^y  —  ax^  +  a:^  -_  q^ 

Pat  u  =  aV  —  ar^  +  «3  =  0  .  .  .  .  (1). 

du 


Then 


dx 


=  —  2aa;  +  ar»  =  0 


w. 


Combining  (1)  and  (2),  we  get 


2  4 

ap  =  0    and    y  =  0,    or    a;  =  ^ a    and    y  =  —a. 
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But 


du 
dy 


=  a2 


dH 
d^ 


=  —  2a  +  6af. 


•  • 


r^]=-e]-E]=! '-  '=" 


Ldx' 


=--    «     «= 


2 

—  a* 
8 


2  4 

.  • .  When  «  =  0,  y  =  0,  a  min.,  and  when  «  =  -a,  y  =  — a=:a  max* 

10.  To  find  a  number  z  such  that  its  x*^  root  shall  be  a  maximum, 
u  =  :b«  =  a  maximum.     —  =  a?«     (1  —  log  a?)  =  0. 


(^z 


=  0    or    1  —  log  «  =  0. 


The  first  of  these  equations  give  a;  =  0 ;  the  second  log  x  =  l^ 

1 
whence  x  =:  e  and  «  =  «•  =  maximum. 

In  this  and  in  many  similar  examples,  wo  may  draw  the  final  in- 
ference without  forming  the  second  differential  coefficient,  it  being 
obvious  from  the  nature  of  the 
question  that  there  is  one,  and 
only  one  maximum,  and  it  be- 
ing easy  to  decide  which  of  the 
values  of  x  is  that  applicable 
to  the  maximum. 

II.  To  cut  the  greatest  para- 
bola from  a  given  right  cone 
having  a  circular  base. 

Put  AB  the  diameter  of  the 
base  =z  a^  AC  the  slant  height 
=  6,  and  BG  =  x. 

Then  AG  =  a  —  x,  and  by  the  property  of  the  circle, 

F£:  =  2FG  =  2-v/S(^^^. 
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Also  by  the  similar  triangles  BAC  and  BdD^  we  have 

AC  X  BO      bx 
BA  :  AC  :  :  BG  :  GJ)  =        J\        =  — 

But  the  area  of  the  parabola 

FDE=z%FEx  GD=i\'  —Jax  -  x\ 
3  3     a  *^ 

tltL  3 

,•.  t*r=a«3— a;*=inax.;   -p- =3<ur2_4r3--.o,  and   xz^O  or  a?=7a, 

the  second  value  being  obviously  that  required,  since  when  a:  =  0, 
the  area  of  the  parabola  =  0. 

.  • .  area  of  maximum  parabola  =  -  oh'y/Z, 

12.  To  ftrm  the  greatest  quadrilateral  with 
four  given  lines  taken  in  a  given  order. 

Put  AB^a,  BG—h,  CD  =  c,  DA  =z  e, 
angle  BAB  =:  x,  and  BCD  =  x^^  the  latter  an- 
gle Xi  being  obviously  a  function  of  x^  since  the 
two  are  connected  by  the  relation 

[BBy  =  a*  +  e2  -  2aecQ»x  =  b^  + 1^  -  2bc . cos x^ (1). 

But  area      ABCD  =  A  ABB  +  aBCB  =  ^aesmx  +  ]-  be  sin  x^. 

,  du  dxy 

.*.ti=rafsina;4*^<^*sin^i=:amax.,  and  3-  =a^co8«+^cosa?,-~=0. 

dx  ax 

Now  by  differentiating  (1),  we  have 

dxy^ 


a^.sin«  =  &c.sinX|- 


dx 


dx^      a^.sinar            du                      .   ,               oesina?       ^ 
•- — i  = •     .  •.;T-  =  (w.cosa?  +  6c.cosiri-7 — : =  0. 


•    • 


c£r        6c .  sin  jT]  dx  ^  be  sin  x^ 

.  • .  sin  a;  cos  a?|  +  sixi  x^  cos  a?  =  0,     or    sin  {x .+  x^  =  0. 

.  • .  a?  +  arj  =  0,     or     x  +  x^  =  180°. 

The  latter  is  plainly  the  required  solution,  and  consequently  the 
quadrilateral  must  be  such  as  can  be  inscribed  in  a  circle. 


f 
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13.  To  find  the  greatest  quadrilateral  that  can  be  contained  within 
a  given  perimeter. 

Suppose  A  BCD  to  be  the  required 
figure,  and  suppose  two  of  the  sides  x  and  y 
to  vary,  while  the  other  two  sides  v  and  z 
and  the  diagonal  t  remain  unchanged. 
Then,  since  ABCD  is  supposed  to  be  the 
greatest  quadrilateral  which  can  be  formed 
with  the  given  perimeter,  the  triangle  ABG 
must  be  greater  than  any  other  triangle  having  the  same  base  f,  and 
the  sum  of  the  sides  =  a;  +  y  =  &  a  constant. 

But  if  or  +  y  +  <  =  », 


the  area 


oftheA^C7=y^i,(i.-.)(i.-,)(^.-/) 


Therefore,  by  squaring  ^d  omitting  the  constant  factors 

-  «    and    o  *  ~"  ^    ^®  *^^® 

tt  =  l-»  — a:  J  l^*  — y  I  =  I^T*  —  a?)  r^*  —  i  +a?)  =  a  maximum. 

du      n        \      n  \  1 

.*.  -7-  =  lo*~"^l  •"  (2^"~^+^)=^j  ^^  6— 2j?=:0,  and  .'.  «=o^ 

.•.    y  =  6  — a:  =  a;  =  -6. 

that  is,  the  sides  AB  and  BC  must  be  equal.     Similarly  it  may  be 

shown  that  a;  =  v,  r  =  z,  z-=.y. 

Hence  the  figure  must  be  equilateral,  and,  consequently,  either  a 

rhombus  or  square.     But,  since  the  lengths  of  the  sides  are  now 

given,  the  quadrilateral  must  admit  of  being  inscribed  in  a  circle. 
.  • .  The  figure  must  be  a  square.  * 

14.  To  find  the  greatest  figure  of  n  sides  contained  within  a  given 

perimeter. 
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By  supposing  two  sides  AB  and  BC  to 
vary,  while  the  other  sides  remain  fixed  in 
magnitude  and  position  we  prove,  as  in 
the  last  example,  that  AB=zBC\  and 
similarly  that  BC  ^  CD,  CD  =  DE,  &e. 
Therefore  the  required  figure  must  be 
equilateral. 

Then,  supposing  the  three  equal  sides  UA^  AB^  and  -5C7,  to  vary 
in  position,  while  the  other  sides  remain  fixed,  we  show,  as  in  a  pre- 
ceding example,  that  the  circumference  of  a  circle  can  be  described 
through  ZT,  A^  J?,  and  C\  and,  similarly,  that  a  circumference  can 
be  drawn  through'^,  B^  C,  and  D,  But  only  one  circumference  can 
be  drawn  through  the  same  three  points  A^  B,  and  C.  Therefore 
the  same  circumference  passes  through  ZT,  A,  B,  C7,  and  D,  And, 
similarly,  it  may  be  shown  that  this  circumference  passes  through 
JS,  F,  G,  dec  .  • .  The  polygon  must  be  equiangular,  and,  conse- 
quently, regular. 

15.  To  divide  a  line  a  into  n  parts,  ar,  ar^,  ar^,  &c.,  and  determine 
the  relations  between  those  pa^ts  when  the  continued  product  of 
their  numerical  values  shall  be  a  maximum. 

Let  two  of  these  parts  x  and  x^  vary,  while  Tj,  x^,  &c.,  remain 
constant. 

Put    it2  +  X2  +  &c.  =  6,  and  X2  X  x^  X  x^  &c.  =  c 
Then  a;  +  ajj  =  a  —  6,  and  arafj.jj'arg  &c.  =  x{a  -—h  —  x)  e, 

,' ,  t«  =  a?(a  —  6  —  a?)  =  a  maximum,  -;-  =  a  —  6  —  2a?  =  0 

ax 

. ' .  a?  =  -  (a  —  6),  and  ay^  =  a  —  6  —  a:  =  -  (a  —  6)  =  ar. 

Similarly,  arg  =  ar,  arg  =  ar,  &c.,  and,  therefore,  the  parts  are  all 
equal. 

16.  To  determine  the  number  of  equal  parts  into  which  a  given 
number  a  must  be  divided,  so  that  their  continued  product  may  be  a 
maximum. 
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Let  X  =  required  number  of  parts ;  then  -  =  value  of  one  part. 


a      a      a  _  io\' 

.  • .  -  X  -  X  -  occ.  to  X  factors  =  f  - 1  =  a  maximum. 
X       X  \x/  ^ 


X 


.  • .  u=log  I  - 1  =  a?  (log  a— log  «)  =  a  max.  -T-=loga— log«— 1  =0 


a 


.  • .  log  -  ±=  1.    -z=e,    and     x  = 


a 


X 


This  is  a  solution  in  the  arithmetical  sense  only  when  a  is  a  mul. 
tiple  of  e,  for  otherwise  n  would  not  be  an  integer. 

The  general  solution  belongs  to  the  following  problem.    To  find 


tk 


a  number  x  such  that  the  x    power  of  -  shall  be  a  maximum. 

X 

17.  To  determine  the  point  P,  in  the  line  joining  the  centres 
C  and  (7i  of  two  unequal  spheres,  from  which  the  greatest  amount 
of  spherical  surface  can  be  seen. 


Put(70  =  r,  C7iOi  =  ri,  CC^  =  a  CP  =  x,  C^P^x^=ia 


—  «. 


and  similarly 


.  • .  Surface  of  zone  0£Q  =  2  rr  ^ ^ 

X 


0i^i§i  =  2flrri 


^i(^i-n) 
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u  = h  -^— ^ ^  =  r*  +  r^* . —  =  max. 


iCj  "         »       a  —  a: 


*  *  cte      a*      (a  —  «)*  «       a  r-  a? 

^*  r  {r+r    )2"1 

. ' .  a?  =  — i y ,  and  surface  seen  =  2*  I  r*  +  »'i'  —  ^ ^  I » 

f  .      ♦  L  *  a         J 

which  is  always  less  than  the  entire  surface  of  the  twO  spheres. 

18.  A  right  prism,  whose  base  is  a  regular  hexagon,  is  truncated 
by  three  planes  drawn  through  the  alternate  vertices  of  the  upper 
base,  and  intersecting  at  a  conrnioii 'point  in  the  axis  prolonged. 
Required  the  inclinations  of  the  planes  to  the  axis,  when  the  truncate 
prism  shall  (with  a  given  volume)  be  contained  under  the  least  surface. 

Let  ABCDEF  b^  the  lower  base  of  the  prism,  and  ahcdf^  the 
upper  base. 

Join  /&,  3cf,  and  df^  and  through  these  lines  draw  planes  inter- 
^  secting  the  axis  Rr  prolonged  at  some  point  v. 

The  plane  fob  intersects  the  edge  Aa  at  a^,  cutting  off  from  the 
prism,  the  triangular  pyramid  fbaa^  From  r,  the  centre  of  the 
upper  base,  draw  r^  ra^  and  rb.  Then  fabr  is  a  rhombus,  whose 
diagonals  bisect  each  other  at  o  perpendicularly.  Join  va^ ;  it  will 
be  perpendicular  to  /6,  and  will  pass  through  o.  Then  ao  =  or^ 
and     .  • .  aa^=irv, 

.  • ,  Pyramid  /6aaj,  is  equal  to  the  pyramid  fbrv, 

. ' .  The  volume  of  the  prism,  when  terminated  by  the  three  planes 
which  intersect  at  v,  is  equal  to  the  volume  of  the  original  prisn^ 
for  all  inclinations  of  the  planes. 

Put  Bb  =  a,     AB  =  b,     the  angle  rvo  =  x. 

nien    TO  z:z  oa  z=:  -^b^   aa^  =  -  ^  cot  ar,    oa-^zzzov  z=.-b  cosec  a?, 

of  =  oh  =:  5*\/3,     Aa^  =  a  —-^cotar. 
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.  •.  Surfiice  ABbai=^b  (So  —  -i.cot  x). 
Surface  aibvf=fb  x.va  =  ~h''  -^cfasxx. 
Ilciice  by  the  nature  of  the  qucBtion,  we  shall  have 


=  a  mimmum. 


This  is  the  celebrated  f 
of  the  bee. 


V3 

=  54°  44'  08". 
ilem  relating  to  the  form  of  the  cells 


(  CHAPTER    IX. 

I 

yUKOnOHB   OF  TWO   INDBPBNDENT   YABIABLSS. 

81.  Hitherto  it  has  been  supposed  that  the  function  u  depended, 
either  directly  or  indirectly,  on  a  single  variable  x.  But  the  value 
of  u  may  depend  on  the  values  of  two  or  more  variables,  entirely 
independent  of  each  other.    Thus,  if  there  were  given 

I*  =  ay  +  y^  .  .  .  .  (1). 

we  might  suppose  x  to  vary  and  y  to  be  constant;  or  y  to  be 
variable  and  x  constant;  or,  lastly,  x  and  y  may  vary  simulta- 
neously.   These  three  suppositions  lead  to  three  essentially  different 
changes  in  the  function  u. 
Thus  when  x  becomes   x  +  h,  and  y  is  constant,  u  becomes 

u^=zxy  +  hy  +  y\ 

When  y  becomes   y  +  ky  and  x  is  constant,  u  becomes 

i/j,  =  ary  +  arit  4-  y2  +  2yk  +  k\ 

And  finally,  when  x  and  y  become  respectively  x  -\'  h  and  y  +  it, 

u  becomes    u^  z=z  xy  +  hy  -{-  kx  +  y^  +  2ky  +  k^  +  hk. 

The  general  case  is  presented  in  the  following  proposition. 

82.  Prop,  Having  given  u  =  F{x^  y)  •  •  •  •  (!)•»  to  develop 
u^z=,  F  {x  +  hy  y  -{-  k)y  the  variables  x  and  y  being  independent 
of  each  other. 

Since  x  and  y  are  supposed  to  have  no  mutual  dependence,  they 
may  be  supposed  to  vary  successively. 

Let  X  take  an  increment  h ;  then  u  becomes  u-^  =:  F  (z  -\-  h^  y) 
which,  developed  as  a  function  of  x  +  h  by  Taylor's  Theorem,  gives 
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in  which  t*,     ^,     -r-j,    &c.,  are  fiinctions  of  both  x  and  y. 

Now,  if  in  every  term  of  (2),  we  rejdaee  y  by  y  +  ib,  we  shall 
convert  u^  =  F{x  +  A,  y)  into  t/g  =  -^(a;  +  ^  y  +  *),  and*  since 
each  term  in  the  second  member  of  (2)  will  then  be  a  function 
of  y  +  k,  we  must  replace 

u  by    «+_.-  +  — ._  +  &c 

du  J2^^ 

du   .       du  ^      dx   k  ^        dz     k^     ,    . 
dh*  ^      d^u  ,      d^   k  .       d^     P     .    . 

5i^  ^^  5^+-^t+-^;^t:2  +  ^ 

du 
d  — 

But  we  put  for  convenience  —; — =       -    ,  indicating  thereby 

thut  two  differentiations  of  u  have  been  performed,  the  first  with 

respect  to  ar,  and  the  second  with  respect  to  y.     Similarly  we  put 

^du  ,  d^u 

rf2  —  d  — 

dx        d^u  -         dx^        cPu 

■  ,  o    =  »  ^  9)    a'^^i    "-; — =   ,  o ,  ;    the  first    expression    indi- 
dy^        dxdy^  dy  dx^dy  '^ 

eating  one  difierentiation  with  respect  to  a?,  followed  by  two  with 
respect  to  y;  and  the  second  implying  two  differentiations  with 
regard  to  a:,  followed  by  one  with  regard  to  y.  And  generally,  we 
denote  the  result  of  n  differentiations  with  respect  to  x^  followed  by 
m  differentiations  with  respect  to  y,  by  the  symbol. 

d*-^u 
dx^dy^ 
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Now  let  the  necessary  substitutions  be  made  in  (2),  and  we 

shall  get 

du  h      du   k      dhi     h^    ,    d^u     kk      dH     P 
^        ^dx   \^  dy    l^  dx^    1.2^  dxdy     \  ^  dy'^     1.2 

<Pm  A3  dH       h^k        dH      A^       rf3tt        jfc3 

^ d^  *  1.2.3  ■^(&2(/y'l.2"^(irrfy»'l.2"^rfy3  'l.2.3"^ 

which  is  the  proposed  expansion. 

If  we  had  supposed  the  variable  y  to  receive  its  increment  first, 
we  should  have  obtained  the  following  series  for  u^ 

du   k      du   h   ,  dhi     P     .    d^u     kh  ,  d^     h^ 
^dy    l^  dx    l^dy^    1.2^  dydx     I  ^  dz^    1.2 

.  rf3ti       P      .     d^u     k^h    .     d^u     kh^    ,  d^u       h^       .    . 
^dy^    l.2.S^dy^dx    1.2^  dydx^    1.2^  dx^    1.2.3^ 

The  two  series  must  obviously  give  equal  results,  and  being  true 
for  all  values  of  h  and  k^  the  coefficients  of  the  like  powers  and  pro- 
ducts of  h  and  k  must  be  equal. 

dht  __  <Pm         d^u    __    cPu         d^u  d^u 

dxdy  ""  dydx     dx^dy  ~  dydx^      dxdy^  ""  dy^dx 

Hence  the  result  of  n  differentiations  with  respect  to  x,  followed 
by  m  differentiations  with  respect  to  y,  will  be  the  same  as  that  pro- 
duced by  performing  the  differentiations  in  a  contrary  order. 

XXAMPLES   OF   DIFFERENTIAL   COEFFICIENTS. 

83.  1.  ti  =  ar3y  +  ay^. 

dhi  d^u 

=  3x*    and    -r— r-  =  Sz^  also. 


dxdy  dydx 

d?u  __         di^u  ^  (Pu    _  /,    __     dhi         dht    _  ^  _  dht 

dx^  "~  dy^  ""    '      dx^dy "~        ""  dyda^       dxdy^  *"     '^dy'^dx 

d^u  ^  d^u     __/•__    d^u  d^u     __  ^  __    d^u      .       . 

8 
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^     .  ^x     du  V  du 

2.  «  =  tan-*  —    -r-  = 


y     dx      a?  -\-  y*     dy  x^  +  y* 

cPtt  ar2  —  y2  rf^t*     , 

=  ,    .  »  OJC.,  &C, 


<iwiy      (x^  +  y^y      dydx 

du  du  .  • 

3.    u  z=einx,  cos  y,    -^  =:  cos  a; .  cos  y-;-=  — sin^r.smy. 

^     dx  dy 

cPu  .  rf^w      <P« 


=  —  cos  a: .  sin  y  =  -r-T^    3~r  =  —  sm  «  cos  y 


(irc/y  rfydo;     dx^ 

d^u  d^u  d^u      . 

=  sm  a;  sin  y  =  =  .   .    ,  &c. 


fltr^c^y  ^       cfyc/j;^       dxdydx 

In  general  the  order  of  the  differentiations  is  immateria],  provided 
we  always  differentiate  the  same  number  of  times  with  respect  to 
the  same  variable.  * 

The    expressions    -r-  and  -7-   are  called  partial  differential  co- 

du  du 

efficients:  -r-dx    and    "-fdy  are    called  partial  difierentialSy  and 

du  = -r- dx  -{-  -r- dy  is  the  total  differential  of  «. 
dx  dy 

84.  Similarly,  if  ti  =  F{x,  y,  z),  where  a?,  y,  and  «,  are  inde- 
pendent variables,  then 

And  generally,  to  differentiate  a  function  of  several  independent 
variables,  wo  must  differentiate  successively  with  respect  to  each, 
and  add  the  results. 

85.  If  it  were  proposed  to  develop  t/j  =  F{x  +  A,  y  +  it,  «  +  /), 
where  u  =  F{z,  y,  «),  we  should  obtain,  by  supposing  «,  y,  and  z 
to  vary,  and  reasoning  as  in  the  expansion  of  F{x  +  h,  y  +  k), 

du  h      du    k     du    I      d^H     k}     ,    d^u     hk      d^u     J^ 
*        ^dx    l^  dy    l^dz     l^dx^    l.2^dxdy     1  ^  dy^    1.2 

dh^  .  ^   I   ^    _i!_   I   .^    tL  J.  ^^**        ^^ 


dxdz     1     '    rf22    1.2       rfy(/2     I  ^  dx^    1.2.3 

■^  (i*vy'i.2"^^7'rT2+^'r:2T3"*"^^25^'r:2"^'^^ 
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Remark,    The  formula   du  =  -7-  rfa:  +  t-  <=^y  +  t-  «&  +  &o.,  for 

ax  ay  dz 

difierentiating  a  function  of  several  variables,  may  be  deduced  im- 
mediately fh)m  the  preceding  development. 

For  put  it  =  rA,  I -=.  r^h,  &c.  where  r,  r^  &c.  are  arbitrary,  sinoe 
«,  y,  z,  &C.,  are  independent  of  each  other.  Then  by  substitution 
and  reduction, 

— ^ —  =  ^-  +  r-j-  +  ri-j- &c.  +  terms  in  A,  hK  &c. 
h  dz         dy  dz  '     ' 

and  by  passing  to  the  limit,  making  A  =  0,  neglecting  terms  con- 
taining A,  A',  6cc.,  and  finally  making 

Ui  —  tf  =  c^tf,    A  =  cfr,    rh  =zk  =:dy,    r^A  =  /  =  <f«,  ^,  we  get 

dz       ^dy^^dz       ^ 

86.  Prop,  To  differentiate  successively  «  =  F{x,y), 
We  have  already  found  the  first  differential 

Differentiating  this  and  observing  that  -7-,  and  ~  are  usually 
functions  of  both  x  and  y,  but  that  d!r  and  dy  are  constant,  we  get 
dht  dhi  dhi  d^u 

d^u  dht  d^u 

or        i*«  =  _i^  +  2^.«forfy  +  ^.rfy»: 

and  by  differentiating  again,  we  have 

d^u  (Pu  dhi  dhi 

(Pu  =  —  cLr^  4-  3 r-  'dz'^dy  4-  3 dzdv^  4 •  dvK 

d3?       ^     dzHy  "^  "y  ^  ^  dxdy'^        ^  ^  dy^  ^ 

d*H  d*H  d^u  dhi 

d^uz=-—'dz*  4-  ^——'dz^dy  4-  6        ,     dx^dy^  4-4——dxdy^ 
(ir*         ^     dzMy  ^^^^  dx^dy^      ^  ^     dxdy^      ^ 

d^u 
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and  similarly  may  c^tf,  d^u^  &c.,  be  found,  the  numerical  coefficients  of 
the  several  terms  proving  the  same  as  in  the  powers  of  the  binomial. 

InypUcU  Funcftions  of  two  Independent  Vcmables. 

87.  Prop,  Let  F{x^  y,  z)-=.  0,  so  that  z  shall  be  an  implicit  function 
of  the  two  independent  variables  x  and  y,  and  let  it  be  proposed  to 
form  expressions  dz^  d^z^  6cc.,  without  solving  the  equation  with 
respect  to  z. 

Put  tt  =  /'(«,  y,  «)  =  0 ;  then,  observing  that  u  b  directly  a  func- 
tion of  the  independent  variables  x  and  y,  and  also  indirectly  a  func- 
tion of  X  and  y  through  z,  we  shall  have  for  the  total  differential 

coefficient]^     and     g] 

fdul      du  dz       du      ^     ,,.         .  fdu]      du  dz     du     .      ,^. 

du  du 

dz  __     dx  dz            dy 

'   '  dx          du^  dy"^       du 

dz  dz 

du  du 

.        dz  .     ,    dz    '  dx  .        dy  . 

.•.(&=-r-(te  +  ---.rfy=  ^  —.dz  —  -y-dy, 
dx  dy  du  du 

dz  dz 

Next  to  form  d^Zj  we  have 

d^z  d^z      ^   ,        d^z 

d^z  = dx^  4-  2  -z docdv  H diA 

dx*  ^  ^dxdy  ^^dy^-^ 

But  by  differentiating  (1)  with  respect  to  ar,  (2)  with  respect  to  y, 

and  (1)  or  (2)  with  regard  to  y  or  a:,  respectively,  and  observing  that 

du  du  du  .       .         g,  , 

T"»  ^~i  T*?  *^®  functions  of «,  y,  and  2,  we  get 

dx  dy    dz 

^    d^u     dz    .   d^u    dz^   .   du  d^z      dhs 
dxdz    dx^  dz^    dx^^  dz  dx^  ^  dx^ 
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^   dht      dz  ,    dhi    dz^  ,  du    cPz   ,   dhi 

2 . f-« — . 1 . 1 =  0 

dyck    dy      dz^   dy^      dz    dy^      dy^ 

dhi    dz      dhi  dz  dz   .  du     d^z  dht         d^u     dz       . 

T-  -T^ '-r'lr  +  -r* ti — r   .    ,    +  -■ .   >  ■  • :;-  =  0. 


dydz  dx       dz^  dy  dx       dz  dxdy        dxdy       dxdz     dy 

di^z    d^z  d^z 

whence  -r-^,  -r-^,  and  may  be  found  in  terms  of  the  partial 

dlfierential  coefficients  of  the  first  and  second  orders  of  u,  with 
respect  to  x,  y,  and  z,  all  of  which  are  easily  formed. 

88.  Prop,  Having  given  u  =  9^,  and  z  =  F{z,y),  to  differentiate 
u  without  previously  eliminating  z. 

If  we  suppose  x  alone  to  increase,  it  will  impart  a  change  to  u 
through  z ;  and  a  similar  xihange  will  be  transmitted  to  u,  when  y 
alone  varies ;  thus  we  shall  have 

du  ^du    dz  du  ^du    dz 

dz  "^  dz    dz  dy'^dz  dy 

.        du    .        du  .        du   dz  ,     ,  du    dz    - 

EUminaUon  hy  IHfferenUa/tian. 

89.  When  a  constant  is  connected  with  a  function  by  the  sign 
-f  or  — ,  it  disappears  by  differentiation ;  but  when  it  is  a  coefficient 
of  the  function,  it  will  appear  in  the  differential  also. 

Thud,  \(  u=:F(x^  y)  =  0  •  •  .  (1)  be  a  relation  connecting  x  and  y, 
into  which  the  constant  a  enters  as  a  factor,  then  a  will  also  be  found 
in  the  equation. 

Now  a  may  be  eliminated  between  (1)  and  (2),  and  the  resulting 

dy 
equation,  called  a  differential  equation^  will  contain  a?,  y,  and  —• 

ox 
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If  it  were- required  to  eliminate  two  coil^tants,  we  might  differen- 
tiate twice,  thus  obtaining  three  equations,  including  the  primitive, 
(1),  with  which  the  elimination  could  be  effected,  and  the  resulting 

dy  d^y 

equation  would  contain  a?,  y,  — ,  and  -~    Surds  and  transcendental 

quantities  may  also  be  eliminated  by  a  similar  process. 
90.  1.  Given  y^  =  2aa?,  or  tt  =  y^  —  2ax  =  0,  to  eliminate  2a. 

an  equation  in  which  2a  does  not  appear,  but  which  implies  the 
same  relation  between  x  and  y. 

2.  Eliminate  the  surd  from  the  equation  y  -=^{0^  -^  x^)  .. . .  (1). 
rfx      2^     ^     ■'  o«  +  x»  o»  +  «» 

8.  Eliminate  a  and  b  from  the  equation  y  =  ax^  +  hx , . . .  (1). 

|  =  2«*  +  6...(2)g=2« (3). 

.'.By  combining  (1),  (2),  and  (3). 

^_2  ^  .   2y^^ 

4.  Eliminate  the  exponential  from  the  equation  y  =  2ae^', 

dy 

^=  2ace^*  =  cy. 
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5.  Eliminate  a  and  b  from  the  equation  y  =  acos2x  +  bam2x. 
-^=— 2asin2a:+2*cos2iP,  -=-?  =  —  iacosac  —  46sinac  =  —  4y. 

I 

91.  Frcp.  Let  «  =  -^^«,  and  z  =  ^{x,  y),  where  »  and  y  are  in- 
dependent  variables,  and  let  it  be  proposed  to  eliminate  the  func- 
tion F. 

Differentiate  u  first  with  respect  to  x,  and  then  with  respect  to  y. 

du       du    dz       dFz  d^{x^  y) 


dx       dz    dx        dz         dz 


(1). 


and  du^^du   dz^^dj^^ d^,j)  n^. 

dy       dz    dy        dz         dy  ^ 

dlif 

Now  divide  (1)  by  (2),  observing  that  the  common  factor  -^ 

will  disappear; 

^      <^(^>  y) 

dx  ^      dx  du    d(p{Xj  y)     du    d^x^  y) 

'  du^  d<p{x,y)  *      dx         dy     ""  dy        dz 

dy  dy 

in  which  equation  F  does  not  appear. 

1.  Eliminate  the  function  F  from  the  equation  u  =  F{<ufi  +  6y*). 

Put    a7?  +  by^=zz,     •  • .  ^  =  3aa;^     and      ^=  25y. 

2.  Eliminate  the  function  i^  from  the  equation  u  =  -  ^(-)* 

(ft/         cfw 
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3.  Prove  that  if  if  =z  a  9in  x  +  b  sva2x,  then 

dy 
y  =  a  sin  a;  +  6  sin  2a:.  ...  (1).       ~  =  a  cos  a:  +  25  cos  2x. 

ax 

d^y  d^y 

^=  —a  sin  a?—  45  sin  2a?. . . .  (2).  and  ;^=a  sin  x+\^h  sin  2a?.  •  (8) 

Multiply  (1)  by  4,  and  (2)  by  5,  and  add  the  results  to  (3); 
thus 

92.  Prop,  To  determine  whether  any  proposed  combination  of 
X  and  y,  as  F{x^  y),  is  a  function  of  some  other  combination,  as 

Put    u  =  F{x,  y\    and    z  =:  ^(a?,  y);  then  if  i«  be  a  function 
of  ar,  we  must  have 

du  ^du    dz  -      du  ^du    dz 

dx      dz    dx  dy~~  dz    dy 

.     ,  du    dz       du    dz 

And  .  •  •  —  •  —  =r  —  •  —  • 

dx    dy      dy    dx 

which  is  the  required  test 

1.  Is  ti  =  ar^—  Q7?y+  12a:y*—  8y^,  a  function  of  z  =  2y  +  a  —  x'i 

^  =  3ar2  -  i2xy  +  12y3.     ^  =  _  Gar*  +  24a?y  -  24ya. 
dx  dy 

dz  dz 

—  =  —  1,    and     -r-  =  2. 

dx  dy 

du    dz       ^  ,       ^,       .    ^^  „       du    dz 

Hence  u  is  a  function  of  z. 

2.  Is  u  =  log(a?2)  —  2  logy,  a  function  of  «  =  sini a  +  -) *? 

du      2     du  2     dz  i     ,  y\  V      dz  I     .  y\\ 

dx      X     dy  y     dx  \        x/  x^     dy  \        x/  x 
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du    dz      2         /     .  y\      du    dz 
f  '       dx    dy      x^        \        x/      dy    dx 

Hence  i«  is  a  function  of  z. 

3.  Is  1*  =  a?*  +  y®,  a  function  of  «  =  tan  {x  +  y)? 

du      ^      du      ^      dz  o/     .     \     *fe  o/     .     \ 

^=^'  ify=^y'  ^=8ec2(^  +  y),    ^  =  sec«(ar  +  y). 

•'•   ^•^=2*8ec»{^  +  y)/    and     ^  ~  =  2y sec2(a;  +  y). 
Hence  i«  is  not  a  function  of  z. 


Development  of  Functions  of  Two  Independent  Variables. 

93.  Prop,  To  extend  Maclaurin's  Theoretn  to  functions  of  two 
independent  variables. 

If,  in  the  general  development  of  F{x  +  A,  y  +it),  we  make 
:p  =  0,  and  y  =  0,  and  denote  the  particular  resulting  values  by  the 
use  of  the  [  ],  changing  k  and  k  into  x  and  y  respectively,  we  shall 
obtain 

"^  Uxcfy  J  *  1   "^  Uy2  J  '  1 . 2  "^  Ua:3  J  *  1 . 2 .  3 

^  Uar2(/yJ    1.2^  Ldxrfy^J    1.2^  UyU    1.2.3^ 
Example.  Expand     u  =  e*sin  y. 

-  =  «'smy,    5-=«'cosy,    ^  =  «'siny,   —  =  e'cosy, 
d^u  d^u  d^u 

d^u  d?u 

=z  —  c'sin  y,    -j-r-  =  —  e*cos  y,     &c.,     &c. 


ctrrfy2  ^'    rf^: 
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•H=o.  i5]=o,  m=.,  ©]-,[-]=,. 


Lrf^J-®'    LxJ~^'    LtVyJ-^'    L«rfyd~**' 

[ 


-r-^  I  =  —  1,  *&c.,  the  law  being  quite  apparent* 


.  ^^y       y^     ,    ^y        *y^ 

94.  In  a  similar  manner  we  might  apply  the  general  formula 
dedu,ced  in  the  last  proposition  to  the  expansion  of  any  function 
of  two  variables,  x  and  y,  but  among  these  fun^iitions  there  is  one 
of  peculiar  interest,  in  consequence  of  its  frequent  occurrence  in  the 
application  of  the  Calculus  to  Physical  Astronomy.  The  formula 
for  the  expansion  refen*ed  tp,  is  known'  as  Lagrange's  Theorem. 
It  will  be  deduced  in  the  next  proposition. 

Prop.  Having  given  u  =  Fz,  and  z  =  y  +  ar(p2r,  where  F  and 
9  denote  any  function,  and  y  is  independent  of  x,  to  expand  u  in 
terms  of  the  ascending  powers  of  the  variiable  x. 

We  observe  first  that  u  is  a  function  of  ar,  and  therefore  if  we 

denote,  as  usual,  by  [w],  I  ;7-  L  I  3^  I  ^^-j  ^^®  particular  values  as- 

sumed  by  w,  — ,  -t-^,  &c.,  when  a;  =  0  we  shall  have,  by  Madaurin's 
Theorem, 

"  =  WH-[*]MS]rV+[S]rtT  +  ^--W 

Now  since  z  =  y  +  x(pz,  •  •  •  •  (1). 

.  • .  when        ar  =  0,     [z]  =  y,    and    .  • .  [«]  =  Fy. 
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.  -  du  __du   dz  du  __du   dz     - 

dx'~  dz    dx  dy'~  dz    dy 

But  by  differentiating  (1)  with  respect  to  x  we  get 

dz  d(Dz    dz       .  dz  oz  ,^. 

-J-  =  9«  +  x-r-  •  -7-    whence    -j-  = t —  .  .  .  (2). 

dx  dz     dx  dx      ^  dsDZ  ^  ' 

1  —  X* 

dz 

And  by  differentiating  (1)  with  respect  to  y  we  have 

dz       ,    .       dxpz    dz        .  dz  1  ,^. 

-=-  =  !+«  -I-  •  -r-    whence    -;-  = —  .  ,  .  (3). 

dy  dz    dy  dy  dtpz  ^  ' 

Dividing  (2)  by  (3)  and  reducing,  we  obtain 

dz  dz 

dx'~        dy' 

du      du    dz       du         dz  du 

'   '  dx  "^  dz    dz~~  dz  dy  '~        dy 

Hence  when     «  =  0,     and    z  =  y,  I  —  I  =  9y  -t-=-« 


,  <"&) 


Now  assume  ti,  such  that    «5  •  -—  =  —-^* 

^     dy        dy 

du  __  du^  d^u  __  cPwj  ^  d^u 

'  '  dx        dy  dx^  "~  dydx  "~  dxdy  "~      dy 

_  rftf,       du.    dz       duy  dz  du,        ,    k*.   du 

•■•^'= Ty ""^      li?J  = d-y 

And  similarly  it  may  be  shown  that 
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But  to  show  that  this  law  of  formation  of  the  differential  coeffi- 
cients is  genera],  suppose  that  it  has  been  proved  that 


•     •     • 


11—2 


Put 


dx^"^  dy 

,    .      ^    du      du^.i  d*-^u      d^^u^x 

^^  '         dy"    dy        •    ' efa— ^  ""    dy—^ 


M^) 


d*U  __    d*Un^^    ^     d^Un^i 

'  dx*  ""  dy^-^dx  "~  dxdy^-^  "~  .rfy*~^ 

Bt   ^^»"i  —  ^^*-i   ^  —  ^^*-^        .^—  fl^^n-i  _  /    X.   <fa^ 

dx    '~    dz      dx~    dz      ^     dy'~  dy    ~  ^          dy 


a-n  ""-'Wy-T^ 


•       • 


(6) 


Thus  the  form  (4),  if  true  for  anj  value  of  n,  is  also  true  for  the 
next  higher  value.  Now  it  has  been  shown  true  for  n  =  1  and 
n  =  2 ;  and  hence  it  is  true  when  n  =  3,  n  =  4,  &c.,  or  it  is  uni- 
versally true. 

Now  making  a;  =  0  and  z  =  y  and  the  expression  (5)  becomes 

VdHi^_  \y^^    dyA 

Making  the  substitutions  for  [w],   I  -3-    »    I  jy  I » ^c.,  in  the  expan* 
sion  (^),  we  get 


. .  'Wf'-B 


u  =  /ty  -^  (py*  —— .  -  -f 


(fy    1  '  dy  1.2 


This  formula  is  called  Lagrange^s  Theorem. 
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Cw,  Let       w  =  jPfe  =  2 ;    then    ^  =  y,    and    -7-^  =  !• 

^^^^1^      dy        1.2^      dy^        1.2.3^        ^^ 
a  formula  for  the  expansion  of  z  when  we  have  given  z  =:y  +  x^z. 


XZAMPLBB. 


96.  1.  Given  2^  -^  az  +  b  =  0  to  express  z  in  terms  of  a  and  b. 
Here  z  =  -  +  -  z^,  which  corresponds  to  the  form  «  =  y  +  «9Sf> 


when  we  make 


-=:y,   -  =  «,    and    «3  =  9«. 
a  a 


Hence  by  substitution       (py  =z  y^  = 


a3 


c/y  rfy  ^         a*        ay*  ay*  a^ 

Introducing  these  values  into  the  formula  (i/'),  it  becomes 

b    b^  \       b^      I  6^        1  6»         1 

a    a^  a       a*  l.2a^  a^  1.2.3.a^  a*  1.2.3.4a^ 

br        b^  6*       ,    6«  &®        , 

=-[1  +  13  +  3-e  +  1^75+  S5-r2<S^<^-] 


If  6  be  very  small  in  comparison  with  a  this  series  will  converge 
very  rapidly. 

2.  Given  y  =  z  +  z^  +  z^  +  2^  +  &c., 

to  revert  the  series,  that  is  to  express  z  in  terms  of  y. 

By  transposition,      z  =  y  —  {z^  +  z^  +  z^  +  &c) 

Put  a;  =  —  1,     (pz  :xz^  +  z^  +  z^  +  &0. 


>5 
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Then  <py  =  y^  +  y^4-y*  +  &c. 

=2(jr*+y5+y*+&c.)(2y+8y«+4y3+  &c.) 
=2(2y3+5y*+9y«+14y«+  <Sbc.) 

(9y)3  =  (y2  +  y3  +  y4  ^_  ^jc.)^  =  ^6  +  3^7  +  5^8  +  450. 

.  •,  ^^£^^1^  =  5.6y*  +  3.6.7y«+ 6.7.8y«  +  &C. 

((py)*  =  (y3  +  y3  +  y4  +  &c.)*  =  y«  +  4y»  +  &C 

.-.  ^^^^^y^  =  6.7. 8y»  +  4.7.8. 9y«  +  &o. 

((py)6  =    (y2  +  y3  +  y4  +  42C.)«  =  y^^  +  &C. 

.•.^^t^^^  =  7.8.9.10y«  +  &o.       &c.,  &a 
rfy* 

,  • .  By  substitution  in  formula  (if). 

a;=y  — ^[y»  +  y3  +  y4+  yfi  +  y«+  &c] 

+  jig  [2.2y3  +  2.5y*  +  2.9y«  +  2. 14y«  +  &c] 
^      [5. 6yf  +  3. 6 .7y«  +  6.7. 8y«  +  &C.J 


1.2.3 


+  j-2^[6.7.8/  +  4.7.8.9y«  +  &c] 
^  [7.8.9. 10y«  + (fee] 


1.2.3.4.5 

f  &c.  =  y  —  y2  +  y3  —  y*  +  y5  _  ^  +  ^c. 

3.  Given  1  —  z  +  e*  =  0  to  expand  z\ 

Here    z  =z  1  +  e*.     Put  a?  =  1,  y  =  l,(p«  =  e*,  Fz  =  «•, 

rf/V  (f(y») 

.  • .  (^y  =z€y.  Fy  =i  y",  9y  •  -^  =  ev  •     ^       =  ny*-i  ev  =  »w. 
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dy 


V  L^'^^^       dy  J  dy 

=  2ne2y . yi»-i  +  n{n—\)  e^v . y^  z=zn{n+  \)e\ 

=  9/ie3y .  y»-i  +  6n  (n  —  1 )  c3y .  y*-^  +  n  (n  —  1)  (»  —  2)  e^y .  y»-3 
=  n  (n»  +  3n  +  5)  «3.     &c.  (fcc. 

Hence,  by  substitution  in  formula  (Z),  we  have 

,    ,         .   n(n+ 1)  ,   .  n(w2  +  3»  +  5)   ,  .    . 
g«=:l  +  ng+     ^^   ^    ^eg+     ^    ^   2  3       V  +  &a 

4.  Given  2r  =  ^  +  ^  •  sin  ;r,  to  expand  z  and  sin  z. 

Put  2  ==  e,  90  =  sin  Zy  Fz  =  sin ;?. 

.  • .  9y  =  sin  ^ ,  ((py)^  =  sin  hj^  ((py)^  =  sin  -"^y  &c. 

(^[((py)^]      ^  . 
^ .  ^     *-\^'^A-'  =  2  Sin  y .  cos  y.^=  sm  2y. 

d}  [(9v)^l      ^  (3  sin  ^^ .  cos  y)        ^  .  „        «   .    « 

dy«     =     4 ^  =  68my.co8*y-S8m'y. 

=  3  sin  y  (1  +  oos  2y  —  5  +  2C082y) 
8  .        ,9/1.0        1  •     \ 

=  -  sin  3y  —  -  ^^°  y*     ^^ 
Hence  by  substitution  in  (if). 

«=y+8iny-+sin2y— +^sin3y--sinyj  j-^-j+  &a 

A     •        rr         •  dFy        .  1   .    ^ 

Again    i^y=:8iny.     .•.  ^y.-^  =  smy.cosy  =  -sin2y. 


-  * 
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rfyL^^^^  •   rfyj-  (fy  -    .  rfy 


Ji  joosy  — -oosSyj 


3  .    „        1   . 

=  -  sm  3y  —  7  sin  y. 


dy  4       ^      4 


^r     ,,  rf/V1cP(cosy.sin3y)  J^  [^^ ^  "  5 ^ ^^3 

cP  I  -  sin  2y  —  -  sin  4y  j 
= -j-j =  2  sin  4y  —  sin  2y.     &a  &a 

Hence  by  substitution  in  formula  (Z). 

sm  2  =  sm  y  +  -  sm  2y .  Y  +  ( -  sm  3y  —  -  sin  y  I  y-^ 

+  (2  sin  4y  —  sin  2y)  ^   ^  s  "*"  ^^' 

5.  Giv^«  +  ^.j  +  — ._+  —  .— —+&c.  =  0,tofind 

A  in  terms  oiu  and  its  differential  coefficients. 
_  du  d^u  d^u 

'  li'i     V  1-2^       ;>!•         1.2.3  +  **"; 

Now  if  a  be  a  root  of  the  equation  u  =  0,  and  x  an  approximate 

value  of  a,  so  that  a?  +  A  =  a,  we  may  use  this  scries  in  finding  a 

3 
more  exact  value  of  ar.     Thus,  if  a?  =  -  =  1 .  5  be  an  approximate 
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root  of  the  equation    u=zz^  —  2x^  +  4x  —  S  =  0f 
then  1 .5  +  h=za    and 


/ ?_ 


+ 


i2%x^-x+l)'  2^{z^-x+iy    1.2 
2«(a?3-.a;+l)        *1.2.3 


+    ^..:r  „  .Tv  "^ '  7-^—^+  &C.) 


23 
Here«=— —       .•.  A  =  .11   and  a  =  1 .5  +  .  11  =  1 .61 

nearly.     And  if  we  repeat  the  operation  by  putting  x=  1 .  61,  a 
nearer  approximation  will  be  obtained. 


CHAPTER  X. 

MAXIMA  AND  MINIMA  FUNCTIONS  OF  TWO  INDEPENDENT  VARIABLES. 

96.  A  function  u  of  two  independent  variables  x  and  y,  is  said  to 
be  a  maximum  when  its  value  exceeds  all  those  other  values 
obtained  by  replacing  x  hy  x  dbh  and  yhyydtk,  when  k  and  k 
may  take  any  values  between  zero  and  certain  small  but  finite 
quantities ;  and  u  is  said  to  be  a  minimum  when  its  value  is  less 
than  all  other  values  determined  by  the  conditions  above  described. 

97.  Prop,  Having  given  u  =  F{x,  y),  when  x  and  y  are  inde- 
pendent variables,  to  determine  the  ▼alues  of  x  and  y  which  shall 
render  u  a  maximum  or  minimum. 

Suppose  X  to  receive  an  increment  dt  A,  and  y  an  increment  dz  ky 
the  value  h  and  k  being  small  but  finite  and  entirely  independent  of 
each  other ;  and  denote  by  ti,  the  value  assumed  by  u,  so  that 

Uj  =  F{x  ±  A,    y  ±  k), 
9 


ISO  DIFFERENTIAL  CALCULUS. 

Then,  by  Taylor's  Theorem,  as  applied  to  functions  of  two  inde- 
pendent variables,  we  have 

^-«4.^    (:^^)   ,  du    {±k)       dh,     {±hy 
^""     "^rfx*      1      "^(/y        1      ■*"rf««       1.2 

^dxdy       1  1      ^rfy3       1.2    ^ 

Now  in  order  that  u  may  exceed  Uj  for  all  small  values  of 

h  and  kf  whether  positive  or  negative,  it  is  obviously  necessary 

to  have 

du    {±h)      du   {±k)      d^u    {±hy       dhL    (dth)    {±ik) 
dx'      1      "^  dy'      1      "^dx^'    1.2    ^  dxdy'      1      '      1 

in  which  series  we  must  be  at  liberty  to  make  h  and  k  both  positive, 
or  both  negative,  or  one  positive  and  the  other  negative :  or,  finally, 
either  may  be  taken  equal  to  zero,  the  other  remaining  finite. 
Now  when  A?  =  0  the  series  (1)  reduces  to 

in  which  h  may  be  taken  so  small  that  the  sign  of  the  first  term 
-J-  •  ^ — T— ^,  which  contains  the  lowest  power  of  A,  shall  control  the 
sign  of  the  series.  But  this  term  obviously  changes  sign  with  h^ 
since  -r-  does  not  contain  h ;  and  as  we  are  at  liberty  to  make  h 
alternately  positive  and  negative,  it  is  impossible  that  the  series  (2) 

should  remain  negative  so  Ion  J  as  —  •  -~- — -  has  any  value  oth'er 

than  zero. 

We  have  then,  as  a  first  condition  necessary  to  render  u  a 

maximum, 

du    (\izh)       .  -      ^       du       ^ 

__.!_- =0    or  simply    ^  =  0 {A). 
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Omitting  the  first  term  in  (2)  we  have 

Here  again  the  sign  of  the  series  will  depend  on  that  of  the  first 
term  when  h  is  small,  and  since  that  term  does  not  change  sign 
when  we  substitute  —  A  for  +  A,  the  series  (3)  will  remain  negative 
for  small  values  of  A,  when 

m 

^  dhk 

Hence  ^  <  0  ....  (J?) 

is  a  second  condition  necessary  for  a  maximum. 

98.  Returning  to  the  series  (1)  and  supposing  ^  =  0  while  h  re- 
mains finite,  we  prove,  by  a  course  of  reasoning  entirely  similar, 
that  the  following  conditions  are  also  necessary,  viz. : 

^  =  0 ((7)     and     ^  <  0 (D). 

Now  omitting  the  terms  in  (1)  which  contain  the  first  powers  of 
h  and  ky  and  which  it  has  been  seen  must  reduce  to  zero,  we  obtain 

cPu    {±hY       (^u    (zbA)  {±k)      (Pu    (db  ky     d^u    {±hy 
dx^'    1.2    '^dxdy'      1     *      1      "^  dy*  *     1.2    ^dx^'l.2.S 

d^u      {±ky.{±k)         d^u      {dzh){±ky 
'^  dxMy'  1.2  "^  dxdy^'         1.2 

+^-t:2:^  +  ^"<^' 

or,  by  making  t  =  »•>  where  r  is  entirely  arbitrary,  since  h  and  h 
have  no  necessary  dependence  upon  each  other. 

h^  Vd^u  d^u       2^1 

A3       rd^u     „    d^u    .  ^  ,    dH         ^d^l  .   .      ^^  ,^. 
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in  which,  when  h  is  small,  the  sign  of  the  series  will  depend 

on  that  of 

dht  <Pu  dhi 

and  this  must  be  negative  for  all  values  of  r,  wh^ether  positive  or 
negay  ve,  when  ti  is  a  maximum. 

We  must  now  search  for  the  condition  necessary  to  rendei 

dhi  d^u  d^u 

^  =^  **■  5^  +  *■  V^  ® (5)  for  aU  values  otr. 

d^u  d^ti  d^tt 

Put  for  brevity    -j-r  =  A,     -j-y  =  A    and     '5-5-  =  0. 

da^  dydx  dy^ 

Then  A^  B^  and  (7,  must,  if  possible,  be  so  related  to  each  other 
that  A  ±  2Br  +  Cr^  shall  be  negative  for  every  real  value  of  r. 

Now  it  is  known,, from  the  theory  of  equations,  that  if  we  solve 
the  equation  A  db  2Br  +  CV^  =  0  with  respect  to  r,  and  obtain  the 
values 

::pB+y/B^-AC         .             ^^B^JB'^'-AQ 
T^=^— ^ »     and     r^rr i^^ , 

and  then  substitute  in  the  polynomial  A  ±  2-5r  +  (7r*,  for  r  values 
alternately  a  little  greater  and  somewhat  less  than  r^  or  rg,  the  sign 
of  the  polvnomial  will  undergo  a  change.  If  therefore  the  proposed 
substitution  be  possible,  the  condition  A  ±  ^Br  +  Cr^  <  0  for  all 
values  of  r  will  be  impossible. 

And  so  long  as  the  values  of  r^  and  r^  are  real  and  unequal,  this 
substitution  can  be  made ;  but  if  those  values  of  r  prove  imaginary, 
it  will  no  longer  be  possible  to  substitute  for  r,  real  quantities  alter- 
nately greater  and  less  than  such  values,  and  therefore  the  polyno- 
mial cannot  change  its  sign. 

Now  by  examining  the  values  of  r^  and  r^  it  will  be  seen  that  the 
condition  necessary  to  render  r^  and  r^  imaginary  is  B^  <C  AC. 
Hence  we  have  a  fifth  condition  necessary  for  a  maximum,  viz. : 

d'^u    d^u       I  dhi  \- 


dx^    dy^ 
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when  tbis  condition  is  satisfied,  the  condition  (5)  will  also  be  satis- 
fied, since  (5)  is  true  when  r  =  0. 

It  ought  to  be  remarked,  however,  that  when  B^  z=z  ACy  the  two 
root«  Vi  and  r,  become  real  and  equal,  and  therefore  in  passing 
over  one  of  these  roots,  we  necessarily  pass  over  both.  Thus  the 
sign  of  polynomial  will  not  change,-  so  that  the  fiflh  condition  would 
be  more  correctly  stated  as  follows : 

By  a  course  of  reasoning  entirely  similar,  we  can  prove  that  the 
five  conditions  necessary  to  render  u  a  minimum  are  the  following : 

dx-^'  dy-^^'  d^^^'  rf^>^'  d^'d^''\dUd^)  >^' 

99.  If  -T-j  =  ^>  when  —  =  0,  there  can  be  neither  maximum  nor 

minimum,  unless  -r^  =  0  also ;   and  similarly,  if  -z-^  =  0,     when 

du  d^u 

-J-  =  0y  there  can  be  neither  maximum  nor  minimum  unless  -r-T=  0. 

rfy  dy^ 

There  are  other  conditions  likewise  necessary  to  render   u   a 

maximum  or  minimum  in  such  cases,  but  they  are  usually  of  so 

complicated  a  character  as  to  be  unfit  for  use. 


EXAMPLES. 

100.  1.  To  determine  the  values  of  x    and   y   which   render 
u  z=  x^  +  y^  "-  Zaxy  a  maximum  or  minimum. 

~  =  3a;2  -  Say  =  0, (1).       ^  =  3y»  -  Soar  =  0, (2). 

x^ 
From    (1),   y  =  — ,  and  this  substituted  in  (2),  gives 

ar*  —  a3j?  =  0  ;*      .  • .  ar  =  0,      or,      x  =0, 
the  two  other  roots  being  imaginary. 
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But  when  ar  =  0,    y  =  —  =  0, 

and      when  j;  =r  a,    y  =  a. 

Now  forming  the  second  differential  coefficients,  we  get 

d?^  tPu 

—— ■  =  dx  =  0    when  x  =  0,.      -y-^  =  ^  =  0    when  y  =  0, 

aic*  ay* 

=  6a  when  x  =  a^  =  6a  when  y  ^=  €i^ 

=  27a'  when  ar  =  a  and  y  z:za, 

.  * .  The  five  conditions  necessary  for  a  minimum  are  fulfilled 
when    X  =  a    and    y  =0^  viz. 

.-.  t*  =  a^  +  a»  —  3a3  =  —  a». 

But  when  a:  =  0  and  y  =  0,  -i-r  and  -r-z  reduce  to  zero,  while 

ox*  dy^ 

(jPfA  d  u 

-r-7  and  -r^  do  not  reduce  to  zero.     Hence  the  value  u  =  0,  is 

dx^  dy^ 

neither  a  maximum  nor  a  minimum. 

2.  To  find  the  lengths  of  the  three  edges  of  a  rectangular  par- 

allelopipedon  which  shall   contain  a  given  volume,  a^,  under  the 

least  surface. 

Let    ar,  y,  and  z,  be  the  required  edges,     .  •,  xyz  =  a^, ,  .  .  (1). 

And    u  =  2(iry  +  xz  +  yz)  =  surface  =  a  minimum. 

But  from  (1),     xz  =.  — ^  and  y«  =  — » 

du      ^         2a3       ^  ,^.        .  du       _         2d^       ^  ,,. 

'•■  5J  =  2y--^  =  0,...(3).and^  =  2*-^  =  0,....(4). 

.  • .  ar^y  =  a^  =  xy^,     ,  • .   x  =z  y,     and  consequently  sc^  =  a', 
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•  *  •  d;  =  a,    y  ^Oj    and    «  =  o. 

,  • .  «  =  2(a2  +  a*  +  a*)  =  6a*  =  a  minimum,  and  the  parallelo- 
pipedon  must  be  a  cube. 

3.  Giveu  X  +  y  +  z  =z*y  to  find  the  valute  of  «,  y,  and  «,  when 
cos  X  cos  y  cos  «  =  t«  =  a  maximum. 

Regarding  x  and  y  as  independent  variables,  and  z  a  function 
of  X  and  y,  we  obtain  by  differentiating 

«  +  y  +  «  =  «'j  with  respect  to  x  and  y  successively. 

1+J  =  0,    and     1+1  =  0..... (1). 

But  since  u  =  maximum, 

log  tt  =  log  cos  a;  +  log  cos  y  +  log  cos  2  =  maximum, 

(d\o(iu\  dz 


/d]osu\  u« 

and  I      ,      1=  —  tany  —  tan«^j^  =  0. 


dz 

dy 


or,  by  replacing  —  and  -7-  by  their  values  derived  from  equa- 
tions  (1). 

—  tana;  +  tan2r  =  0,     — tany  +  tan«  =  0, 

• .  tan X  =  tan z  z=.  tan y,    and     «  =  y  =  «=5«', 

o 


«=co833*=y=- 


4.  To  find  the  greatest  rectangular  parallelopipedon  which  can  be 
inscribed  in  a  given  ellipsoid. 

Let  a,  by  and  c,  be  the  semi-axes  of  the  ellipsoid,  ^,  y,  and  z^ 
the  co-ordinates  of  one  of  the  vertices  of  the  parallelopipedon. 
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Then  2x,  2y,  and  2z,  are  the  three  edges  of  the  parallelopipedoni 
and,  therefore,  2x .  2y .  2;?  =  maximum,  or 

u  =  xyz  =  maximum.  ....  (1). 

But,  since  each  vertex  is  in  the  surface  of  the  ellipsoid,  the  co- 
ordinates Xy  y,  0,  must  satisfy  the  equation  of  the  sur&ce. 

.     f!  +  y!  +  ^  =  1 (2V 


9       • 


Differentiating  (2)  with  respect  to  x  and  y  successively,  regarding 
0  as  a  function  of  the  independent  variables  x  and  y,  we  get 

2x      2e   dz  2v      2z    <iz      ^  ,  ^ 

But,  from  (1)  we  have 

(du\  dz       ^       /au\  dz      ^ 

dz  dz 

or,  by  introducing  the  values  of  -^  and  —  from  equations  (8). 

r.a^z^  =  (^x^    and    b^z^  =  c^y^    ...f!  =  ^  =  |^ 

a*      c*       6* 

4*3  #r3  4*3  ft 

Hence  from  (2),  — 5  +  -^  +  -5  =  1     and     a:  =  --=  :    in    lik< 

«*       a2       a»  y^ 

manner  it  may  be  shown  that,  y  =  -p=,  and  2  = 


Thus  the  edges  of  the  parallelopipedon  must  be  proportional  to 
the  axes  to  which  they  are  parallel.  In  each  of  the  last  two 
examples,  the  formation  of  the  second  differential  coefficient  has 
been  omitted  as  unnecessary,  it  being  easily  seen  that  the  proposed 
question  admitted  of  the  maximum  or  minimum  sought,  and  also 
that  the  values  found  were  the  only  suitable  values^ 


ft 


CHAPTER  XI. 


OHANOB   OF  THX  mDSPEKDSNT  VARIABLE. 

101.  Hitherto  we  have  employed    the  differential  coefficients 
J-,  -—^  &C.  or  -r,  ^T-ji  &c.  exclusively  upon  the  hypothesis  that  x 

was  the  independent  variable.  But  there  are  many  cases  in  which  it 
is  more  convenient  to  adopt  some  other  quantity  t  upon  which  both 
X  and  y,  or  x  and  u  depend  as  the  independent  variable,  and  perhaps 
to  pass  from  one  supposition  to  the  other  within  the  limits  of  the 

same  investigation. 

dy    cPy  du  d^u 

It  then  becomes  necessary  to  express  -^,  -r-^,  &o.  or  -7-,  -t-^j&c 

in  terms  of  the  differential  coefficients  o£x  and  y,  or  those  of  ;r  and  u 

taken  with  respect  to  the  new  variable  t, 

dv  d^y 

102.  Prop,  Given  y  =  9a?,  and  a?  =  ^/,  to  express  -^,  and  -r^  ^ 

dx  ux 

^  dx  d^x  dy  dhj   . 

**'""  °^  ST'  rfii'  -de  ifi'  ^ 

Since  y  is  a  function  of  x^  and  x  a  function  of  /,  we  have 

dy      dy    dx  ...  ,  dy       dt  ,  .. 

di 

dy 
Now  differentiating  (1),  and  observing  that  —•  is  a  function  of  t 

(JLX 

through  x^  we  get 

1?^  d^ "d^ '^  dx'l^' 


I, 


y 


/ 


^  -  f^i. 


V 

■ 
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d^y     dy    d^x      d^y   dx       d^x  du 
dhf      'di^'"dbi"di^      'dfi"Jt'"dfi'  dt  ,_,. 


•  •  ■  •  • 


dx^  d^  d^ 

dfi  dfi 

The  two  formulsB  {A)  and  {B)  resolve  the  problem. 

Car,  In  a  similar  manner  we  might  form  expressions  for  -r-^,  -^ 

upon  the  same  hypothesis,  but  they  are  seldom  required. 
Cor,  If  y  be  taken  as  the  independent  variable,  then 


d^ 

^    dy  __  1   ^  1  ,     cPy dy* 

*  '  dx^  dx"  dz  fltr* ""       (ir^ 

d^       dy  dy' 

Cbr.  If  a?  be  the  independent  variable,  then 

dx      dx  d^x 

C  =  Xy  — =~=1     and    —  =  0,  and  {A)  and  (B)  reduce 


EXAMPLES. 

103.  1*  Transform  the  differential  equation 

d^y  ^        dy  ,        y  ^  .  . 

-t4  —  1 o  •  -r  +  -r-^ — o  =  0,  so  as  to  render  B  the 

dx^      \  —  x^  dx       I  —x^ 

independent  variable,  having  given  6  =  cos~^a:. 

dx  (Px 

Here    «  =  cos  d.    .•.—=  —  sin  1  -r^  =  —  cos  d  =  —  a?, 

dA  '  dd^  ' 

dy 
dy       d6  I      dy 

'   '  da?  ""  da?  ~       sin  d    dd 
T6 
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dhf    dx      cPx  dy 


1       d^y       cosd    dy 


dx^ 
dd^ 


sin^    (/a^       sin^a  c^a 


Hence  by  substitution  in  the  given  equation, 

1       d^y        cos  6    dy       cos  6    dy  y 

sin  ^     dA'^       sin  ^d     (i^       sin  H    dB        sin  ^ 


or 


d^y 

1f^ 


+  y  =  o. 


This  example  illustrates  the  important  fact,  that  a  change  of  the 
independent  variable  will  sometimes  simplify  the  form  of  the  differ 

ential  equation. 

-„        „        dht       dhi 
2.  Transform  -^-j-  +  -7-^  =  0,  so  as  to'  render  r  the  independent 

variable,  where  i^  =  a:*  +  y\ 

rr  «22  dx       r  d^x        d  / 

Here      ,,a=,,2^y2    ..._  =  _..._  =  _/. 


1(1.] 

dr\x  / 


X 


dx 


dr 


X 


a^ 


«3 


And  similarly    -5^  =  — ^,       -jf  = =-• 

dr        y  dr^  y* 

cPu    (2r       (f^^    du 
■  -    •  — —  "^  ^— ^^  •  ^— 

flPt*  __  ar^    dr       dr^    dr        x^    d^u       t/^    du 


rfr3 


And 


dhi 


_  y^    d^M       a;2    du 
dy^  ~~  r^    (/r^       r^     ofr 


.  •  ►  By  substitution  in  the  given  relation  -33^  +  -^-^  =  0,  and 


reduction, 


€Pu       I    du 

H r-  =  0. 


(&2    '      rf^5 


dr^       r    dr 


104.  Pro/?.  Having  given  u  =  F  {x,  y)  when  x  z=z(p{r,  d)  and 
y  =/  (r,  a),  to  express  —  and  y  in  terms  of  r  and  d. 
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Since  i«  is  a  Amction  of  x  and  y,  each  of  which  is  a  function  of  r, 

we  have 

du       du   dx  ,  du   dii  .,. 

zzz  —  • 1 •  — ^  .  •  •  •  •  (1) 

dr       dx    dr      dy   dr 

And  similarly,  x  and  y  being  functions  of  4, 

du       du    dx  ,   du  dy  ,^. 

d6       dx    d^^  dy   d6  ^^ 

dx  dx 

Multiply  (1)  by  -zr^  and  (2)  by  ~  and  subtract;  then  multiply  (1) 

by  -^  and  (2)  by  ~-  and  subtract    We  shall  then  obtain 

du  dx       du   dx  du /dx    .dy      dy   dx\ 

dr"di~dA"dr^  '"dy\dr"d^'^dr"^) 

du   dy      du   dy  __  du  /dx    dy      dy    dx\ 
^  dh^'d6''dB'd^  ^dxW'dA'^dP'^)' 

du  dy      du    dy  du   dx      du   dx 

du      dr    dd       d6    dr  .     du  dr    d6       dB    dr 

and 


*   '  dx      dx   dy      dy    dx  dy  dx    dy       dy    dx 

dr    dB       dr     d&  dr    dd       dr    dd 

105.  These  formulae  become  much  simplified  when  we  have 
X  =  r  cos  6y  y  z=  r  sin  &,  the  common  formula  for  passing  from  rec- 
tangular to  polar  co-ordinates.     For  we  then  have 

dx  .     dy        ,    .      dx  .    -      «y 

-=co9«,    5-  =  8.n«,    ^=-r.8mO.    J-  =  »-oos«. 

dx    dy      dy    dx         ,      „*   .     .  „,v 

du  .  du      sin  B   du        .    du        ,    ^du   ,  cos  6    du 

.'.  ^-  =  cosB  —- .  — -    and    -T-  =  smB--^ •  —- 

dx  dr         r      do  dy  dr  r       dd 

__                          du         du 
Ex,  Having  given  x- y  —  =  a,  to  transform  the  equation  to 

the  variables  r  and  d,  where  x  =  r  cos  6^  y  =z  r  sin  &. 

du 
dy 


du  J  .    A^^   .  cos^   du\         .    J      ^du      s\nBdu\ 

X- y-7-=rcos^|sind-7-  H r-i— rsm^lcosd-; rr-l 

^  dx  \        dr         r      dA)  \        dr        r    ddj 


t      «*    .     ,  ^^^  du       du 
=  (cos'd  +  sm^-))  ^  =  ^  =  «. 


10r. 


CHAPTER   XII. 


FAILURE   OF   TATLOR's   THEOREM, 


106.  It  has  been  shown  that  the  general  development  of  F(x  +  A), 
80  long  as  the  value  of  h  remains  unassigned,  is  of  the  form 

F{x  +  A)  =  ^ar  +  -4A  +  ^2  +  (7A3  +  &c (1), 

containing  none  but  the  positive  integral  powers  of  A. 

But  although  this  be  true  for  the  general  value  of  x^  it  is  possible 
in  some  cases,  to  assign  cert&in  particular  values  to  x^  which  shall 
cause  fractional  powers  of  h  to  appear  in  the  development ;  and  to 
such  cases  Taylor^s  Theorem  does  not  apply,  because  its  proof  de- 
pends upon  the  assumption  that  the  scries  (I)  holds  true.  If,  for 
example,  we  assign  to  z  such  a  value  as  shall  cause  fractional  powers 
of  A  to  appear  in  the  undeveloped  function,  we  may  expect  to  find 
similar  powers  in  the  development,  and  we  therefore  cannot  expect 
Taylor's  Theorem  to  give  the  correct  expansion.  Now  when  the 
particular  value    x  -=.  a  introduced  into  the  undeveloped  function 

the  fractional  power  A*,  there  must  have  been  in  the  general  ex- 
pression for  Fx  (before  a  was  substituted  for  a?)  a  term  of  the  form 

(a:  —  a)»  which  becomes  (a:  —  a  +  A)*  in  F(x  +  A),  and  reduces  to 

A*  when  a?  =  a. 

When  this  occurs  some  of  the  differential  coefficients  will  cer- 
tainly become  infinite,  if  we  make  a;  =  a. 


»t 
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To  illustrate  this  fact,  take  the  example 

u  =  ^a?  =  d  +  (a:  —  a)3  +  (a?  —  a)», 
and  suppose  x  to  receive  the  increment  A,  converting  u  into 

u^  =  F(x  +  h)  z=zh  +  {x  -  a  +  Kf  +  {z  —  a  +  Kf. 

Now,  for  the  particular  value  x  zi^a^Uy^  becomes  d  +  A^  +  h\ 
But  by  forming  the  successive  differential  coefficients  of  u  with  re- 
spect to  x^  we  get 


rf«M 


=  2.3(0;  -  a)  +  ^  (^  -  l)(a:  -  a)?"^, 


and  since  the  exponent  of  x  —  a  is  diminished  by  unity  at  each  di^ 
ferentiation,  it  must  eventually  become  negative,  rendering  the  co- 
efficient infinite  when  x  z=  a.  Moreover,  all  the  succeeding  differen- 
tial coefficients  will  likewise  become  infinite. 

It  may  be  observed  also  that  if  the  lowest  (and  therefore  the  first) 
fractional  exponent  which  appears  in  the  development,  be  interme- 
diate in  value  between  the  integers  r  and  r  +  1 ;  then  the  first  dit 
ferential  coefficient  which  becomes  infinite  will  be  the  (r  +  l)th. 

It  appears  then  that  this  peculiarity  will  arise  whenever  the  value 

assigned  to  x  causes  a  surd  (such  as  (a;  —  a)*)  to  disappear  in  Fx, 

m 

while  the  corresponding  surd  [(a?  —  a  +A)'*  ]  continues  to  appear 
in  F{x  +  h)  in  the  form  of  a  fractional  power  of  h.  This  inappli- 
cability of  Taylor's  Theorem,  improperly  called  a  failure  of  the 
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theorem,  occurs  precisely  when  the  development  is  impossible  in  the 
general  £)rm,  lyid  therefore  does  not  result  from  any  defect  in  the 
theorem  itself. 

Again,  it  has  been  shown  that  the  general  development  does  not 
contain  negative  powers  of  A,  because  we  would  have,  (if  there  were 
mich  a  term  Chr^)  F{x  +  A)  =  ^«  =  ao  when  A  =  0,  an  obvious 
absurdity.  But  when  we  assign  to  x  such  a  value  a  as  shall  render 
Fx  =  00 ,  the  above  argument  ceases  to  be  conclusive.  In  this  case 
^  =  00 ,  and  the  differential  coefficients  will  be  infinite  also.  Thus 
Taylor's  Theorem  will  be  inapplicable. 

Here  also  we  see  that  the  presence  of  a  n^ative  power  of  A  in 

the  development  must  result  from  a  term  of  the  form  -. r-  in  Fx^ 

^  (« —  a)*  ' 

which  becomes --rT  in  F(x  +  h)  and  reduces  to  -r-  =  Bhr* 

[x  -^a  +  h)         ^  '   '  A» 

when  «  =  a. 

We  conclude,  therefore,  that  there  are  two  cases  in  which 
Taylor's  Theorem  is  not  applicable,  viz. : 

1st.  When  x  =  a  causes  a  surd  to  disappear  in  Fxj  thereby  in- 
troducing a  fractional  power  of  h  into  F(x  +  h). 

2d.  When  x  =:a  renders  Fz  =:  co. 


EXAMPLES. 

1 

107.  Ist.  Case.  Given   u  =  b  +  {x  +  cy  +  {x  —  ay=  Fx^      to 
expand    u^z=z  F{x  + h)=b '\'  {z  + e  +  hy+  («  —  a  +  hy. 

(Pu  113,  ,-|  ^       . 

.'•By  substitution  in  Taylor's  Theorem, 
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Ui  =  6  +  («  +  c)«  +  («  -  a)*+  [2(*  +  c)  + 1(*  -  «)*]  J    ''•  *• 


+  [i.«+i?(.-)-*]i^ 


*1 
2 


'  118,  -♦      A»       ,   ,  ... 

/  -2-2-2<*-*')  •r2:8  +  *°- ••••(*>• 

Now  this  development  is  entirely  true  for  all  values  of  a?,  except 

[1  s         —in  A* 
1 . 2  +  -  •  ^(a:  —  o)      I  r-5,  and  all 

succeeding  terms,  infinite ;  the  true  development  in  this  case  being 

I/,  =  6  +(a  +  c  +  A)'»  +  A*=  6  +  (a  +  c)2  +  2(a  +  c)A  +  A*  +  A», 
which  agrees  with  the  series  (1),  only  so  &r  as  to  include  the  term 

[2(x  +  c)+|(a,-«)*]^ 

2d.  Can.  Given    w  =  6  +  sin  a:  +  7 rr  =  ^a?,  to  expand 

(a?  —  ay  ^ 

ti,  =  i?'  (aj  +  A)  =  6  +  sin  (ar  +  A)  +  ^_-A_. . 
(ftt  1.2c         d^t*  \A.Zc 

---.   =  cos  a?  —  j^ rr>       -j-r  =  —  Sm  X  -|-  7 r^» 

dx  (a?  —  a)3      ox'*  (a:  —  a)* 

<f3t*  1.2.3.4c 

.  • .  By  substitution  in  Taylor's  Theorem, 

...         .         ^        .    r  1 .2c  lA 

«,=  6  4-  sm  a?  +  7 rA-     cosa;  —  7 r^   - 

^  (a;  — a)*      L  (a?  — ajUl 

r  ,  1.2.3c-|   A2       r  1.2.3.4cl    A^    . 

+     —  sma?+7 u  rro+    — cosar  — -7 —--toj. 

L  (a:  — a)*J1.2      L  (a?  —  a)*  J  1.2.3 

r 

This  development  is  correct  except  when  x  z=i  a^  the  true  devel- 
opment then  being  (Art.  48) 

c  A* 

u^  —  b  +  sin  (a  +  A)-+-  —  =  6+sina4-cA-*+cosa,A— sina^-^  ^o. 

A  1 ,46 
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Here  the  very  first   terra  given  by  Taylor's  formula,  viz.: 

i* 

Fx  z=  b  +  siaa  +  -. -i    is  incorrect. 

(a  -  af 

108.  Prop,  If  the  true  development  of  F{x  +  h)  contain  posi- 
tive  integral  powers  of  A  to  the  (n  —  l)th  power  inclusive,  followed 
by  a  term  containing  h'  where  «  is  a  fraction  intermediate  in  value 
between  n  —  1  and  n,  the  first  n  terms  of  the  expansion  will  be 
given  correctly  by  Taylor's  Theorem,  but  the  (n  +  1)^^  term  will 
not  be  given  correctly. 

Proof,  Let  the  true  development  of  F{x  +  h),  when  a?  =  a,  be 

F{x  +  h)=  A  -h  Bk  -{-Ch^  +  Dh^ +  m,*-^  +  Ph»  +  &c., 

where  s  denotes  a  fraction  greater  than  n  —  1  and  less  than  n. 

Then,  since  the  differential  coefficients  of  F{x  +  h),  taken  first 
with  respect  to  tr,  and  aflerwards  with  respect  to  h,  are  equal,  we 
have 

dz                     ah 
^£^  =  f£g_!±)=1.2C;+2.3Z>A 


"^^(^+3  =  1 .2  .  32> +  (n  -  3)(n  -  2)(n  -  l)Nh^ 


dx^ 

+  («  -  2)(5  -  l)«PA*-3  4-  &c. 


^!^I^^±A)  =  l.2.3...(n-3)(n-2)(n-l)i\r 

4.(,— n+2)(5-n+3) ....  («-2)(«— 1)5PA*— +i+&;c 

"^^t^  ^^  =  («  -  n  +  1)(«  -  n  +  2)(s  -  n  +  3) . . . . 

(«  —  2)(»  -  l>PA'-«+  &c. 
Now  when  A  =  0,  the  preceding  expressions  reduce  to 

10 
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^jj^  =  1.2.3 (n  -  3)(n  -  2)(n  -  \)N. 

^-^  =(»-n+l)(»-n+2)(«-n+8) (»-2)(»-l>-^  =  oo. 

.       ^       ^      dFx       ^         1    d^Fx      . 

Thus  each  of  the  terms  A^  Bh,  Ch^y  &c.,  of  the  true  deyelopraent 
will  be  given  correctly  by  Taylor's  Theorem  as  &r  as  the  term 
Nk^^  inclusive  (that  is  to  n  terms),  but  the  (»  +  1)<^  term  of  the 
true  expansion  is  Ph*y  while  by  Taylor's  series  it  would  appear  to 
be  infinite. 

The  results  established  in  this  proposition  are  important,  because 
it  frequently  occurs  that  the  first  or  leading  terms  of  an  expansion, 
are  those  only  which  we  have  occasion  to  consider. 


* 


PART  11. 

APPLICATION  OF  THE  DIFFERENTIAL  CALCULUS  TO 
liHE  THEORY  OF  PLANE  CURVES. 


CHAPTER   I. 

TANGENTS   TO   PLANE   CURVES. — NORMALS. ^ASYMPTOTES. 

109.  In  the  application  of  the  Differential  Calculus  to  the  investi- 
gation of  the  properties  of  plane  curves,  we  regard  the  two  variable 
co-ordinates  x  and  y  or  d  and  r,  which  serve  to  fix  the  position  of  a 
point  on  the  curve,  as  the  independent  variable  and  the  dependent 
function  respectively. 

These  two  quantities  are  connected  by  a  general  relation  called 
the  equation  of  the  curve. 

Such  as    y  z=z  Fx    or    r  z=:  (p6,    F{x,  y)  =  0,    or    9(r,  6)  =  0. 

When  the  form  of  this  equation  is  given,  we  can  readily  deter- 

dv    dPv 
mine  the  values   of  the  differential  coefficients    -^  -r^i  &c,  or 

found  extremely  serviceable  in  the  discussion  of  the  properties  of 
the  curves.  .       .  .* 

110.  The  first  application  of  the, Calculus  to  Geometry  which  it 
is  proposed  to  make,  is  the  determination  of  the  tangents  to  plane 
curves. 
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Prop.  To  fintl  the  general  difierential  equation  of  a  line  which  is  ' 
tangent  to  a  plane  curve  at  a  given  point  x^  y,. 


The  equation  of  the  secant  line  RSy  passing  through  the  points 
arj  1/1  and  x^  y^y  is 

y^y^  =  yflll{x^X,) (1). 


X2      ajj 


But  if  the  secant  RS  be  caused  to  revolve  about  the  point  P^,  ap- 
proaching to  coincidence  with  the  tangent  TVy  the  point  P^  will 
approach  Pj,  and  the  differences  yj  ""  Vi  *^d  X2  —  x^  will  also  di- 
minish, so  that  at  the  limit,  when  RS  and  TV  coincide,  ^ — ^ 

*2  ~~  ^ 

ay. 
will  reduce  to  -r^,  and  the  equation  (1)  will  take  the  form 


dx^ 


dyi 


y  -  yi  =  ^  (2J  -/^i)  •  •  .  •  {% 

which  is  the  required  equation  of  the  tangent  line  at  the  point  x-^  y^. 
111.  To  apply  (2)    to  any  particular  curve   we  substitute  for 


its  value  deduced  from  the  equation  of  the  curve  and  expressed 


in  terms  of  the  co-ordinates  of  the  point  of  tangency. 

Cor.  The  differential  coefficient  --p-  represents  the  trigonometrical 

tangent  of  the  angle  Jgj^TX.  formed  by  the  tangent  line  with  the 
axis  of  X. 

Cor.  To  find  the  value  of  the  subtangent  2>j  7*,  we  make  y  =  0 
in  (2).     The  corresponding  value  of  x  will  be  the  distance  OjT,  and 
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therefore  x  —  x^  will  represent  the  subtangent  J)iT,  this  latter  being 
reckoned  ^om  D^  the  foot  of  the  ordinate.     Thus 

subtan  D.T  =  a?  —  a:,  =  —  -|^^ (3). 

dx. 

In  the  formula  (3),  x  represents  the  independent  variable,  but  if 
we  take  y  as  the  independent  variable,  this  formula  may  be  simpli- 
fied.    For  it  has  been  shown  that  -^  =  -=—    or   -—  =  —-.     Hence 

ax        ax  dy      ay 

dy  dx 

(3)  may  be  written 

dx 
subtan  i),r=  —y.-^ (4). 

dy^  ' 

112.  Prop,  To  determine  the  general  differential  equation  of  9. 
line  which  is  normal  to  a  plane  curve  at  a  given  point  x^  y^. 

The  equation  of  the  normal 
-Pi\r,  which  passes  through  the 
point  Xi  y^y  will  be  of  the  form 

y  -  yi  =  ^  (^  -  ^1)  •  .  .  (5), 

where  t^  denotes  the  unknown 

tangent  of  the  angle  FI^X  formed  by  PiV  with  the  axis  of  x. 

But  since  the  normal  FN  is  perpendicular  to  the  tangent  FT,  we 
must  have,  by  the  condition  of  perpendicularity  of  lines  in  a  plane, 

1  -f  «i  =  0    or     /i  = where     t  = -^  =  tm.  angle  FTD. 

Keplacing  t^  by  its  value  in  (5)  there  results 

dxi 

dx 
To  apply  (6)  we  substitute  for  — —  its  value   derived  from   the 

y  1 

equation  of  the  given  curve. 
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Cor,  To  find  the  vali|e  of  the  subnormal  DN^  we  make  y  s=  0 
in  (6)  and  thus  obtain  ON  as  the  corresponding  value  of  x. 


.  • .  DN  =  a?  —  a?!  =  y^ 


dxi 


•  •  •  • 


(7), 


when  either  the  subtangent  or  subnormal  has  been  determined,  the 
tangent  and  normal  can  be  readily  constructed.*  . 


• ' .  -7-  =  -»    3 —  =  — »    ana     , 
dx     y     dx^       y^  ayj 


APPLICATIONS. 

* 
113.  1.  Let  the  curve  be  the  common  parabola,  whose  equation  is 

y2  =  2px. 

<&i       yj^ 
'  P' 

Hence  the  equation  of  the 
tangent  is  v 

y  -  yi  =  ,y-  (^  -  «i) 

or    yyi  -  t/i^  =  p{x  —  x{), 

whence 

yyi  =  P(^  -  «i)  +  Spa?!  =  p{x  +  JTi). 
And  that  of  the  normal  is 


Also, 


and 


y  -  yi  =  -  ^  («  -  *i). 

p  p 

P 
subnorm  2>JV  =  y,  —  =  o. 

yi 


Thus  it  appears  that  the  subtangent  of  the  parabola  is  negative  and 
equal  to  twice  the  abscissa ;  and  the  subnormal  is  positive  and  con- 
stant, being  equal  to  the  semi-parameter. 
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2.  The  Ellipse,         a  V  +  ^'^^^  =  «^** 
.  * .  The  equation  of  the  tangent  is 


or,         a^yyi  +  ft^^  =  oW 


Also  subtangent  =  -  y, ^  =  ^  =  __  Xj. 
And  subnormal    =  y,  ~-^  = r-a;,. 


3.  TTie  logarithmic  curve,  whose 
equation  is    y  =  a'. 


dx 


rr  log  a .  a*. 


.  • .    subtan  =  — 


=  — m. 


log  a .  a'l  log  a 

where  m  is    the  modulus  of   the  system  of  logarithms  whose 
base  is  a. 

Also    subnorm  =  log  a .  a*»yi  =  —  = 


nh       m 


In  this  curve^  the  values  of  the  abscissas  are  the  logarithms  of  the 
values  of  the  corresponding  prdinates  in  the  system  whose  base  is  a, 

-of^     114.  Prop,  To  determine  expressions  for  the  tangent,  the  normal, 
^      and  the  perpendicular  from  the 
origin  to  the  tangent  of  a  plane 
curve. 
For  the  tangent  FT,  we  have 

FT  =  -y/FD^  +  DT^ 
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For  the  normal  FN,  we  have 

For  the  perpendicular  OQ,  we  have 

OQ=:OT.smOTQ=:OT-^=  OTx/~^    ,.  =  t^ ^^. 

^  ^  cosecd  V  1  +  cot^d       r     .d^i^li 

or,  0Q=^^^'=^. 

Ex.  The  general  equation  of  all  parabolas. 

The  general  name  of  parabola  is  applied  to  all  curves  included  in 
the  equation  y*»  =  a"»~^ar,  in  which  m  may  represent  any  positive 
number  either  whole  or  fractional.  When  m  =  2,  the  curve  be- 
comes  the  common  parabola. 

TT  ,  dy       «"^'  -,     ^      my"*-^      mxy 

Here    y"=a'*-*ar,      .  • .  -7-  = ii     and     -7-  =         ,    =  — i- 

ax      my^'*-'^  ay        a**-*  y^ 


dx-^  my  I 

dy^  "~       a 


m 


.  • .  subtan   z=  —y^j-^  = j^  =  —  mx^^ 


subnorm  =y^-j-^=: -—z  =  -^^, 

dXi       my-^^      mx^ 


and  perp  =  >-^^^=n  =  ^^^ 

\  ■-      .    yi    -■ 

115.  Prop.  To  obtain  expressions  for  the  polar  subtang^t,  sub- 
normal, tangent,  normal,  and  perpendicular  to  the  tangent  of  a 
plane  curve,  when  it  is  referred  to  polar  co-ordinates. 


TANGENTS  TO  POLAR  CURVES. 


158 


Let  AB  be  the  curve,  Q  the  pole,  F  the 
point  to  be  referred,  QX  the  fixed  axis 
from  which  the  variable  angle  PQX  is 
reckoned,  QP  the  radius  vector,  TQN  a 
line  drawn  through  the  pole  Q,  perpen- 
dicular to  the  radius  vector  FQ,  and  limit- 
ed by  the  tangent  FT,  and  the  normal  FN, 
QS  a  perpendicular  on  the  tangent  from 
the  pole.  Then  QT  is  called  the  polar 
subtangent,  and  QN  the  polar  subnormal. 

■ 

Put         QF=  r,     angle  FQX=  6,    angle  QFT  =  «, 
angle  FT^X  =  t,     QD  =  ar,    DF  =  y. 

Then     QT  =  gP.  tan  Ci^r  =  rtant*  =  r.tan(t  -  d) 

tan  t  —  tan  ^ 


=  r. 


1  +  tan  t  tan  d 


But 


t«ni=|    tan<=|, 


tanti  = 


dy 
dx 


y 

X 


X    dx 


Now  if  we  change  the  independent  variable  from  x  to  6,  we 
must  employ  the  formula  —^  =  — , 


(29 


dy 


dx 


tani«  = 


^c/^       ^  d& 


dx         dy 
^dA^^'^ 


■,...•.   \}-)» 


And  from  the  formula  for  passing  from  rectangular  to  polar  co-or- 
dinates, we  have  x  =  r  cos  &,  y  =  r  sin  &,  which  being  differentiated 
with  respect  to  6,  observing  that  r  is  a  function  of  4,  we  get 

dx       dr  .  '    A      dy      d^  •    s   X  A 

.  • .   -TT  =  -t:  •  cos  4  —  r .  sm  d,     -^  =  -jr^^^  ^  +  r  cos  o, 
dd       d6  '     d6       d6 
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and  these  substituted  in  (1)  give 

r  cos  H-ir'  sin  ^  +  r  cos  ^  J  —  r  sin  H-ir'  cos  4  ^  r  sin  ^  I 


tan  14  = 


rcosdj— --cosa  —  rsin^j+  r  sin^j— -sin^  +  rcos^j 


"^  dr~^    dr 
d6 


r*        ^d6 
•  • .  subtangent  §2^= rtan  t*  =  —  =  r^  ^ 

d6 

Also  subnormal  Qy  =  -777=  =  -jr" 

QT  •  do 

Tangent  FT z=  ^QP^  +  QT^  =  r yjl+r^ ^- 


'W' 


Normal  PiV^  =  y'C^'  +  Q^^  =  \/r^  + 


Perpendicular  QS  =  ^       = 


1/^ 


EXAMPLES. 


116.  1.  The  spiral 
of  Archimedes  whose 
equation  is  r  =  a^. 


dr 


dd       1 


■P         3 


dd  ""  ^'     dr'^  a' 


.  • .  subtan  QT  =  r^ -—=  — ,      subnorm  ON  =  -rr  =  a, 

dr        a  dA        ^ 


tan  FT=r\/l  +~,  norm  PiVr=: -y/rH^  perpQ5  = 


•y/r^+a* 


\. 
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2.  The  logarithmic  spiral  r  =  a^. 

In  this  curve,  the  numerical  value  6  of  the  arc  which  measures 
the  variable  angle  is  the  logarithm  of  the  value  of  the  radius  vector  r, 
in  the  system  whose  base  is  a. 


—  =  logaa^=r.loga. 


.  • .   Subtan  = 


log  a 


=  mr,  where 


m  z=z  modulus.     Subnormal  =  r .  log  a  = 


m 


This  curve  cuts  every 
radius  vector  under  the 
same  angle ;  that  is,  the 
tangent  at  any  point  is 
inclined  to  the  radius  vec- 
tor at  that  point  in  a 

constant  angle. 

dA 

For      tan  m  =  r  t* 

dr 

r  1 

=, =iw. 


r  log  a    log  a 

If  a  =  e  the  Naperian  base,  then  log  a  =  1,  tan  «  =  1  and  u  =  45°, 
and  QT=  QNz=zr. 

3.  Tbe  lemniscata  of  Bernouilli,  r^  =  a^  cos  24. 


dr 


—  r- 


r--r:  =  — a^sin2d.      .•.  subtan  =  _  .    _. 
d^  a^  sm  24 


,  subnorm  = 


•a- 


sin  24. 


perp 


2 


-v/r*4-o*sin22^    -y/a^  cos224  +  a*  sin224       « 

This  curve  has  the  form  of  the  figure 
8,  is  perpendicular  to  the  axis  AB  at 
A  and  B^  and  forms  angles  of  45*  with  ^ 
AB  at  the  pole  Q,     For  when  4=0, 

dr 
or  6  z=  'jr,  r  =  a,  and  -i^  =  0.     And  when  4  =  45°,  or  135°,  or  225°, 


dd 


or  315°,  then  r  =  0. 
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Iie<itilinea/r  Asynvptotes. 

117.  A  rectilinear  asymptote  to  a  curve  is  a  line  which  touches 
the  curve  at  a  point  infinitely  distant  from  the  origin,  and  yet  passes 
within  a  finite  distance  of  the  origin. 

11 8.  If  in  the  differential  equation  of  a  tangent  line 

y  —  yi  =  -z-^  \x  •—  aTj),  we  make  successively  ir=:0,  and  y=0. 
we  shall  obtain  for  the  distances  intercepted  on  the  axes, 

Now  if  when  either  x^  or  y^  becomes  infinite,  one  or  both  of  these 
values  should  prove  finite,  the  curve  will  have  an  asymptote  whose 
position  will  be  determined  by  the  values  of  a;'  and  y\ 

If  x'  =  a,  and  y'  =ih  when  a  and  b  are  both  finite,  the  asymptote 
will  cut  both  axes :  \f  x'  z=:a  and  y'  =  ao ,  the  asymptote  will  be 
parallel  to,  the  axis  of  y ;  and,  finally,  if  «'  =  go  and  y'  =  6,  the 
asymptote  will  be  parallel  to  the  axis  of  x. 

119.  When  the  curve  is  referred  to  polar  co-ordinates,  there  will 
be  an  asymptote  whenever  the  subtangent  (which  is  then  equal  to 
the  perpendicular  from  the  pole  upon  the  tangent)  becomes  finite 
for  an  infinite  value  of  the  radius  vector.  Its  position  will  be  fixed 
also,  since  it  will  be  parallel  to  the  radius  vector ;  that  is,  it  will  form 
with  the  radius  vector  an  indefinitely  small  angle.  The  existence  of 
an  asymptote  may  be  ascertained  from  the  equation  of  the  curve  by 
finding  what  value  of  4  will  render  r  infinite.     If  the  same  value  of 

^  makes  r^  —  either  finite  or  zero,  there  will  be  an  asymptote  parallel 

to  the  radius  vector,  and  passing  through  the  extremity  of  the  sub- 
tangent. 

120.  1.  The  hyperbola  aV  —  ^^^^  =  —  «***. 


dy,     h^x,      62   a      /b^+y?      b      r~~W      b      . 
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Also    y,=— vS;5i:^»=-^^l-^,=-^when«,oryi  =  oo. 

and  a:'  =  a?,  —  y,  -3-=  =  a;, •  -r-  =  «i  —  a?i  =  0. 

"^1  a      0 

.  * .  The  hyperbola  has  an  asymptote  passmg  through  the  origin, 

h 
and  forming  with  the  axis  of  a;  an  angle  whose  tangent  =  =b  — > 

2.  The  logarithmic  curve  y  =  a*. 

dy      ,  dx^  a'l 

dx         ^  '  fl^yi  loga.a*!         ^ 

(fy,  ar,a*x 

y'  ^zy^--  x^-P  =  a*i~  -^ 

^        ^*         *  ctTi  m 

Now  when  ar^rr  +  oo,yi  =  +  ao,  .•.  a;'  =  ao and  y'  =  ao  and 
the  corresponding  tangent  is  not  an  asymptote. 

But  when  x^  =  —  co ,  y^  =z  0.  .  • .  a;'  =  —  00  and  y'  =  0,  and 
therefore  the  axis  of  x  is  an  asymptote. 

x^ 

3.  The  cissoid  whose  equation  is  y*  = or  2ry^— y^a?— a:^=0 

.  • .  a;'  =  2r,     when    ar^  =  2r     and     y^  =  go  . 

Also  v'-v  ~;r  -lL±?^-v      y^<^"-^>) 

Also  y-y,    ^^^^^^__^^^^^_.y^^___ 

2ryj 


=  00  whena;i=2r. 


4r~2ari 

. ' .  The  cissoid  has  an  asymptote  parallel  to  y,  at  a  distance  2r 
from  the  origin* 
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4.  The  parabola  y^=2px, 

dx^        yi  1       :fi^        1         1  1  1 

Also  y'=:yi-.iri^=yi-.-yi=-yi=QO  when  yi=GOor  x^=<x>, 

, ' .  The  parabola  has  no  asymptote. 

5.  To  find  the  equation  of  the  asymptote  to  the  curve  y^=:ax^+x^, 

y^  =  00 ,     when     a?i  =  oo . 

2a 

dy^  ^  2ax,  +  Sx,*  ^  +  ^  when    »,  =  •. 


•^^       3(«:r,«  +  V)*       3[^+l]* 


Also       y'^y,-x,  ^^i-^^i     =  (a^i'+i^i^)^-        ^  ^     ^. 

=  —    when    a?i  =  00  • 


*       o/«    .    .\*      3 


S{axi^+x,^y       3(~  +  l) 


.  • ,  y  =:  X  -^  -a  the  equation  of  the  asymptote. 
o 

Po/ar  Curves.  1.  The  hyperbolic  spiral  r^  =  a. 

-T-  = r^«    . ' .  subtan  =r^ -—■  z=:  a.    for  all  values  of  r. 

ar  r^  r^ 

.  • .  There  is  an  asymptote  which  passes  at  a  distance  a  from  the 
origin.     Also,  since  r  =  oo  when  d  =  0,  the  asymptote  is  parallel 
to  the  fixed  axis  from  which  &  is  reckoned. 
2.  The  spiral  of  Archimedes  r  =  ad. 

—  =  -)    subtan  =  —  =  00     when    r  =  oo .     ^ 
ar      a  a 

,  • .  The  curve  has  no  asymptote. 
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A 

3.  The  logarithmic  spiral      r  =  a  . 

d6       m         -  mr^  , 

-7-  =  — >     subtan  = =  mr  =  oo     when    r  =  oo  • 

dr        r  r 

.*•  There  is  no  asymptote. 

4.  The  Lituus  •      rd*  =  a. 

■ 

dd  2a2  ^  2a2r2       2a^       ^       ^ 

-T-  = :r'    •  •  •  subtan  =  — r—  =  —  =  0    when  r  =  oo . 

dr  r^  r^  r 

Also  r  =  00   when  4  =  0.     .  * .  The  fixed  axis  is  an  asymptote. 


Circular  Asymptotes. 

121.  When  the  equation  of  the  curve  has  such  a  form  as  will  ren- 
der r  =  a  finite  value  when  4  =  oo  ,  the  curve  will  make  an  infinite 
number  of  revolutions  about  the  pole  before  becoming  tangent  to  a 
drde  whose  radius  =  a.  This  circle  is  therefore  called  a  circular 
asymptote.  If  r  >  a  for  every  finite  value  of  4,  the  curve  will  lie 
wholly  exterior  to  the  circle ;  but  if  r  <  a  for  all  finite  values  of  4, 
the  curve  will  lie  entirely  within  the  circle. 

1.  Let  the  equation  be  (r*  —  ar^!^  =1     or    d  = 


-y/r^ —  ar 

Then  d  =  oo  when  r  z^a.    And  4  is  real  when  r^a^  but  imagi- 
nary when  r<ia. 

, '  •  The  circle  with  radius  =  a  is  an  asymptote,  and  lies  within 
the  spiral 
2.  The  curve  {ar  —  r^)6^  =  1. 

6  =  =  00     when    r  =  a. 

yar  —  r* 

Also^  4  is  real  when  r  <Ca,  and  imaginary  when  r '^  a. 

.  * .  The  circle  with  radius  =  a  is  an  asymptote  and  encloses  the 

curve  within  it. 


CHAPTER  II. 


OTTRVATUBB   AND   OSCULATION   OF   PLANE   CUBVSS. 


122.  As  introductory  to  the  discussion  of  the  subject  of  the  cur- 
vature of  plane  curves,  the  following  proposition  will  be  found 
useful : 

Prop.  To  show  that  the  limit  to  the  ratio  of  the  chord  and  arc  of 
any  plane  curve,  when  that  arc  is 
diminished  indefinitely,  is  unity,  and 
to  deduce  an  expression  for  the 
differential  of  the  arc  of  a  plane 
curve,  in  t^rms  of  the  differentials 
of  the  co-ordinates. 

Let  PPi  be  an  arc  of  a  plane 
curve  APB,  whose  equation  is  y  =  Fx. 

Put     Oi>=a?,  J)P=y,  DI)^=:h,  D^P^=y^,  AP^n,  APy=L9^. 


Then 


y^  =  F(x  +  K), 


The  arc  PP^  is  intermediate  in  length  between  the  chord  PPi=:  C, 
and  the  broken  line  PTP^  =  B,     If,  therefore,  we  can  prove  that 

the  limit  to  the  ratio  —  is  unity,  it  will  follow  that  the  limit  to  the 

0 

ratio  of  the  chord  and  arc  is  unity,  and  therefore  at  that  limit  the 
expression  for  the  chord  PP^  will  be  a  suitable  expression  for  the 
arc  PP^  which  will  then  become  the  differential  of  s. 


But 
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V' 


*'+^^S+4-(^-^) 


y/>^'  +  (yi  -  y)» 


and  by  dividing  numerator  and  denominator  by  h 

77= —  =  l,when  A=0. 

^  /,    ^  dy^    ^   h   dy  d^y    ,    ^2     ^y   ^py 


"^  dx^  '^  I  dx'dx^  '^  \  .Z' dx'  dx^^      • 


•  '.at  the  limit, 


arc        ,  ds       chord      tanPT"       V     "^  <ir» 

=  1,    or    -T-  = 


v/i^^ 


chord         '*  dx         dx  dx  k 


or 


Also  ds  =  dy^\  +  —' 

123.  In  the  first  of  these  expressions  x  is  the  independent  Tariable ; 
in  the  second,  y. 

Cor,  If  we  wish  to  employ  some  other  quantity  t  upon  which 
<«,  X  and  y  depend,  as  the  independent  variable,  we  must  use  the 
formulae  for  changing  the  independent  variable,  viz. : 

ds  dy 


ds       dt 
dx  ~  dx 

dy       dt 
dx      dx 

dt 

dt 

11 
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which,  substituted  in  the  value  of  — ,  give 


124.  We  proceed  now  to  consider  the  osculation  of  plane  curves. 

Let  Y  =:z  Fx  (1),  and  y  =  (px  (2)  be  the  equations  of  two  plane 
curves,  the  first  of  which  is  given  in  species,  magnitude,  and  position, 
but  the  latter  in  species  only. 

Then  the  constants  or  parameters  which  enter  into  equation  (1)  are 
fixed  and  determinate,  but  those  which  appear  in  (2)  entirely  arbi- 
trary, and  may  therefore  be  so  assumed  as  to  fulfil  as  many  inde- 
pendent conditions  as  there  are  constants  to  be  determined. 

If,  when  the  abscissa  x  is  sup- 
posed the  same  in  both  curves,  the 
condition  y  =  F"  is  satisfied,  the 
curves  will  have  a  common  point 
P,  but  will  usually  intersect  at 
that  point. 

If  the  condition  -r-  =  -r—  be  true  also,  the  curves  will  have  a 

dx        dx 

common  tangent  such  as  SPT\  and  the  contact  is  then  said  to  be  of 
the  first  order :  if  the  second  differential  coeflficients  be  also  equal, 


VIZ., 


e^y      d'^Y 


dx'^ 


=  -j-^t  ^^®  contact  is  said  to  be  of  the  second  order;  if 


cPy      d?Y 

-r-^  =  — r^,  the  contact  is  of  the  third  order,  &c.  &c. 

dx^        dx^ 

125.  In  order  to  show  that  the  contact  will  be  more  intimate  as 
the  number  of  corresponding  equal  differential  coefllicients  becomes 
greater,  let  x  take  the  arbitrary  increment  A,  converting  y  and  Y 
into  y^  and  Y^  respectively. 


Then 


A2 


+ 


d^Y      A3 


^  "■      "^  dx  ■  1  "^   (ic2    1.2'    (fe3    1.2.3 


+  dec. 
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.  dy  h  ,  (Py     h^     .   cPy       h?       ,    . 
and        V,  =  V  -4-  —  •  -  H — -  • — -  • h  &c. 

'  '     *    ^»~L<fe     dxJl'^Ldx*     dxUl.2 

Now  the  value  of  this  difference,  which  expresses  the  distance  b/ 
which  the  one  curve  departs  from  the  other,  measured  on  the  line 
parallel  to  y,  will  depend,  when  h  is  small,  chiefly  upon  the  terms 
containing  the  lowest  powers  of  h. 

If,  then,  Jthe  first  differential  coefficients  derived  from  the  equations 
of  three  curves  (-4),  {B)  and  (C)  be  equal,  at  a  common  point,  and 
if  the  second  differential  coefficients  derived  from  the  equations  of 
(A)  and  {B)  be  also  equal,  but  those  derived  from  {A)  and  (C) 
unequal,  the  curves  {A)  and  {B)  will  separate  more  slowly  than 
{A)  and  ( C),  because  the  expression  for  the  difference  of  the  ordi- 
nate^ of  {A)  and  ((7)  corresponding  to  the  abscissa  x  +  hj  will  con- 
tain a  term  including  the  second  power  of  A,  but  the  diflference  of 
the  ordinates  of  {A)  and  {B)  will  contain  no  power  of  k  lower  than 
the  third. 

126.  The  order  of  closest  possible  contact  between  one  curve 
entirely  given,  and  another  given  only  in  species,  will  depend  on  the 
number  of  arbitrary  parameters  contained  in  the  equation  of  the 
second  curve. 

Thus  a  contact  of  the  first  order  requires  two  conditions,  viz. : 

y  =  Y  and  -f-  =  -r—  : 
ax       dz 

the  first  of  these  conditions  being  employed  in  giving  the  curves  a 
common  point,  and  the  second  in  giving  their  tangents  at  that  point 
a  common  direction.  Hence  there  must  be  at  least  two  arbitrary 
parameters. 


164  DIFFERENTIAL    CALCULUS. 

A  contact  of  the  second  order  requires  three  parameters ;  one  of 
the  third  order,  four  parameters,  dec.  Hence  the  straight  line,  whose 
equation  y  z=:  ax  -\-  b  has  two  parameters,  a  and  6,  can  have  contact 
of  the  first  order  onlj. 

The  circle  {z  —  a)^  +  (y  —  by  =  r^  having  in  its  equation  three 
parameters,  can  have  contact  of  the  second  order. 

The  parabola  can  have  contact  of  the  third  order ;  the  ellipse  or 
hyperbola  a  contact  of  the  fourth  order,  &c. 

The  curve  of  a  given  species,  which  has  the  most  intimate  contact 
possible  with  a  given  curve  at  a  given  point,  is  called  the  osculatory 
curve  of  that  species. 

The  osculatory  circle  is  employed  to  measure  the  curvature  of 
plane  curves,  and  its  radius  is  called  the  radius  of  curvature  of  the 
given  curve. 

127.  Prop.  To  determine  the  radius  of  curvature  of  a  given  curve 
at  a  given  point,  and  also  the  co-ordinates  of  the  centre  of  the  oscu- 
latory circle. 

Let  the  equation  of  the  given  curve  be  t/=Fx  (1),  and  that  of  the 
required  circle  {x  —  a)2-f-  (y  —  6)2  =  r^  (2),  the  quantities  a,  b  and  r 
being  those  which  it  is  proposed  to  determine. 

There  being  three  disposable  parameters,  a,  6,  and  r,  in  equation 
(2),  we  can  impose  the  three  conditions 

dy       dY  dh,       dT 

^  =  ^'di=^  ^""^  dr^  =  -d^- 

with  which  determine  a,  6,  and  r,  and  the  contact  will  be  of  the 
second  order. 

Denote  the  first  and  second  differential  coefficients  derived  from 
the  equation  of  the  given  curve  by  jo'  and  p*\  that  is,  put 

dV        ,  (PV 

=  P      and     -7:^=^". 


dx       ^  dx^ 

Then,  since  the  corresponding  differential  coefficients  derived  from 
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the  equation  of  the  osculatory  circle  must  have  the  same  values,  we 
shall  have 

Now  let  (2)  be  differentiated  twice  successivelj,  replacing 

-/     and     -3-1  by  »'  and  »". 

...  (x-a)  +  (y-6)y=0...(3),and  l+y2+(y_5)y/^0. ..  (4). 

The  equations  (2),  (3),  and  (4),  will  just  suffice  to  determine 
a,  6,  and  r. 

Thus,  from  (4)  y-6= ^^ (5)  or  6=y+-:ilf-. . .  (6) 

ir  P 

and  from  (3)  and-  (4)  a;  -  a  =  -  (y  -  h)^'  =-^11+^.  ...  (7) 
Now  combining  (2),  (5),  and  (7),  we  get 

The  equations  (6),  (8),  and  (9),  resolve  the  problem.  To  apply 
them  to  a  particular  case,  we  form  the  differential  coefficients  ^>'  and 
p"  from  the  equation  of  the  given  curve,  and  substitute  their  values 
in  (C),  (8),  and  (9). 

Cor.  Since  1  +  je?'^  or  1  +  ^  =  — ,  (Art.  122)  the  value  of 

r  mav  be  written  thus 

dx^  ,,^. 

»•  =  ±  5^ (10). 
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Remark,  We  may  omit  the  double  sign  ±  in  (9)  and  (10)  and 
regard  the  radius  of  curvature  as  an  essentially  positive  quantity  in 
all  cases.  This  double  sign  is  sometimes  employed  to  indicate  the 
direction  of  the  curvature,  being  positive  when  the  curve  presents 
its  convexity  to  the  axis  of  ar,  and  negative  in  the  contrary  case. 
But  it  seems  more  simple  to  consider  r  essentially  positive,  and  to 


fix  the  direction  of  the  curvature  by  the  sign  of 


dx^ 


It  will  now 


be  shown  that  the  sign  of  this  second  differential  will  always  be  de- 
termined by  the  direction  of  the  curvature. 

If  the  curve  be  convex 
towards  the  axis  of  x^  as 
in  Fig.  1,  and  if  an  incre- 
ment h  be  given  to  the 
abscissa  OD  =  a:,  the  or- 
dinate y  will  take  an  in- 
crement 


dy  h      d^-y      h?         d?y 


h? 


o   +  <^C-» 


dx   I    '   dx'^     1.2   '   dx'^    1.2.3 

and  the  ordinate  of  the  tangent  will  take  a  corresponding  increment 

-ET  =  -J-  •  -,  and  the  former  of  these  two  increments  will  be  the 
dx    1 

greater  since  the  tangent  lies  between  the  curve  and  the  axis  of  x. 

•  •^^^-^^-d^T2-^^T:2:3 +^'->^- 

or  since  the  sign  of  this  series  depends,  when  h  is  small,  on  that  of 

d^u  ■ 

the  first  term,  we  must  have  -7-^  >  0.  - 

dx'^ 

But  w^icu  the  curve  is  concave  towards  tne  axis  of  ar,  as  in  Fig.  2, 

EP,^ET<0,     and     .•.^^<0.  : 

dx^ 

Again,  since  the  arc  s  and  the  abscissa  x  may  always  be  supposed 
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to  increase  together,  -7-j  may  be  considered  as  essentially  positive, 
and  therefore  the  sign  of  r  in  (10)  would  be  controlled  by  that  of 
-r-y«  It  is  in  this  way  that  the  sign  of  r  may  be  r^arded  as  indi- 
cating the  direction  of  the  curvature. 


EXAMPLES. 


128.  1.  To  find  the  radius  of  curvature  of  the  common  parabola 
y^  =  2pXj  at  a  given  point. 


Here 


p  =  —  =  -> 
ax      y 


and     «-  =  ^=-Z.^=^^'. 
dx"^  y"^    dx  y^ 

.  ,_(i+P"')*_(y'+y')* 

p"  p^ 

(normal) 


or 


r  = 


(semi-parameter)  ^ 

At  the  vertex,  y  =  0,  and  .  • .    r  =.p  the  semi-parameter ;  and 
y  =  00 ,  r  =  GO  also. 
2.  The  ellipse  A^y^  +  E^x^  =  A^B\ 

^  "■       A^y     ^    "  A^y^ 


.*.  r  = 


[ 


AY 


B^ 


At  the  extremity  of  the  transverse  axis  x=A  and  y =0.    .  • .  ^=-j» 
"  "    conjugate      "    a?=Oandy=^.    .•.r=-^« 


and    " 
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3.  The  logarithmic  curve     y  =  a*. 


p'  =  log  a .  a«  =  — > 


p"  =  —  *-r  =— ^»    where  m  =  modulaa. 
m    ax      m^ 


r  = 


(1  + 


*    fi  +  yll* 


+  y*I 


p 


// 


my 


m^ 


When 


y  =  0,  r  =  00 ;   and  when  y  =  oo ,  r  =  oo  also. 


4.  The  cubical  parabola 


y3  =  a^x. 


j,'  = 


a' 


3y 


2 


i,"  = 


3a'.  2y     g" 


2a* 
9y» 


r  = 


[ 


l>yO    ^  (9y^  +  g^r 
2a*  6a*y 

9p 
When        y  =  0,  r  =  go  ,  and  when  y  =  ±  oo ,  r  =  oo . 

5.  The  cycloid,  or  curve  generated  by  the  motion  of  a  point  on 
the  circumference  of  a  circle,  while  the  circle  rolls  on  a  straight  line. 

Let  the  radius  of  the  generat- 
ing circle  =  a.  Place  the  origin 
at  V,  the  vertex  of  the  cycloid. 
Put  VD  =  X,  DP  =  y,  the 
point  P  being  that  which  de- 
scribes the  curve  AP  VB,  while 
tho  circle   rolls  on  the  line  ACB, 

Then   PD  -  DF  +  FP  =  DF  +  EC  since  EP  and    CF  are 
parallel.     Also,  since  each  point  of  the  semi-circumference  CFV  has 
been  in  contact  with  the  semi-base  CA  we  must  have  arc  CFVz=  CA 
and  similarlv  arc  EP  =  EA  =  arc  CF. 
.  • .  By  subtraction 

CA-^EA=:CFV-CF  or  CEz=FV;  md  .' .PD  =DF-{-FV. 
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Hence  the  equation  of  the  cycloid  is 

y  =  yiax— a:*  +  a .  versin-^  — 

1 
a- 


y2ax  —  a:^         /  x      x^        y        x 


.//  « 


i>  =  - 


a:-y/2ax  —  a:* 


L    ^       T     J         {%lY^/^ 


•  f*  — -  

a 


=  ^     ^   ^       =  2-v/2a(2a  -  ar), 

ayar 


ar-y/SoiC  —  a:^ 
or,  r  =  2  chord  PE. 

129.  Prop.  At  the  points  of  grentest  and  least  curvature  of  any 
curve,  the  osculatory  circle  has  contact  of  the  third  order. 

The  condition  which  characterises  these  points,  is  that  the  differen- 
tial coefficient  -j-  shall  reduce  to  zero,  since  r  is  a  minimum  whea 

ax 

the  curvature  is  greatest,  and  a  maximum  when  it  is  least. 
Rut  by   the  general   formula  for   the  radius   of  curvature, 

(1  +  »'2\*  d^y 

r  =  ^'— rr/-^»  we  have,  by  putting  — ^  =  p"\ 

dr    1(1+/')*  2!py'2-p'"{i  +P")^ 

—  =- =  0. 

dx  p"^ 

•     -^      "1+^2 ^*^' 

This  is  t*he  value  of  the  third  differential  -r-^,  at  the  points  of 
greatest  and  least  curvature,  of  any  curve ;  and  if  it  can  be  shown 
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that  the  third  differential  coefficient  in  the  osculatory  circle  has  the 
same  valpe,.it  will  follow  that  the  contact  must  be  of  the  third 
order. 

But  in  the  circle  we  ^ave  already  found  y  —  6  = 7/—, 

which  being  identical  with  (1),  the  contact  must  be  of  the  third 
order. 

130.  Prop,  If  two  curves  have  cgntact  of  an  even  order,  they 
will  intersect  at  the  point  of  contact ;  but  if  the  order  of  their  con- 
tact be  odd,  they  will  not  intersect  at  that  point. 

U  Y  =  Fx,  and  y  =  (px,  be  the  equations  of  the  two  curves,  the 
difference  of  their  ordinates  corresponding  to  the  abscissa  x  +  h^ 
will  be  expressed  by 

^      ^^~\dx      dx)\    1  )'^\dx^      dxy  1.2 


^\dx^     dx^h.^.z^^- 


Now  when  the  order  of  contact  is  even,  the  first  term  of  this  dif- 
ference which  does  not  reduce  to  zero,  must  contain  an  odd  power 
of  =fc  A,  and  must  therefore  change  sign  with  A,  thus  imparting  a 
change  of  sign  to  y^  —  y^,  in  passing  through  the  point  x,y. 

Hence  the  first  curve  will  lie  alternately  above  and  below  the 
second,  intersecting  it  at  the  point  x^y. 

But  if  the  order  of  contact  be  odd,  the  first  term  in  the  difference 
will  contain  an  even  power  of  ±  ^,  which  will  not  change  sign  with 
7a,  and  therefore  there  will  be  no  intersection ;  the  first  curve  lying 
entirely  above  or  entirely  below  the  second. 

Cor,  The  osculatory  circle  intersects  the  curve,  except  at  the 
points  of  greatest  and  least  curvature. 

For  usuall),  the  circle  has  contact  of  the  second  order — ^but  at  the 
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points  of  greatest  and  least  curvature,  the  contact  is  of  the  third 
order. 

Cor,  At  those  points  of 
a  curve  where  jo"  =  0,  a  ^  p 

straight  line  may  have  con- 
tact of  the  second  order, 

and  it  will  intersect  the  curve.     If  ^'"  =  0,  also  there  will   be  no 
intersection  unless  ^""  =  0,  also. 

131.  Projp,  To  find  a  formula  for  the  radius  of  curvature,  when 
any  quantity  /,  other  than  the  abscissa  a:,  is  taken  as  the  independent 
variable. 
.  To  effect  this  object,  we  must  substitute  in  the  value  of  r,  already 

found,  the  values  of  jo'  =— ,  and  /?"=  y^,  given  by  the  formula 

for  changing  the  independent  variable,  viz.  : 


dy      dt 

dx  "'  doi 
di 

We  thus  obtain 


d^y  dx  d^x  dy 
d^_  dF  '  dt^d^  "di 
rfa;2~  dx^ 

1^ 


r  = 


( 


'  -m 


(dx'^      dy"^^       d^y  dx      d^x    dy 
dr-'^dlO     .   d^'di~"d^"di 


dx'^ 

Idx^      dj\\ 
Xdf'  "^  dl''  I 


dx"\i 


m 


dx^ 


d^ 

di^ 


d'^y    dx       d^x    dy      d^y  dx       d^x    dy 
dF"di~~d^"di      d^'di^d^'li 

dx      dx 
Cor,  If  X  be  the  independent  variable,  —  =  ~  =  1, 

d'^x       ^  dx^      ,  /.         , 

and     1—  =  0,      .  • .   r  =  -z;- ,  the  common  formula. 
dt'^  d^ 

dx^ 


(1) 
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dy      dy  cPy      ^ 

If  y  be  the  independendent  variable,  -^^  =  -r^  =  1,  and  -r^  =  0. 

~5^ 


•.   r  = 


•  • 


If  8  be  the  independent  variable,  —  =  —  =  1, 

•*•*'"  d^y  dx      c^x    rfy' ^^^* 

d«^    ds      ds^    ds 

dx^      dy^      d^ 
But  jj  +  ;^  =  ;7-i  =  1)  which,  being  difTerentiated  whh  respect 

to  «,  gives 

rfar    d^x      dy   d^y 

d^'d^'^d^'d^"^^ ^^^• 

dy 

r-  ^  -       '^  U\ 


and  similarly 


d^x   dx- 

ds^    ds'^ 

d^x    dy 

dy 

ds^    ds 

ds 

dx 

ds 
d^y 

•  ■  •  (5). 

(fe2 


And,  finally,  by  squaring  the  equation  (2),  and  adding  to  the 
denominator  of  the  second  member,  the  square  of  (3),  which  is  equal 
to  zero,  there  results,  by  reduction, 

r^  =  — 7r. — :; ;::— a      and      .  • .   r  = 


132.  Prop,  To  obtain  a  formula  for  the  radius  of  curvature  of 
curves  when  referred  to  polar  co-ordinates. 


BADIUS  OF  CURVATURE.  178 

Adopting  the  variable  angle  6  as  the  independent  variable,  denoting 
the  radius  vector  by  r,  and  the  radius  of  curvature  by  i?,  we  have, 
from  the  formulae  for  the  transformation  of  co-ordinates, 

dx  dv 

X  =  rcos^,  y  =:rsind,  .•;  -tt-  =  —  rsin^  -fcosd-jr. 


dA  —     .  ^1 


-^=  rcos^  +  sm^-rr- 
dd  dA 


—  =-rcos^-28m^-  +  co8^— , 

dhi  dr  cPr 

^=-rsin4  +  2co8«  — +8ma  — . 

dv  d^T 

Put    —=p^  and   '-r-^=p2  and  substitute  in  the  general  value 

of  the  radius  of  curvature. 


d^    dx__d^  dy^         (r*  +  2;?i2  _  ^p^)  (81^24  +  cos^d) 
(r2  4.  j9j2)*  iV^ 


r2  +  2pj^'-rp2      r^  +  2p,2  —  ly^ 
where  iV  is  the  polar  normal. 


EXAMPLES, 


133.  1.  The  logarithmic  Spiral  r  =  a  . 

Pi  =  \oga.a=--,   ;?2  =  log2a.a^=  — 

N^  _      N^m^      _iV^(r»-HmV)_ 

.  • .  The  radius  of  curvature  of  the  logarithmic  spiral  is  always 
equal  to  the  polar  normal. 
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2.  The  spiral  of  Archimedes  r  =  €16. 

_      {r^  +  a^)^ 

When  r  =  0,  jB  =  -  a,  and  when  r  =  oo ,  iJ  =  r 

3.  The  hyperbolic  spiral  r&  =  a. 


=  00 


a 


2a 


2r3 


1^1  —  ""H  —  ""  T'  1^2— "U"  — 


^•i  -        a  '  ^*       ^3    ~    a» 


.-.  B  = 


(-5)» 


__  r(a2 +  r2y 


r2  +  2-7- 


a- 


2r* 


a-* 


when  r  =  0,  i2  =  0,  and  when  r  =  00 ,  22  =  ao . 
4.  The  lituus  r^  =  a\ 


1  ri  '^ 


3    .-I      3r» 

=  4"^     =4? 


.•.i2  = 


["-i] 


r*  +  2 


r(4a^  +  r^y 


4a*       4a* 


When  d  =  0,  r  =  GO  and 
jB=x  ;  when  d  =  l,  r=a, 


and  i?=a 


Vi25 


0 


when 


r = (/ y^o  r  r* = 4a*,  JR = X 

and   when  ^  =  go  r  =  0  and  i2  =  0. 

134.  A  curve  may  be  characterized  by  an  equation  expressing  a 
relation  between  the  radius  vector  r  and  the  perpendicular  p  from 
the  pole  upon  the  tangent. 

Thus  the  equation  of  the  circle  referred  to  the  co-ordinates  r  and  p 
18  r  =  p,  the  pole  being  at  the  centre.  That  of  the  logarithmic 
spiral  is  r  =  cp,  die. 


RADIUS  OF  CURVATUBB.  175 

135.  Prop,  To  obtain  a  formula  for  the  radius  of  curvature  of 
curves  referred  to  the  radius  vector  land  the  perpendicular  upon  the 
tangent.  ' 

From  the  general  value  of  the  perpendicular  when  the  curve  is 
referred  to  the  ordinary  polar  co-ordinates  r  and  d,  viz. :  (Art.  115.) 

r^  '     ,  dr^       r* 

^=  / — ^  ''"^^'^  :^a=-p- -'*=?>* 

which,  differentiated  with  respect  to  6,  gives 

dr    dh_4r^  ^„^   ^»-.2r^ 
dd'  dA^"  p^  '  dA  ""^*'^"'       da 

Substituting  for  |  its  value  |  •  J  and  divide  by  2 1. 

dh-  _2r^       r*   dp  _ 

df  (•  f* 

Now  substituting  the  values  of—  and  -j^^  in  that  of  i?,  we  get 

"  dp""    dp 
1? 

Ex.  The  involute  of  the  circle  whose  equation  referred  to  p  and  r 
is  /?*  =  r^  —  a^ 


-7-  =  —,     .-.  i2  =  r  —  =  r—  =  o  =-v/r2  —  a\ 
dp       r  dp  r  ^ 
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XTOLUTES  AND  INVOLnTXS. 

136.  The  curve  vfhlch  is  the  locus  of  the  centres  of  all  the  oscil- 
latory circles  applied  to  every  point  of  a  given  curve,  is  called  the 
evolute  of  that  curve,  the  latter  being  termed  the  involute  of  the 
former. 

137.  Prop,  To  determine  the  evolute  of  a  given  curve  y  =  Fx. 

If  in  the  formulae  for  the  co-ordinates  of  the  centre  of  the  oscu- 
latory  circle,  viz. :    (Art.  127.) 


a  =  a:  — J9 


,1+y* 


.  •  •  • 


(1)     and     6  =  y  + 


l+/» 


Jf 


•    •    •   • 


(2), 


P'  '  '  P 

we  substitute  the  values  of  p'  and  p"^  derived  from  the  equation  of 
the  curve  y  •=  Fx  (3),  we  shall  have  the  three  equations  (1),  (2), 
and  (3),  involving  the  four  variable  quantities  a:,  y,  a,  and  h ;  and  by 
eliminating  x  and  y  the  result  will  be  a  general  relation  between 
a  and  &,  the  co-ordinates  of  the  required  evolute.  This  equation 
being  independent  of  x  and  y  will  apply  to  every  point  in  the 
desired  curve. 

138.  In  most  cases  the  necessary  elimina- 
tion is  quite  difficult;  the  following  are  com 
para ti vol y  simple  examples. 

1 .    The  evolute  of  the  common  parabola. 

Horo  we  have     y-  =  2px  ....  (1). 

.•.2>'=-»    and    y  =  — ^ 


y 


r 


V 
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P  y^  -{-p^  y 


i2 


^=^  + 


2px  +  p^ 


h  ^y  — 


y*       p*  p 


=  3ic  +  2)  .  .  .  .  (2). 


y2  pi  '  pA  '  p 


y  y  T  /o\ 


„  4  4 

From  (2)  and  (3)  we  get  x  =  — ~-y    and    y^  =p  b  ; 

and  these  values  substitute<r  in  (1)  give 

the  equation  of  the  semi-cubical  parabola,  whose  axis  coincides  with 
that  of  the  given  curve ;    the  distance  Aa  between  the  vertices 
being  =p  the  semi-parameter. 
2.  The  ellipse  e 

A^ -^  B^x^  =  A^B^  ....  (1). 

«'=-^     *>-— -^ 
^  A^y     ^   "      A^y^' 


1  +  P'^  = 


?1=:^,    .•.a=a?- 


.//      jp 


AY 

A^B^ 


or     a  = 


_  a;^g(^g^  -  Ah/)  -  ^*j:3  _  x^^ 


A^B^ 


=  -^    where  /*  =5  ^^  —  ^, 


and 


y(^*y2  +  ^^>c^)  _  AY^B^y(A^B^^mz^)  _      y^P 


A^B^  —  A^B^ 


6*J5* 


^* 


which  values  substituted  in  (1)  give 


.^h  B     .     _„  a' A*         ,^,^ 
^2 — :-  +  i?2 — ^  _  ^2^^ 


/ 


* 


/ 


12 
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or 


A^  a*  +  ^*6*  =  {A^  -  ^)* 


the  equation  of  the  required  evolute.  ' 

When     a  =  0,     6  =  d=  ^ ;     and  when    ft  =  0,  a  =  d=  -r- 

B  A 

The  curve  consists  of  four  branches  presenting  their  convexities 
towards  the  axis,  and  tangent  to  each  other  as  shown  in  the  diagram. 
The  equilateral  hyperbola  referred  to  its  asymptotes. 

xy  =  c^  ,  .  ,  ,  (1). 


jf 


2c2 


i>'  =  -;^'  P"  =  '^'  i+y»  = 


c*  -|-  a?*     p 
X*         p 


77 


X 

2 


.    c*  +  a:*      _  ,   c*  +  ic* 

.•.a  =  icH ^7-^ — »     6  =  y  + 


2x3 


2c2x 


C  tC         XI 3  c  Ic         Xi 


.  • .  3/^+T+ 3^A^r6-=  ^  y/; 


2c  3  /c 


and 


3/^qr6  -  3^731=  -'  ^ 


.  (1); 


Hence  by  multiplication  {a  +  b)    —  [a  —h)    =  (4c)  . 

139.  Prop,  Normals  to  the  involute  are  tangents  to  the  evolute. 
From  the  equation  of  the  osculatory  circle  (x— a)2+(y— 5)^=:r2, 
we  get  by  differentiation 

X  —  a  -{-  />'(y  —  6)  =  0 

a  relation  alike  applicable  to  the 
circle  and  the  given  curve,  since 
a;,  y  and  p'  are  the  same  in  both. 
Now  when  we  pass  from  a  point 
x,y  to  another  point  on  the  circle, 
the  quantities  a;,  y  and  p'  must  be 
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-'w*--'!' 


n* 


considered  variable,  but  a  and  h  constant ;  but  when  we  pass  to  a 
point  on  the  curve,  ar,  y,  />',  a,  and  h  will  all  vary,  and  in  both  cases 
p"  will  be  the  same. 
The  first  supposition  gives,  by  differentiating  (1)  with  respect  to  «, 

\+p'^+p"{y-h)  =  0 (2), 

and  the  second  gives 

1  _^  +y2__p'^  +p"{y-b)  =  0  ....  (3). 

Whence  by  combining  (2)  and  (3) 

da   ,      ,dh       ^ 

5i  +  ^'5^  =  ^- 


dx 
da 
dx 


da 


1 

P 


— -• 


db 


Now  ^  represents  the  tangent  of  the  angle  formed  by  the  axis 
of  z,  with  the  tangent  to  the  evolute  AB  at  the  point  P^,  and 
y  =  tangent  of  the  angle  formed  by  the  same  axis  with  the  normal 

PPi  to  the  involute  L3£  at  the  point  x,y ;  which  normal  passes 
through  the  point  P^.  Hence  this  normal  not  only  passes  through 
the  point  afi,  but  it  also  coincides  in  direction  with  the  tangent  to 
the  evolute  at  that  point. 

140.  Prop.  The  difference  of  any 
two  radii  of  curvature  is  equal  to  the 
arc  of  the  evolute  intercepted  between 
those  radii. 

Resuming  the  equation 

{x  -  a)2  +  (y  -  bf  =,r2, 

and  differentiating  with  respect  to  a, 
as  an  independent  variable,  we  obtain 


AJ^K  A-  AUAbA:*^^   X.  X^r^. 


(«-")(|-')+C-')(|-S)=4 

...^_a+(y-6)-=-r^; 
rfi  1       y-6  ,  ,/,    .  dh\  dr     ,,. 


)r  since 


Also,     (*  -  a)»  +  (y  -  6)»  =  (;r  -  a>«/l  +  -^  =  r». 

(x-a)(l+^y=±r.  ...(2). 
Dividing  (I)  by  (2),  there  results, 


/,    ^db^\i  dr 


But     1 1  +  -r-o  I  =  -T-j  where  s  is  the  arc  of  the  evolute  which 
\        da^/        da 

terminates  at  the  point  a,  b, 

.'.   -7-==zr:— -,    and    ds  =  ^^dr, 
da  da 

^    Thus  it  appears  that  the  increment  pf  s  is  always  numericallj 
equal  to  the  increment  of  r. 

Hence  s  must  always  differ  from  r  by  a  constant  quantity,  or  we 
must  have  s  z=z  c  ^^  r;  and  similarly  for  the  arc  8^,  which  terminates 
at  the  point  a,,^i,  s^  =  c  qp  fj,  .  • .  ^j  —  *  =.  r  —  r^,  which  result 
agrees  with  the  enimciation. 

141.  In  finding  the  evolutes  of  polar  curves,  it  is  usually  most 
convenient  to  employ  the  relation  between  r  and  p,  the  radius  vector 
and  the  perpendicular  on  the  tangent;  thus,  let  r  =  radius  vector  of 
the  given  curve,  p  =  the  perpendicular  on  the  tangent,  r^  =  radius 
vector  of  the  evolute,  p^  =  the  perpendicular  on  its  tangent. 


EVOLUTES  AND   INVOLUTES. 

Then  since  the  radius  of  curvature 
PPi  =  -ft,  at  the  point  P,  is  tangent 
to  the  evulute  at  P^,  the  perpendicu- 
ular  <27\,  is  parallel  to  the  tangent  ^ 

Also  QT  h  parallel  to  PPy 

and  PT=z  QT^=p^. 

.  • .   ri^  =  B^  +  r^-  2Rp,  .  .  .  (1). 
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r»=^-f-V. 


(2). 


dr 


Also     P  =  r- (r>)  (Art.  135).     And     r  =  Fp, (4),  the 

equation  of  the  given  curve. 

By  eliminating  r,  p,  and  i?,  between  (1),  (2),  (3),  and  (4),  there 
■will  result  a  relation  between  r^  and  p^  which  will  be  the  equation 
of  the  required  evolute. 

JEx,  The  logarithmic  or  equiangular  spiral  r  =  €p (4). 

dr 


dp 


=  c,     and     JR  =  fr,  .  .  .  .  (3).     r^  z=z  p^  +  p^^  ....  (2). 


ri2  =  i22  +  ^2  _  2i2p (1). 

From  (1)  and  (3),  r^-  =  c-r^  +  r^  —  2crp,  which  combined  with 
(4)  gives 

ri^  =  cV(l  +  c2)  -  2(xV^  =  c^p\e-  -  1) (5). 

From  (2)  and  (4),  c^p'^  =  p'^  -{- p^\    or,    ^2(^2^1)  -,^^2.  .  ,  (gj. 

Then    from  (5)  and  (6),     r^  =  c^p^^     or,     Tj  =  cpj,   the  equor 
tion  of  a  similar  and  equal  spiral. 
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"  142.  If  different  values  be  successively  assigned  to  the  constants 


or  parameters  which  enter  into  the  equation  of  any  curve,  the 
several  relations  thus  produced  will  represent  as  many  distinct 
curves,  differing  from  each  other  in  form,  or  in  position,  or  in  both 
these  particulars,  but  all  belonging  to  the  same  class  or  family  of 
curves.  When  the  .parameters  are  supposed  to  vary  by  indefinitely 
small  increments,  the  curves  are  said  to  be  consecutive. 

Thus  let  F{x^i/,a)=  0,  ....  (1),  be  the  equation  of  a  curve, 
and  let  the  parameter  a  take  an  increment  A,  converting  (1),  into 
F{x,  i/,a  +  k)  =  0,  ....  (2),  then  if  /i  be  supposed  indefinitely 
small,  the  curves  (1)  and  (2)  will  be  consecutive.  Moreover,  the 
curves  (1)  and  (2)  will  usually  intersect,  and  the  positions  of  the 
points  of  intersection  will  vary  with  the  value  of  A,  becoming  fixed 
and  determinate  when  the  curves  are  consecutive. 

143.  Prop.  To  determine  the  points  of  intersection  of  consecutive 
lines  or  curves. 

To  effect  this  object,  we  must  combine  the  equations 

F{x,  y,  a)  =  0, (l).     and     F{x,  y,a  +  h)=zO, (2). 

and  then  make  h  =  0,  in  the  result. 

Expanding  (2)  as  a  function  of  a  +  ^  hy  Taylor's  Theorem,  and 
observing  that  x,  and  y,  being  the  same  in  (1)  and  (2),  (since  they 
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« 

refer  to  the  points  of  intersection,)  are  to  be  considered  constant  in 
this  development,  we  obtain 

But  F{x,  y,  a)  =  0, 

da           1              d(]?          1 .  2 
or.  dividing  by  A,    ^M)+ ^?lf).  j^  +  &c.  =  0. 
And  when  A =0  this  reduces  to    — v^2M0  _.  q x^n 

The  two  conditions  (1)  and  (3),  serve  to  determine  the  co-ordi- 
nates X  and  y,  of  the  required  points  of  intersection. 

144.  Ex,  To  determine  the  points  of  intersection  of  consecutive 
normals  to  any  plant  curve. 
The  general  equation  of  a  normal  is 

(y  -  y\)P'  +  a;  -  iTj  =  0,  .  .  .  .  (1). 

in  which  ar^,  y^,  and  /?',  are  parameters,  all  of  which  vary  together: 
Differentiating  (I)  with  respect  to  x-^^  and  observing  that  y^  and 
jp>    are  functions  of  ar^,  and  that  x  and  y  are  to  be  considered  con- 
stant, we  get 

(y-yi)p"-i'"'-i  =  o,....(2). 

or,    y  =y.  +  i±/!, .  .  (3).'  and  ....  =  .,-^1^.  •  •  (4)- 

The  values  (3)  and  (4)  being  identical  with  those  of  the  co-ordi- 
nates  of  the  centre  of  the  osculatoryiSrcle,  it  follows  that  consecu- 
tive normals  intersect  at  the  centre  of  curvature.  This  principle  is 
sometimes  employed  in  determining  the  value  of  the  radius  of 
curvature. 
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145.  Prop,  The  curve  which  is  the  locus  of  all  the  points  of  in- 
tersection of  a  scries  of  consecutive  curves  touches  each  curve  in 
the  scries. 

If  wc  eliminate  the  parameter  a  between  the  two  equations 

F(x,y,a)  =  0  ...  (1)     and     ^l^Ml^  =  0  ...  (2), 

the  resulting  equation  will  be  a  relation  between  the  general  co-ordi- 
nates X  and  y  of  the  points  of  intersection,  independent  of  the  par- 
ticular curve  whose  parameter  is  a,  or,  in  other  words,  the  equation 
of  the  locus. 

Resolving  (2)  with  respect  to  a  the  result  may  be  written 

a  =  9(ir,y), 

and  this  substituted  in  (1)  gives 

^hy,9(«,y)]  =  o (3), 

which  will  be  the  equation  of  the  locus. 

dy 
Now  if  the  diflerential  coefficient  -~-  be  the  same  whether  de- 

dx 

rived  from  (1)  or  (3),  the  two  curves  will  have  a  common  tangent 

at  the  point  ar,y,  and  therefore  will  be  tangent  to  each  other. 

Differentiating  with  respect  to  x,  we  obtain  from  (1) 

dF(x,y,a)    ,  dF{x,y,a)    dy 


dx 


dy 


dx 


and  from  (3),  '^^T^.y.9(Ay)1  ^  dF[.,yM.,y)-]  ^  ^ 

dx  dy  dx 


+ 


dF\x,i/.^{jr,;/)]  rrf?(a-,»/) 


.[^i>]=0..,5^ 


dcp  (j-,y)  L     dx 

But  the  first  and  second  terms  of  (4)  and  (5)  are  identical,  and  the 
third  term  of  (5)  is  equal  to  zero  by  (2). 

Hence  the  values  of  ■—  given  by  (4)  and  (5),  and  by  (1)  and  (3), 

vw«C 
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are  the  same,  and  consequently  the  two  curves  (1)  and  (3)  are  tan- 
gent to  each  other. 

146.  The  curve  (3)  which  touches  each  curve  of  the  series,  is 
called  the  envelope  of  the  series. 

tj  •^'^    147.  1.  To  determine  the  envelope  of  a  series  of  equal  circles 
whose  centres  lie  in  the  same  straight  line. 

Assuming  the  line  of  centres  as  the  axis  of  a:,  the  equation  of  one 
of  these  circles  will  be  of  the'  form 

(ar-a)2  +  y2_-^2  =  0....(l), 

in  which  a  is  the  only  variable 

parameter. 

Differentiating  with  respect  to 

Oj  we  get 

-  225  +  2a  =  0  ....   (2) 

From  (2)  a  =  ar,  and  this  substituted    in  (1)  gives 

y*  —  r2  =  0-     .  • .  y  =  db  r. 

Tliis  is  the  equation  of  two  straight  lines  parallel  to  and  equidis- 
tant from  the  axis  of  a*,  a  result  easily  foreseen. 

2.  The  envelope  of  a  series  of  equal  circles  whose  centres  lie  in 
the  circumference  of  a  given  circle. 

Let  x^^  +  yi2  _  y^2  _  0 (1) 

be  the  equation  of  the  fixed  circle. 

(^-x,)*  +  (y-y,)^-r*  =  0....(2) 

that  of  one  of  the  moveable  circles. 

The  variable  parameters  are  arj  and  y^,  the  latter  being  a  function 
of  the  former. 

From  (2)  we  have     -  2(ar  —  ar^)  —  2(y  -  y^)  -/^  =  0  .  .  .  (3). 

dx-^ 

But  from  (1)     arj  +  y,  ^'  =  0    or    ^^'  -      "^  -  'i 


dx. 


dx^ 


Vi 


V^-a:/ 
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This  value  in  (3)  gives 


—  (x  -  x{)  +  (y  -Vri*-*!-') 


Vn'  -  Xi' 


=  0. 


•   •   •   • 


(4). 


or       —  a?  H _  =  0,     and     .  • .  ar^  =  — — ^ 

Now  combining  (1),  (2),  and  (4),  so  as  to  eliminate  x^  and  yi,  we  get 

\        -/c'-  +  y7        V         V    '        aj-'  +  yV 


or 


.  -.y/i^-f  y2  -  rj  =  ±  r.       . '.  a;2  +  y2  =  (r^  =h  r)\ 

Tliis  is  the  equation   of  two  concentric  circles  whose  radii  are 
Tj  +  »•  and  Tj  —  r  respectively. 

3.  The  curve  which  touches  every  chord  connecting  the  extremi- 
ties of  conjugate  diameters  of  an  ellipse. 

Let  Q\Py  Jind  Q'd^i  be  conjugate  diameters  of  the  ellipse  ACBD^ 
iPj  and   yj  the   co-ocdinates  of  P^,  c^ 

3*2  and  y2  those  of  Pj. 

Put    ^(9  =  a,     OC-h, 
tan  PjO/i  =  tan  ^j  =  '-^  =  /j, 


tan  PoOi?  =  tan  K  —  —  =  U> 


^^ 

^,^ 

/f^T'^ 

\N    /-^' 

\ 

W 

\ 

B 
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Then,  since  by  the  property  of  the   ellipse,  ^1/2= 2 


.  • .  —  J-a-jirg  =  «Viy2     »"<!     3^2=-- 


"-yi.v? 


h'^x^ 


Also  a2yj2  4.  62a-j2  -  a2y,^2  4.  i2j.^2  --  fj^yT,  _|_ 


•> ..  o 


= g;i  («v,^-  +  4V)- 
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.    ?!^'-l     and      '    V  -^    md    X  ^-^^^-^^°Jj^ 
•    '^V""  '""    «       ana     arj-       -JzJ^  -         ^ 

,  • .  The  equation  of  the  line  PiP^  is 

bx. 

_  Vi ' 

y  —  y,=:  ^ ^{x  —  Xj)  = (^—  ^i) 

0^1  + -y 

or  arJ  y  +  ^j  _  y^^a;  -  ^j  —  a6  i=  0  .  .  .  .  (1). 

Differentiating  (1)  with  respect  to  x^  we  get 

But  a2y  2  4-  62jr  2  =  ^252 (3)     and   . '.  -^  =  -  ^ 

cirj  a2yj 

Hence  (2)  can  be  reduced  to 

«Vi  (y  +  7)  +  *'-'i(-«  -  f )  =  0 (4)- 

6a2  (^a?  4-  ay) 


Combining  (1)  and  (4)  we  have         x^  = 


2  (a2y2  4.  ^,2^2) 


and  •  t/  -  ^K(^^~«y)  _  _  «^'  (^^  --  «y) 

'    '  ^^  a  (6^  4-  ay)      ""       2  (a2y2  +  ^2^.2) 

These  values  reduce  (3)  to  the  form 

fl262  [(bx  4-  ayf  H-  {bx  -  ayy]  __  ^   .    J^  _  1 

"  4  (a2y2  4.  b2^2yz  -  ^'     o^     i    2  ^  A2  "" 

2^        2 

the  equation  of  an  ellipse  whose  semi-axes  are  clsJ  -  and  b^/-^  and 

which  is,  therefore,  similar  to  the  original  ellipse. 

4.  The  envelope  of  a  scries  of  lines  drawn  from  every  point  in  a 
parabola,  and  forming  with  the  tangent  angles  equal  to  those  included 
between  the  tangent  and  the  axis. 
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L#et  PD  be  one  of  the  lines. 
Put            BPT  =  PTD  =  &,AE  =  x^  EP  =  y^ 
Then  PDE  =24,  and  the  equation  of  the  line  PD  is 
y--yi  =  tang2a(ar  -  x^) (1). 


But  tang  24  = 


- — -—irx  =  — r-\j  and  since  yi2=2»ar,,  --—=—, 
1— tan^d.     ^'  ^^       ^  ^' dx^     y/ 


1- 


.-.  tan 24  = 


•  • 


y-yi  = 


2^ 


^py\ 
y\"-f' 


{x-x^ 


""yi^-z^n     2p/ 


or 


yy\   -  JP^y  +  P^i  —  2/)a;yi  =  0. 


(2). 


Differentiating  (2)  with  respect  to  y^,  we  find 

2/wr  — 1>* 


2yyi  +P^  —  2jt?ar  =  0,     and    yj  = 
This  value,  substituted  in  (2),  gives 


2y 


4^2  J.2  _  4^3  J.  _J.^4 


^2y  _|-  p2^ 


2px  —  p^ 


—  2jt>a: 


2px  — />* 


or  by  reduction     (2a:  —  pf  +  (2?/)2  =  0  .  .  .  (3). 


=  0, 


This  can  be  satisfied  only  by  making  2x  —  ^  =  0  and  y  :=  0, 

,  • .  (3)  represents  a  point  whose  co-ordinates  are  x  =i  -p  and  y  =:  0. 

Thus  the  lines  will  all  pass  through  the  focus ;  as  might  have  been 
foreseen  from  the  well-known  property  of  the  parabola. 

5.  From  every  point  in  the  circumference  of  a  circle,  pairs  of 
tangents  are  drawn  to  another  circle  ;  to  find  the  curve  which  touches 
every  chord  connecting  corresponding  points  of  contact. 
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Let  P^  be  a  point  on  the  first 
circle  P^P^  and  PiP^  a  pair  of  tan- 
gents, P2P2  one  of  the  chords,  0 
the  origin  at  the  centre  of  the  se- 
cond circle,  x^y^  the  co-ordinates  of 
Pj,  x^2  those  of  Pjj  ^3^3  those  of 
P3.     OP3  =  r,  CPi=ri,  OC=:a. 

Then y  -^  y^ziz  ^^  ""  ^^  («  —  iTg) (1)  is  the  equation  of  the 

X2       x^ 

chord  P^Pz' 

Also  yiy2+i»?iiP2=^^ (^)  ^^®  equation  of  the  tangent  P^Pi 

applied  to  the  point */*i. 

^1^3+ ^1^3=^^^  ...  (3)  the  equation  of  the  tangent  P^Pi  applied  to 
the  point  P^, 

Then    yi (yi  —  ya)  +  ^1  (^2 - ^3)  =  ^1  ^^^  •••?^--^= 


^2-^3 


yi 


which  reduces  (1)  to    y  ^y^-=. i  (a:  —  a;,) 

or  2/yi  +  ^^1  =  yiy2  +  ^1^2  —  '^'^ W- 

Now  differentiating  (4)  with  respect  to  arj,  we  get 

y\      I A  T>.,i.   -.2      I      A-.  ^\2 2 


(£r^ 


+  a:  =  0.     But  y^  +  (a?!—  a)2  =  r^ 


(5). 


.  •  •  yi  y^  4-  a^i  —  a  =  0    and    .  • .  y ^  +  a?  =  0, 

or  ya?,  —xy^  —  ay....  (6). 

Combining  (4)  and  (G)  we  have 


y\  = 


r2y  —  ayx 


and     a^i  = 


2:2  4-y2 
These  values  substituted  in  (5)  give 


r^x  +  aif- 

a;2  -f-  y2 


llcnce  the  curve  required  is  always  a  conic  section.  It  is  a  circle 
when  a  =  0,  an  ellipse  when  a  <  r^,  a  parabola  when  a  =z  r^  and  a 
hyperbola  when  a  >  r^. 
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SINGULAR   POINTS    OF   CURVXS. 


148.  Those  points  of  a  curve  which  enjoy  some  property  not 
common  to  the  other  points,  are  called  singular  points.  Such  are- 
multiple  points,  or  those  through  which  several  branches  of  the  curye 
pass ;  conjugate,  or  isolated  points ;  cu^ps,  or  points  at  which  two 
tangential  branches  terminate ;  points  of  inflexion^  dec.  These  will 
be  examined  successively. 

Multiple  jPoints, 

149.  These  are  of  two  kinds,  viz. :  1st.  When  two  or  more 
brandies  intersect  in  passing  through  a  point,  their  several  tangents 
at  that  point  being  inclined  to  each  other ;  and  2d.  When  the 
branches  are  tangent  to  each  other,  their  rectilinear  tangents  being 
coincident. 

150.  Prop,  To  determine  whether  a  given  curve  has  multiple 
points  of  the  first  species.  ' 

At  such  a  point,  there  must  be  as  many  rectilinear  tangents,  and 

tberefore  as  many  different  values't)f  the  differential  coefficient  -— 

dx 

as  there  are  intersecting  branches. 

Let   F{x,y)  =  0  =  u, (1),  be  the  equation  of  the  given 

curve,  freed  from  radicals. 
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du 

_  fHy  dx 

Tlien  since  »'  =  -;^  = r-,  and  since  difTerentiation  never  in- 

dz  du 

dy 
tT'oduces  radicals  where  they  do  not  exist  in  the  expression  differen- 
tij^ted,  the  value  of  p*  above  given   cannot  contain  radicals,  and 
^Kcrefore  cannot  be  susceptible  of  several  values,  unless  it  assumes 

"the  indeterminate  form  ^ 

Hence  the  condition  i>'  =  ^  will  characterise  the  points  sought. 
To  discover  whether  such  points  exist,  and  if  so,  to  find  their  posi- 
tions, we  form  the  partial  differential  coefficients  -;-  and  -r-  from 

^  dx  dy 

the  equation  of  the  curve,  then  place  their  values  equal  to  zero,  and 
determine  the  corresponding  values  of  x  and  y. 

If  these  values  prove  real,  and  satisfy  (1),  they  may  belong  to  a 
multiple  point.     We  then  determine  the  value  of  jo'  by  the  method 

applicable  to  functions  which  assume  the  indeterminate  form  -,  and 

if  there  be  several  real  and  unequal  values  of  'p\  they  will  corre- 
spond to  as  many  intersecting  branches  of  the  curve,  passing  through 
tbe  point  examined. 


EXAMPLES. 

151.  1.  To  determine  whether  the  curve  x^  +  ^ax^y  —  ay^  =  0, 
Iws  multiple  points  of  the  first  species. 

ti  =  ar*  +  "Xaxhj  -  ay^  =  0, (1). 

du  du 

^  =  4a?3  -t-  4axy, (2)."     —  =  2ax^  -  3ay% (3). 

_  4x^  +  4axy 


.      • 
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Placing  (2)  and  (3)  equal  to  zero,  we  get 

x{x^  +  ay)  =  0, .  ^  .  .  (5). 

and,         2a;2  -  3y2  =  0 (6). 

Combining  (5)  and  (G)  we  have  three 
pairs  of  values  for  x  and  y,  viz. : 

a:  =  0,     and    y  =  0, 

or,  x=+  ga-y/S,  and  y  =i-^-a^  or,  ar  =  — -a-v/O,  and  y=  —  ga. 

The  first  pair  of  values  will  alone  satisfy  (1),  and  therefore  the 
origin  is  the  only  point  to  be  examined. 

Placing  a?  =  0,  and  y  =  0,  in  (4),  there  results 

\2x^  +  4ory  +  Aaxp'      0        ,  (  a?  =  0 


P  = 


=  -     when 


{a?  =  u 


Cay/?'  —  4ax 

or  by  substituting  for  numerator  and  denominator  their  differential 
coefficients, 

Sap'  ,  ( a?  =  0 


,       2ix  +  8a;/  4-  4aa-» 
P  =7- 


when 


j  a?  =  u 

1y  =  o. 


iya/'^  +  Qaj/p''  —  4a      ^ap'^  —  4a 
.  • .    p'i^Mxp'^  —  4a)  =  Sop',  and  consequently 
y  =  0,     or,  y  =  +  V^,     or,  y  =  -v^. 

IJence  the  origin  is  a  triple  point,  the  branches  being  inclined  to 
the  axis  in  angles  whose  tangents  are  0,  +  \/2y  and  -—  -y/2,  res- 
pectively. 

Tlie  form  of  the  curve  is  shown  in  the  diagram. 

2.  The  curve  ay^  —  x^y  —  ax^  =  0  =  1/ (1). 

^  =  -  ^xhj  -  3aa:2  ^  q, (2).    ^  =  3ay2  -  a^  =  0 (3). 

From  (2)  and  (3),  a:  =  0,  and  y  =  0,  or,  a:  =  a  j^,  and  y  =  —a. 

The  first  pair  of  values  satisfies  (1),  but  the  second  does  not 
Therefore  the  origin  is  the  point  to  be  examined. 
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Hence  p'  =    ^/ 7 — ^  =     ^^      ,      Zt.       =  a  ^^^^  i         a 

.  • .   ^3  =  1,    and    p'  =  1. 

This  bfeing  the  only  real  value  of  ;?',  there  is  but  one  branch 
passing  through  the  origin,  and  therefore  the  curve  has  no  multiple 
points. 

3.  Hie  curve  os^  —  2ay^  —  3a2y2  _  ^a^x^  +  a*  =i  0  =  « (1). 

^  =  4(a;3  -  a^x)  =  0 (2).     ^  =  -  6(ay2  +  a^y)  =  0.  .  .  (3). 

From  (2)  and  (3)  we  get  six  pairs  of  values,  viz. : 

a?  =  0,  and  y  =  0,  or,  a:  =  0,  and  y  =  —  a, 
or,  X  '=.ay  and  y  =  0,  or,  ar  =  —  a,  and  y  =  0, 
or,        a:  =  a,     and    y  =^  -^  a^    or,     a?  =  —a,     and     y  =  —  a. 

But  of  these  six  pairs  of  values,  the  2d,  3d,  and  4th,  are  the  only 
ones  which  satisfy  (1),  and  therefore  there  are  but  three  points  to 
be  examined. 

,  __  2a?3  —  2a?x  __      6ar^  —  2a^  4  r  af  =  ±  a 

^  ■"  3ay2  +  3a2y  ~  (6^+  ^a'^)p'  ""  3p'     ^  (  y  =  0 

and  p'  =  -—7     when     \     "" 

^p  \y  =z  —a. 

.  •.  !>'  =  ::t  (o)    at  the  point  where  x  =i  a  and  y  =  0 

4\i 


'■  =  -  (I) 
'■  =  *  (I) 


"  "     «  =  —  a  and  y  =  0 

2\i 


(( 


"      a:  =  0  and  y  =  —  a. 


Thus  the  curve  has  three  double  points. 

13 
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152.  Prop,  To  determine  whether  a  given  curve  has  multiple 
points  of  the  second  species. 

Hero  the  mode  of  proceeding  is  similar  to  that  in  the  last  propo- 
sition, but  the  resulting  values  of  p'  ^rove  equal  although  given  by 
an  equation  of  the  second  or  higher  degree. 

Ex,  The  curve    x^  +  x'^y'^  —  (Sax^y  +  a^y^  =  0  =  t* .  .  .  .  (1). 

du  du 

=4a:34.22;y2-12axy=0 . .  (2),   — =2x2y-(>aa;2+2aV=0  . .  (3). 
dx  dy 

« 

From  (2)  and  (3)  a;  =  0  and  y  =  0,  and  this  is  the  only  pair  of 
values  which  will  satisfy  (1).  Hence  the  origin  is  the  only  point  to 
be  examined. 

,_  \2axy—2xy'^—Ax^  _  12fly+12aa:/>^— 2y^— 4a:yp^— 12a?g_     0 
■^  ""  2x^y  -  ijax^ + 2a2y  ""        4 jy + 2xY  - 1  :lax + 2aY        ""  2a^" 

when    ar  =  0  and  y  =  0.     ,' ,p'^  =  — -^  =  0    and    ^'  =  di 0. 

And  the  origin  is  a  double  point  of  the  2d  species. 

153.  We  may  prove  directly  that  at  a  double  point  of  the  2d 

kind,  the  condition  p'  =  -  is  always  fulfilled. 

Thus  suppose  the  two  branches  to  have  contact  of  the  n'*  order. 
Then  the  first  n  diflerential  cocflicicnts  will  be  the  sam^for  the  two 
branches,  but  the  (ji  +  \)th  differential  coefficient  will  be  different 

at  the  double  point. 

fill 

Let  P  —  4-  Q  —  0  .  .  .  .  (1)  be  the  result  obtained  by  differen- 
tiating the  given  equation  once,  in  which  P  and  Q  are  functions  of 
X  and  y,  the  original  equation  having  been  freed  from  radicals. 

By  repeating  the  differentiation  /*  times,  we  get 

d^^ht 
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in  which  P  is  the  same  as  in  (1),  and  Qi  is  a  function  of  ^,y,and 
the  differential  coefficients  of  the  several  orders  less  than  (n  -|-  1). 

Now  the  (n  +  l)th  differential  coefficient  has,  by  supposition,  two 
different  values  a  and  b  for  the  same  values  of  P  and  Qi. 

.'.Pa+  Ci  =  0,    and    P6  +  ^^  =  0, 

and  by  subtraction  P(a  —  6)  =  0.     .  • .  P  =  0  since  a  and  b  are 
unequal. 

This  value  of  P  substituted  in  (1)  gives  ©  =  0. 

Multiple  points  of  the  2d  species  are  characterized  by  having  but 
one  value  (or  rather  two  or  more  equal  values)  for  —-,  but  several 

unequal  values  for  -7-^  or  some  higher  coefficient. 
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Conjugate  or  Isolated  Points. 


164.  These  are  points  whose  co-ordinates  satisfy  the  equation  of 
a  curve,  but  from  which  no  branches  proceed.  When  p'  assumes 
the  imaginary  form  for  real  values  of  x  and  y,  the  corresponding 
point  will  be  isolated,  as  the  curve  will  then  have  no  direction ;  and 
since  imaginary  values  occur  only  where  radicals  are  introduced,  the 

condition  p'  =:  ~  will  also  hold  true  in  such  cases. 

The  converse  proposition,  viz. :  that  at  a  conjugate  point  p'  will 
be  imaginary,  is  not  always  true ;  for  if  in  the  development 

any  one  of  the  differential  coefficients  should  prove  imaginary,  y^ 
would  be  imaginary  also. 
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> 

To  determine  with  certainty  whether  a  point  (afi)  is  isolated,  sub- 
stitute successivelj  a  +  h  and  a  —  h  for  x^  and  if  both  values  of  y^ 
prove  imaginary  (h  being  small),  the  point  will  be  imaginary; 
otherwise  it  will  not. 

dy 

155.  If  the  coefficient  p'  =:  -j-  he  found  to  have  multiple  values, 

some  being  real  and  some  imaginary,  we  may  regard  the  result  as 
indicating  the  indefinitely  near  approach  of  a  conjugate  point  to  a 
real  branch  of  the  curve. 

EXAMPLK8. 

156.  1.  To  determine  whether  the  curve 

ayi  ^a^  +  4ax^  —  Sa^z  +  2a3  =  0  =  t*  .  .  .  .  (1) 

has  conjugate  points. 

-^  =  ~  3ar2  4-  8ax  —  5a2  =  0 (2),     ^  =  2ay  =  0 (3). 

From  (2)  and  (3),     a?  =  a  and  y  =  0,  or  x  z=  -a  and  y  =  0. 

o 

The  first  p»air  of  values  satisfies  (1),  and  therefore  the  point  (a,0) 

must  bo  examined. 

,       3ar2  -Sax  +  5a^      6a;  —  8a  1  ,  ex  =  a 

P  = .\ =  — 7^ — f—  — 7     when      \ 

'Zay  2ap'  p'  ( y  =  0. 

.'.p'^=  ~i,  y  =  ±yin". 

This  result  being  imaginary,  we  conclude  that  the  point  examined 
is  isolated. 

2.  The  curve  (c^y  —  x^y  =  (x  —  a)^  {x  —  6)^,  in  which  a  >  6. 

u  =  {chj  -  x^f  -  (x  -  a)5  (a:  -  i)c  =  0 (1), 

^  =  2rMcV  -  ^-^j  =  0 (3), 

du 

-  =  -G^'(r2y-.r3)-5(x-a)«(a;-6)«-G{x-a)»(«-i)*=0.  .  .  (2). 
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The  equations  (2)  and  (3)  give 

x=ia  and  y  =  — ,  or  a?  =  o  and  y  =  — ; 

Ci  c 

both  of  which  pairs  of  values  satisfy  (1),  and  therefore  both  require 
examination. 


,  _Qx^{c^i/  -  ar3)  4-  5  (a;  -  a)*  {x  -.&)6  4-  6  (ar  -  aY(x  -  hf 
^  ~  'Zc^  (c2y  -  x^) 

__  6jr2  (c2y  _  a-3)       5(a;  -  aY{x  -  5)^  +  6(a;  -  a)^(a?  -  5)^ 

^  3x2  ^  b(x-a)^{x-hy+iS{x-a)\x-bYJh^^^^^^^^ 

3a2    ^ 
=--^  when  a: = a. 

Thusj?'  is  real  at  both  points.     But  if  we  substitute  6  ±  A  for  a; 
in  (1),  and  solve  with  respect  to  y,  we  get 

y=(^+l(6±A-«)*(±A)3, 
c  c 

both  of  which  values  of  y  are  imaginary  when  h.  is  taken  less  than 

a  —  6 ;  so  that  the  point  where  x-=.h  and  y  =  —  is  a  congugate  point, 

although  p'  is  real. 

This  result  is  confirmed  by  forming  the  succeeding  differential 
coefficients ;  thus 

+  Qi{x^cL)   (x—b)  I  =  — ,  when  a?  =  6. 

lliis  is  a  real  value  also. 

I  I 

But  the  next  coefficient  will  contain  the  term  6(a;— a)  =6(6~a) 

which  is  imaginary,  since  a  >  6. 
The  value  x  =  a  does  not  belong  to  a  conjugate  point,  as  is  seen 


198 


DIFFERENTIAL  CALCUtUS. 


by  substituting  a  d=  A  for  a;  in  (1),  and  solving  with  respect  toy, 
thus, 

which  is  real  when  A  >  0,  but  imaginary  when  A  <  0. 


,    '  Ckutps. 

i 

157.  A  cusp  is  that  peculiar  kind  of  double  point  of  the  second 
species  at  which  two  tangential  branches  terminate  without  passing 
through  the  point. 

Cusps  are  of  two  kinds,  viz. : 

1st.  That  in  which  the  two 


-/^ 


branches  lie  on  different  sides 
of  the  tangent,  as  in  Fig.  1. 

2d.  That  in  which   they  lie 
on  the  same  side  of  the  tangent,  as  in  Fig.  2. 

The  test  of  a  cusp  is  that  -^  shall  have  two  real  and  equal  values 

at  some  point  (a^h),  and   that  when  we  substitute  a-\-h  and  a—h 

for  X,  we  shall  find,  in  one  case,  two  real  and  , 

unequal  values  of  y,  and  in  the  other  two      v 

imaginary   values.     The  only  exception    to 

this   is   that  offered   by  the  case  shown   in 

Fig.  3,  where  a  cusp  of  the  first  kind  occurs 

at  a  point  P,  with  the  tangent  parallel  to  the 

axis  of  y.     Ft  will  then  be  more  convenient  to  form  the  value  of 

dx 

-r-,  which  should  be  dr  0,  and  to  try  whether  the  successive  substi- 

dj/ 

tution  of  b  -{-  k  and  b  —  h  for  y  will  render  a*,  in  one  case,  real  and 
double,  and  in  the  other  imaginary.  The  condition  jo'  =  -  serves  as 
a  guide  in  selecting  the  points  to  be  examined. 


— X 
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EXAMPLES. 

158.  1.  To  determine  whether  the  curve  (6y  —  ca?)^  =  («  —  a)* 
has  a  cusp,  and  if  so,  of  which  kind. 

uz=i{hy-  cxf  -.{x-aY=zO (1), 

^  =  -  2c(6y  -  ca;)  -  5(0?  -  a)*  =  0 (2). 

^  =  2i(6y  -  c*)  =  0 (3). 

CLC 

From  (2)  and  (3)  we  obtain  a;  =  a,  and  y  =  — , 
and  as  these  values  satisfy  (1),  we  must  examine  the  point  (a,  —  j 


X  =i  a 

dC 


^  2b{by  ^cx)  0  ?  ^  =    6 

26c»'-2c2+20(j:-a)3      25c»'-2c2 

= — ^^ —  =  — .    when    a;  =  CL 

2by-2bc  2<J»y-2^»c'  ^-«» 

.  • .  by^  -  25ci>'=  -  c2,     ;>'2_2 4-;?'=  -  4?  and  ^'=  4-  ±  0. 

0  0^  0 

.  • .  There  are  two  equal  values  of  p',  and  consequently  two  tan- 

CLC 

geutial  branches  proceed  from  the  point,  a,  — 

Now  put  successively  x  =  a  +  h,  and  x  =  a  —  ky  and  solve  with 
respect  to  y. 

when  x=a+k,  y= y^^-^ —,  two  real  and  unequal  values, 

when  ar=a— A,  y= 7-^—^ —  two  miagmary  values. 

Hence  there  is  a  cusp  at  the  point  a,  -7-,  and  the  tangent  at  that 

point  is  inclined  to  the  axes  of  z  and  y. 

Again,  the  ordinate  V  of  the  tangent  corresponding  to  the  abscissa 

,    ,   .    cw   ,     ,,       dc  -{-  ch     . .  .    .  ,  .  -   - 

a  +  /*,  IS  —  +  i^^  =  — 7 —  which  IS  greater  than  one  of  the  cor- 
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responding  values  of  y,  and   less  than  the  other.    TTierefore  the 

branches  lie  on  different  sides  of  the  tangent,  and  the  cusp  is  of  the 

first  kind. 

Remark,  The  kind  of  cusp  can  usually  be  found  very  easily  by 

examining  the  values  of  the  second  differential  coefficient;  for  the 

deflection  of  the  curve  from  the  tangent  is  controlled  by  the  sign  of 

d^V 

■J—'     Hence,  when  the  two  values  of  this  coefficient  have  contrary 

signs,  the  cusp  will  be  of  the  first  kind,  but  when  the  signs  are  alike, 
it  will  be  of  the  second  kind. 

2.  The  semi-cubical  parabola    cy^  =  x^, 

u=a/-x^  .  .  .  (1),    g  =  -3x^=0  . . .  (2),    ^  =2cy=0 . . .  (3). 

.  • .  X  =  0,  and  y  =  0,  and  as  these  satisfy  (1)  there  may  be  a 
cusp  at  the  origin. 


,  _Sx^  __  Ca;  _ 


0 


"Zcy      2cp!      2cp' 
0 


when    a:  =  0. 


.  • .  »'2  =  -—  z=  0    and    ;>'  =  zh  0, 
2c 

two  real  and  equal  values. 

Now  put  0  ±  A  for  x  in  (1),  and 
there  will  result, 


A3 


when  X  =  0  -\-  h,  y  z=z  zt^/ —  two  real  and  unequal  values, 


(( 


=  0-h,y=±y/^ 


two  imaginary  values. 


.  • .  There  is  a  cusp  at  the  origin.  Also  the  ordinate  Y  of  the 
tangent  corresponding  to  the  abscissa  0  +  A,  is  0  +  p'h  =  0,  which 
being  intermediate  in  value  between  the  two  corresponding  values 
of  y,  the  cusp  is  of  the  first  kind. 

159.  Sometimes  it  is  more  convenient  to  solve  the  equation  with 
respect  to  y  before  differentiating. 
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-Ec.  (y  —  *  —  cx^y  =  (^  —  f^Y' 

L  5  # 

y  =  6  +  CiC^  db  («  —  ay,    p'  =  2ca:  zh  -  (a:  —  ay. 

Now  y  has  but  one  value  h  -h  ca^,  or  to  speak  more  correctly,  it 
has  two  equal  values  (6  +  cc?  zb  0)  when  ir  =  a,  and  /?'  =  2ca  ±  0 
has  then  two  equal  values  also.  . 

When  ar=a-|-A,  y =5+c(a+A)2±(+A)  two  real  and  unequal  values. 

"      a:=a— A,  y=5+c(a— /i)2±(— A)    two  imaginary  values. 
Hence  there  is  a  cusp  at  the  point 

(a,  h  4-  cc^\ 

Also  y'  =  2c±^.^(:i:-a)*  =  2c±0 

"when     a;  =  a. 

And  since  the  two  values  of  p'*  have  the 
same  sign,  the  cusp  at  the  point  (a,  h  +  cd^')  is  of  the  second  kind. 
The  kind  of  cusp  would  also  appear  by  comparing  the  ordinate  Yof 
the  tangent  with  the  two  values  of  y. 

For  when  a;  =  a  +  A,   P'  =  6  +  ca^  -f  p^h  =  6  +  ca^  +  2caA, 

which  is  less  than  either  value  of  y,  when  A  is  small. 

r. 

i       \  -'         Points  of  Inflexion, 

160.  Points  of  inflexion  or  contrary  flexure  are  those  at  which 
the  curve  changes  the  direction  of  its  curvature,  being  successively 
convex  and  concave  towards  a  fixed  line  as  the  axis  of  x. 

It  has  already  been  remarked  that  a  curve  is  convex  towards  the 

axis  of  X  when  -j^  is  positive  and  concave  when  -j-^  is  negative. 

ax-  ax^ 

Hence  a  point  of  inflexion  will  be  characterized  by  having  the  second 

differential  coefficient  afiocted  with  contrary  signs,  at  points  situated 


•V. 


/  f 


A  -^  ■- : 
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near  to,  but  on  different  sides  of  the  point  in  question.     But  since  a 
variable  quantity  changes  its  sign  only  when  its  value  passes  through 

zero  or  iufmity,  the  condition  -z^  =  0  or  -^  =  oo  will  belong  to 

a  point  of  inflexion.     But  the  converse  is  not  necessarily  true,  for 

the  sign  of  — ~    does  not  always  change  after  its  value  has  reached 

0  or  00  .     We  must  therefore  see  whether  a  change  in  the  sign  of 


dx'^ 


will  or  will  not  occur. 


We  may  also  recognize  a  point  of  inflexion  by  the  consideration 
that  at  such  a  point  the  tangent  intersects  the  curve,  and  therefore 
the  ordinate  of  the  tangent  will,  on  one  side  of  the  point  be  greater, 
and  on  the  other  less  than  the  corresponding  ordinate  of  the  curve. 


EXAMPLES. 


161.  1.  The  cubical  parabola  a^y  •=.  x^. 


y  =  -:t'     p  =  -^>    /)"=-—  =  0    when    a?  =  0. 


X' 


a' 


a' 


, ' .  The  origin  is  a  point  to  be  examined. 

Put     X  =  0  +  k,  and  y  =  y^, 
X  =z  0  —  h,  and  y  =  yg* 


Then 


C?2y  Qk 

=  —  >  0, 


dx' 


a' 


<r-,j 


6k 


dx^ 


r  =  -^<o. 


a' 


Hence  the  origin  is  a  point  of  inflexion.     The  condition  p"  =  oo 
gives  a:  =  X ,  and  therefore  is  not  applicable. 

162.  Soinctinios  it  happens  that  two  of  the  peculiarities  which 
characterize  singular  points  occur  at  the  same  point  of  a  curve. 
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Ex, 


du 


aY  —  ^ahx^y  —  ar^  _-  q  =  w  .  .  .  .  (1), 

lY 


~=  — 4a6a:y — 5x*=0 (2), 

—  z=z2a^y  —  %ihx^  =  0 (3). 

The  equations  (1),  (2),  and  (3), 

are  all  satisfied  by  the  values 

a-  =  0,  y  =  0. 

,  __  Aahxy  +  5ir* 


^ 


-     when 


j  j:  =  0 

|y  =  o. 


or,,   p   =- 


4ab?/  4-  4abxp'  +  20x^  0 


2a^p'  —  4abx 


0..3».'» 


2a3/> 


when 


j  a:  =  0 

(y  =  o, 


0 


»'2  —  _L_  — 


2a3 


0,     p'=±  0, 


and  there  is  cither  a  cusp  or  a  double  point  at  the  origin,  the  axis 


of  X  being  tangent  to  the  curve. 


If  X  =  0  +  h,    y  =z  -—  ±\/ , ,  two  real   values,  ono 

a^        V  a* 

greater  and  the  other  less  than  the  ordinate  (0)  of  the  tangent. 
If  JT  =  0  —  A,     y  =— ^  ^\/ 1 >  two  real  values  when 

a-         V  Or 

It  is  small,  but  both  greater  than  0. 

Ilrnce  there  is  a  double  point  of  the  second  species  at  the  origin, 
and  one  branch  of  the  curve  has  an  inflexion  at  that  point. 

163.  In  addition  to  the  singular  points  already  described,  two 
other  classes  may  be  noticed,  viz. :  Stop  Points,  or  those  at  which  a 
single  ])raiich  terminates  abruptly ;  and  Shooting  Points^  at  which 
two  or  more  branches  terminate  without  being  tangent  to  each 
otlur.  Both  are  of  rare  occurrence,  but  the  following  are  examples 
of  curves  belonging  to  these  classes. 

1.  y  =  .r.log^.  This  curve  has  a  stop  point  at  the  origin. 
For,  y  has  but  on«  value,  and  that  is  real  when  a;  >  0 ;  but  the 
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value  of  y  is  impossiUle  when  J?  <  0,  since  negative  quantities  can 
not  properly  be  regarded  as  having  any  logarithms. 

2.     y  ^x tan-*  -,     or,     y  =  a; cot-^a;. 

X 

This  curve  has  a  shooting  point  at  the 
origin,  for 

X 
X 


;^  =  tan-i-- 
ax 


1  +a:5 


=  tan-i(+  00  ) 


=:~flr=  1.5708    when    a:  =  +  0 


1 
=  tan-i(—  00 )  =  —  -IT  =  —  1.5708    when    a:  =  —  0, 

and  whether  %  be  positive  or  negative,  y  will  have  but  one  value. 

164.  When  a  curve  has  the  spiral  form,  and  is  therefore  "more  c.  i- 
venieutly  referred  to  polar  co-ordinates,  we  may  distinguish  U  e 
existence   of   a  point  of  contrary  flexure  by   the  condition   tlwt 

J-—0  at  that  point,  and  that  it  shall  have  contrary  signs  on  diflfer- 
ent  sides  of  that  point.     This  we  proceed  to  show. 


In  Fig.  1,  the  curve  is  concave  to  the  pole  Q ;  and  in  Fig.  2,  it  is 
convex. 

In  the  first  case  r  and  p  increase  together,  and  therefore  —  is  posi- 
tive.    In  the  second  case,  ^;  diminishes  as  r  increases,  and  therefore 

~  is  negative.      Hence,  in  passing  through  a  point  of  contrary 
dr 

flexure,  --  will  change  its  sign,  becoming  equal  to  zero  at  that  point, 
dr 

for   -p  plainly  could  not  become  infinite;  since/)  cannot  exceed  r. 
dr 
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CURVILINEAR    ASYMPTOTES. 


165.  When  two  curves  continually  approach  each  other,  and  meet 
only  at  an  infinite  distance,  each  is  said  to  be  an  asymptote  to  the 
other. 

166.  Prop,  To  determine  the  conditions  necessary  to  render  two 
curves  asymptotes  to  each  other. 

Let  the  curves  bo  referred  to  rec- 
tangular axes,  and  let  the  ordinates 
£F  and  EP\  corresponding  to  the 
same  abscissa  OE  =  ar,  be  express- 
ed by  means  of  the  equations  of 
the  curves  in  terms  of  x.  The 
difTerence  P,F*  z=.y^  —  y  can  then  be  expressed  in  terms  of  ar,  and 
if  this  difference  be  reduced  to  zero  by  making  a:  =  oo ,  (being 
finite  for  all  other  values  of  x,)  the  curves  will  be  asymptotes  to 
each  other. 

This  condition  is  fulfilled  only  when  the  difference  (expanded  into 
a  scries,  contains  none  but  negative  powers  of  a*,  without  an  abso- 
lute term,  for  in  such  cases  only  will  the  difference  y^—  y  become 
zero  when  a;  =  go  . 

Hence  we  must  be  able  to  express  y^  —  y  in  the  form 

y^  —  y  =  Aar-^  -f  I^J^^  +  Car^  +  &c., 

or  the  difference  x^  —  x  of  the  two  abscissje,  corresponding  to  the 
same  ordinate,  must  admit  of  being  expressed  in  the  form 
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167.  Cor.  If  there  be  three  curves,  (-4),  (J5),  and  {C\  and  if 
the  difference  of  the  corresponding  ordinates  of  (-4)  and  (-B),  and» 
tliat  of  the  ordinates  of  (.4)  and  (C),  be  thus  expressed. 

ya  —  yi  =  Ax-^  +  Bxr<*^^^  +  Car<*+»> (1). 

^3  -  y,  =  ^,ar<-+^)  +  O^^*^^  +  &c,  .  .  . .  (2). 

the  three  curves  will  be  asymptotes  to  each  other,  and,  moreover, 
the   curve  ((7)  will   lie*  nearer  to  (-4)  than  (J5)  does.     For,  by 

A 

making  x  sufficiently  large,  the  term  Ax~^^  or  —  may  be  rendered 

greater  than  the  sum  of  the  succeeding  terms  of  (I),  or  greater  than 
the  sum  of  those  terms  increased  by  the  series  (2). 

168.  Cor,  The  curve  whose  equation  can  be  written  in  the  form 

1/=  jD  +  Ax'^  +  Bx^+  Cx""  +  A^x-^x  +  ByX-^x  -f  C^x^x  +  &c, 

can  have  an  infinite  number  of  curvilinear  asymptotes. 
For  by  taking  any  curve  whose  equation  is  of  the  form 

yi  =  i>  +  Ax''  +  Bx^  +  ar<=  +  A^ir^^  +  B^^%  +  &c. 

in  which  the  absolute  term  2>,  and  the  terms  involving  the  positive 
powers  of  ^,  are  the  same  as  in  the  given  equation,  the  difference 
Vx  —  y  will  reduce  to  zero  when  x  ■=.  cd  , 

169.  Prop,  To  fmd  the  general  form  of  the  expanded  value  of 
the  ordinate  in  such  curves  as  admit  of  a  rectilinear  asymptote. 

Since   the   equation  of  the  rectilinear   asymptote  has  the  form 
y  =  A^x  +  B^,  the  equation  of  the  desired  curve  must  take  the  form 

y  =  A^x  +  B^  +  Ax-''  +  Bx-^  +  Cjt^  +  &c. 

170.  1.  The  common  hyperbola  a^  _  J2^2  __  _  ^252^ 

y  =  db  "  (j:2  -  a-)*=  ±-(x  -la^x^^  -la^^r-^  -  &c.) 
^  a  ^  ^  a  ^         2  8  ' 

But  y  =  dz  -  a:   is   the   equation  of  two  straight  lines  passing 
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through  the  origin  and  equally  inclined  to  the  axis  of  or.     Hence 
these  lines  are  asymptotes  to  the  hyperbola. 

2.  To  determine  whether  the  curve  y  =.h{pi^  —a?)       has  either 
rectilinear  or  curvilinear  asymptotes. 
By  expansion 

But  y  =  0  is  the  equation  of  the  axis  of  x.     Hence  that  axis  is  a 
rectilinear  asymptote  to  the  curve. 

To  discover  whether  there  is  an  asymptote  parallel  to  the  axis 
of  y,  let  the  equation  be  solved  with  respect  to  x ;  thus 

a:  =  ±  (a2  +  h'^y-'^y  =  ±  (a  +  -  IPar^y'^  —  &c.) 

Here  it  is  evident  that  two  lines  parallel  to  the  axis  of  y,  and  at 
distances  therefrom  equal  to  +  a  and  —  a  respectively,  will  be 
asymptotes  to  the  curve,  their  equations  being 

X  •=.  -\-  a    and    x-=.  -—  a. 

The  hyperbola  whose  equation  (referred  to  its  asymptotes)  is 
xy  =  b  will  be  a  curvilinear  asymptote,  and'  there  may  be  found  any 
number  of  other  curvilinear  asymptotes. 


CHAPTER   VII. 


TRACING   OF   CURVES. 


171.  In  this  chapter  it  is  proposed  to  give  such  general  directions 
as  are  necessary  in  tracing  a  curve  from  its  given  equation,  and  in 
discovering  the  chief  peculiarities  which  characterize  it. 

The  following  steps  will  be  found  useful : 

1st.  Having  resolved  the  equation,  if  possible  with  respect  to  y, 
let  different  positive  values  be  assigned  to  x  from  aj  =  0  to  a?  =  od, 
and  let  those  points  be  noticed  particularly  where  y  =  0,  y  =  od,  or 
y  =  an  imaginary  value.  The  first  indicates  an  intersection  with 
the  axis  of  ar,  the  second  shows  the  existence  of  an  infinite  branch, 
and  the  third  gives  the  limits  of  the  curve  in  the  direction  of  x 
positive. 

2d.  Assign  to  x  all  negative  values  from  x  =  0  to  x  =  —  oo, 
and  observe  the  same  peculiarities  with  respect  to  y  as  when  x  was 
positive.  In  both  cases  the  negative  as  well  as  the  positive  values 
of  y  must  be  examined  so  as  to  include  the  branches  below  as  well 
as  those  above  the  axis  of  x, 

3d.  Determine  whether  the  curve  has  asymptotes,  and  determine 
their  position. 

4th.  Find  the  value  of  the  differential  coefficient  -r-  and  deter- 

dx 

mine  from  thence  the  angles  at  which  the  curve  cuts  the  axes,  as 

well  as  the  points  at  which  the  tangent  is  parallel  to  either  axis. 

5th.  From  the  value  of  -r—  ascertain  the  direction  of  the  cur- 

dz^ 
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vsture  and  the  positions  of  tlie  points  of  contrary  flexure  when 
they  exist. 

6th.  Determine  the  positions  and  character  of  the  other  singular 
points,  if  there  be  such. 

EXAMPLSS. 

172.  1.  Let  the  equation  of  the  proposed  curve  be 

x^  —  a^ 
^         x  +  b 

Besolving  with  respect  to  y  we  have 


--sm 


V 


and  since  each  value  of  x  gives  two  values  of  y  numerically  equal 
but  having  contrary  signs,  the  curve  must  be  divided  symmetrically 
by  the  axis  of  x. 

If  X  be  positive  and  numerically  less  than  a,  y  will  be  imaginary, 
and  there  will  be  no  point  of  the  curve  between  the  axis  of  y  and 
a  parallel  thereto  at  a  distance  equal  to  a  on  the  right  of  the 
origin. 

When  a;  =  a,  y  =  0,  when  a;  >  a,  y  is  real,  and  continues  so  for 
all  greater  values  of  a?,  becoming  infinite  when  a;  =  oo . 

If  x  be  negative  and  numerically  less  than  6,  y  is  imaginary,  and 
there  is  no  point  between  the  axis  of  y  and  a  paraUel  thereto  at  the 
distance  =  6,  on  the  lefl  of  the  origin. 

When  X  z=.  —  b,y  becomes  infinite  ;  and  when  a;  <  —  6,  that  is, 
negative  and  numerically  greater  that  6,  y  becomes  real  and  con- 
tinues to  increase  without  limit  as  the  numerical  value  of  x  increases, 
being  infinite  when  x  =  —  oo . 

Thus  it  appears  that  the  curve  has  six  infinite  branches. 

Again,  since  a:  =  —  5  makes  y  infinite,  there  is  an  asymptote 
parallel  to  the  axis  of  y,  and  at  a  distance  therefrom  equal  to  —b, 

14 
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Also  by  resolving  the  given  equation  with  respect  to  y,  and 

expanding,  we  get 

.      /,      1*   .  3  62         \  U   .    .  .      , 

=  dbx{l  —  --  +  --—,  &c.  1  =  ±  («  —  - 0  +  terms  mvolv- 
\       2x      S  x^        /  ^        2 

ing  powers  of  a;). 

L 

Hence  y  =  ifc(j:  —  -5)  is  the  equation  of  two  straight  lines,  whldi 

f.re  asymptotes  to  the  curve,  and  are  inclined  to  the  axis  of  x  at 
angles  of  45°  and  135°  respectively. 

If  we  combine  this  equation  of  these  asymptotes  with  that  of  the 
curve,  we  shall  find  that  each  of  the  asymptotes  intersects  that 
branch  of  the  curve  which  lies  on  the  right  of  the  axis  of  y. 

Forming  the  value  of  y-  from  the  equation  of  the  curve,  we  have 


^      csi^-.       _.xi 


8 


2(a:3  __  ^3):«  (.^  4.  5)T 
which,  placed  equal  to  zero,  gives  the  cubic  equation 

in  which  there  must  be  one  real  and  negative  root,  since  the  absolute 
tcnn  is  positive.  The  other  two  roots  are  imaginary,  as  is  easily 
secni  from  the  form  of  the  equation.  Thus  there  are  two  points 
c<:)rro«poiuling  to  the  same  negative  abscissa,  one  above  and  the 
other  equally  below  the  axis  of  ar,  at  which  the  tangent  is  parallel  to 
the  axis  of  .r. 

By  makinij  -j-  =  x  ,  we  get  ar  =  a  or  a:  =  —  6.     The  first  corres- 

ponds  to  a  point  at  which  the  curve  intersects  the  axis  of  x  perpen- 
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dicularlj.    The  second  belongs  to  the  point  of  contact  of  one  of  the 
asymptotes  as  before  seen. 

By  forming  the  value  of  -7^,  we  should  find  that  the  curve  is  con- 

\JUu 

cave  to  the  axis  of  x  when  x  is  positive,  and  convex  when  a?  is    ^ 
negative. 

The  curve  has  neither  multiple  points,  cusps,  conjugate  points,  nor 
inflexions. 


2.  The  curve  whose  equation  is  y^— 


x^  —  a^x^ 


2a;  —  a 

When  a?  =  0,  y  =  0,  and  therefore  the  curve  passes  through  the 
origin. 

When  «  =  ^,  y  =  ±  00 ,  when  a?  =  +  oo ,  y  =  jf  oo ,  and  when 

ir=  —  ao,y=  —  00. 

Thus  the  curve  has  four  infinite  brancnes. 

When  X  ziza^  or  a?  =  —  a,  y  =  0  corresponding  to  two  intersec- 
tions with  the  axis  of  x. 

Since  ^  =  ^  r^i^^^^  y  =  d=  00 ,  there  is  one  asymptote  whose 


•      • 


equation  is 


a 
a?  =  — • 
2 
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Also,  by  resolving  with  respect  to  y,  and  expanding,  we  gat 


2 


(l  -  -Y 


=  — r  (it  +  71  +  terms  involving  negative  powers  of «). 
2*  ^ 

.  • .  y  =  -—  [a?  +  - 1  is  the  equation  of  a  second  asymptote. 

dy        . 
Forming  the  value  of  the  differential  coefficient  -~,  we  have 

— ^ —      » 

'^        3(2x  -  a)*(a:*  -  o»x»)* 

a     - 

This  expression  becomes  infinite  when  a?  =  -,  when  a?  =  ±  a,  and 

when  X  =  0. 

Hence  the  curve  cuts  the  axis  of  x  perpendicularly  at  the  origin, 

and  at  distances  therefrom  =  +  a  and  —  a  respectively.     The  value 

dy 
of  -J-  becomes  zero  when  6i:*  —  Aax^  —  2a^x^  +  2a^x  =  0,  which 
ax 

corresponds  to  a  value  of  a?  between  0  and  —  a.    The  corresponding 

value  of  y  is  a  maximum. 

There  arc  inflexions  at  the  points  where  x  =z  a  and  a;  =  —  a,  as  will 

readily  appear  by  substituting  for  x  values  alternately  a  little  greater 

and  somewhat  less  than  a,  and  similarly  for  values  greater  and  less 

than  —  a.     For   if  x  be  rather  greater  than   a  in  the   equation 

X^  —  CL^X^ 

y3  _-     ^  y  y^iu  "be  positive  ;  but  if  x  be  somewhat  less  than 

a,  y  will  become  negative.    Thus  the  curve  will  cross  the  tangent  at 
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the  point  where  it  meets  the  axis.  The  same  will  be  true  when  x=  —a.   ^ 

There  will  be  a  third  inflexion  between  x  =0  and  x  =  -a,  for  the 

curve  touches  the  axis  of  y  at  the  origin,  and  a  parallel  asymptote  at 

the  distance  -  a  firom  that  axis,  and,  therefore,  must  change  the 

direction  of  its  curvature  between  those  two  parallels. 

Finally  by  making  the  value  of  -^^  =  -  we  shall  find  that  there 

is  a  cusp  of  the  first  kind  at  the  origin.     The  form  of  the  curve  is 
represented  in  the  diagram. 


■^.. 


f 
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THEORY  OF  CURVED  SURFACES. 


CHAPTER   I. 

TANGENT   AND-  NORMAL   PLANES   AND   LINES. 

173.  The  consideration  of  surfaces  affords  an  application  of  the 
theory  of  functions  of  two  independent  variables.  Thus  if  ar,  y, 
and  z,  be  the  co-ordinates  of  any  point  in  the  surfece,  and  z  =  9(ir,y) 
the  equation  of  the  surface,  the  values  of  x  and  y  may  be  assumed 
arbitrarily,  and  that  of  z  will  become  determinate. 

174.  Prop,  To  determine  the  general  differential  equation  of  a 
plane  drawn  tangent  to  any  curved  surface  at  a  given  point  (iCj,  y^,  z^) 
situated  in  the  surface. 

Let  the  surface  and  plane  be  intersected  by  planes  respectively 
parallel  to  xz  and  i/z,  and  passing  through  the  point  (ar^,  y^,  Sj). 

The  equations  of  the  line  cut  from  the  tangent  plane  by  the  plane 
parallel  to  xz  will  be  of  the  forms 

X  —  x^  =  i{z  —  z^) (1),     and     y  =  yi (2), 

and  those  of  the  intersection  parallel  to  t/z  will  be  of  the  forms 

y  —  y,  =  5(2  —  2ri)  .  .  .  .  (3)     and     ar  =  ar^  .  .  .  .  (4). 

Also  the  equation  of  the  tangent  plane,  which  contains  these  lines, 
will  have  the  form 

A^  -  ^1)  +  ^(y  -1/1)+  C{z^z,)=0 (5). 

The  equation  of  its  trace  on  xz  is  A  (i*— J-i)  =  —  C{z—Zi)+Bt/^ . '.  (6). 

"    y2  "  ^(y-yi)=  -  C{z^z,)+Ax^ . .  (7). 
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But  the  trace  (6)  is  parallel  to  the  intersectidh  (1)  (2),  and  the  trace 
(7)  is  parallel  to  the  intersection  (3)  (4). 

'  C         ^  G 

.'.  t  = and     8  =  — ^' 

which  values  reduce  (5)  to  the  form 

2  -  Zi  =  -  (a?  -  ari)  +  J  (y  -  yi) (8). 

Now  since  the  intersections  (1)  (2)  and  (3)  (4)  are  respectively 
tangent  to  the  corresponding  curves  cut  from  the  surface,  we  must 

•  dx.  ,  dy.  \       dzy  ,1       dz. 

have         t  =  -7-^    and    8  =  -f^     or    -  =  -r-^    and     -  = 


dz^  dzi  t      dxi  s      dy^ 

Hence  (8)  reduces  to 

{*"'  dz 

z  —  z^  z=z  -T^  {x  —  x{)  +  y^  (y  "~  yO  •  •  •  (^)j  ^^^  desired  equation. 

^^  cfe  dz 

The  expressions  -—■  and  -7-^   are  the  partial  difTerential  coefTi- 

dxi  dy^ 

cients  derived  from  the  equation  of  the  surface,  and  they  will  have 
the  same  values  at  the  point  {x^^y^z^^  as  the  similar  coeflicients  de- 
rived from  the  equation  of  the  plane,  tangent  at  that  point. 

175.   Cor.  If  the  equation  of  the  surface  be  given  under  the  form 

u  =  (p(x,  y,  z,)  =  0, 
the  equation  of  the  tangent  plane  will  take  a  more  symmetrical 
form.     For  we  then  have     (Art.  57) 

tdiTX      du      du  dz  r^^n      ^^  _L  ^^^    ^^  A 

dxj  ~  dx      dz    dx  ~~    ^  LdyJ  "^  dy       dz     dy  ^    ' 

du  du 

Hence  ^  = -^'    P  = -¥' 

dxi  du       dy^  du 

dzy^  dz-^ 

and  by  substitution  in  (9)  and  reduction,  "we  obtain  the  more  sym 
metrical  form 


•  0 
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176.  Prop,  To  determine  the  equations  of  a  line  normal  to  a 
curved  surface  at  a  given  point  (iCi,yi,^i). 

The  equations  of  a  line  passing  through  the  point  (a?i,yi,2ri),  have 
the  forms 

X  -  a?!  =  /(Z  -  ^i),  y  -  y^  =  ,(z  -  Zj)  ; 

*  and  since  the  normal  line  is  peq)endicular  to  the  tangent  plane,  we 
have  by  the  conditions  of  perpendicularity  of  a  line  and  plane 
(A  =  Ct  and  B  =  Cs\  the  following  relations : 

du  dn 

dz-^        dxy 


A 


dxi        du 


«  =  —  =       ^^1  -^^1 
C  dy^        du 


dzi  dz^ 

These  conditions  give  for  the  equations  of  the  normal  line 

.    dz  ,  \       ^ 

x-x^  +  —  {z-z{)=0 


or 


^  du  du   . 

du  du 


177.  Cor.  If  &i,  ^2>  ^3?  ^^  ^^®  angles  formed  by  the  normal  with 
the  axes  of  x,  y,  and  z,  respectively,  or  those  furnicd  by  the  tangent 
plane  with  the  planes  of  yz,  2:z,  and  xy,  we  shall  have 

dz^  du 

dx^ 


cos^i= 


A 


dx^ 


^^-hJP+C 


cos  d«  =  — 


dz^ 
dy^ 


du 


V  dx^'  "^  dy^^  "*"  V  c^i 


dit^        du'^ 


=^  "*■  dy, 

du 


du^ 


'^  "^  dzi^ 


C0ii&2  = 


1 


dz^ 


/dz^^ '     dzy''  fdu^        di^~      du?_ 

V  ^ix^  "^  ^yr  \dx}^  dy^^  "^  ife^a 


/ 
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178.  Prop,  To  determine  the  equations  of  a  line  drawn  tangent 
to  a  cun-e  of  double  curvature,  at  a  given  point  (j?i,yi,^i),  on  the 
curve. 

The  curve  will  be  given  by  the  equations  of  its  projections  on  two 
of  the  co-ordinate  planes,  as  xz^  and  yz  ;  thus 

F(x,  z)  =  0, (1).         and        (p(y,  2)  =  0 (2). 

The  equations  of  the  required  tangent  will  have  the  forms 

a?  —  a?i  =  /(«  —  Zj),  ....  (3).     and     y  —  y^=zs{z  —  Zj), ....  (4); 

and  since  the  projections  of  the  tangent  are  tangent  to  the  projections 
of  the  curve,  (3)  and  (4)  will  take  the  forms 

z  -  Zi  =  ~^(a;  -  ar^),  .  .  (5).     and    z  ^  z^=z  ~j{y -- y^),  .  ,  {Q). 

in  which  equations  the  values  of  -7-^  and  —  are  to  be  derived 

dx^  dy^ 

from  (1)  and  (2),  the  equations  of  the  given  curve. 

179.  Prop,  To  determine  the  equation  of  a  plane  drawn  through 
a  given  point  of  a  curve  of  double  curvature,  and  normal  to  the 
curve  at  that  point. 

Tlie  equation  of  a  plane  passing  through  the  point  (^i,yirZi),  is  of 

the  form 

A[x  -  x^)  +  B{y  -  yO  +  C{z  -  z^)  =  0.  .  .  .  (1). 

But,  since  the  plane  is  to  be  perpendicular  to  the  tangent  line,  we 
must  have  the  conditions 

Az=Ct  =  C^,    and    B  =:  Cs  =  C^p, 
dz^  dz^ 

^*hich  values  reduce  (1)  to  the  form 
the  required  equation. 
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XXAMPLES   OF   TANGENT   PLANES   TO   SURFACES. 

180.  1.  The  tangent  plane  to  the    sphere  whose  equation    is 

u  z=  x^  +  f/^  +  z^  —  f^  =  0, 

Therefore  by  substitution  in  the  general  differential  equation  of  a 
tangent  plane  to  a  curved  surface,  we  get 

.  • .   xx^  +  yyj  +  zzx  =  x-^  +  y^  +  z^  =  /^^  the  required  equation. 

2  2  2 

2.  The  ellipsoid     w  =  ^  +  ^  +  -^-l=0. 

rf?f       2j"      c??«       2y      rf?^       2z 
dx'^'^'     dy^W     ~dz^~f 

or,      —7^  +  '-—  H — o-  =  1»  the  required   equation  of  the   tangent 
plane. 

t  X^         V"^        z^ 

3.  The  hyperboloid  of  one  sheet  'iiz=.—--\'^ 1  =0. 

ai       IP-      c^ 

du      2z     du      2y      du  2z 

xxi   ,   yi/.       ^^1       ,        rv     1  .         /.   1 

•  -   —  +  ~ 2  -~  1  =  ^7  the  equation  of  the  tangent  plane. 


•    • 


a2    •    62         c^ 


CYLINDRICAL  SURFACES.  219 

4.  The  conoid    u  z=:  t^x^  +  y^z*-  —  r^z^  =  0. 
dvk  du  du 

.  • .  2c^x,{x  -  X,)  +  2z,^t/,{y  -  y,)  +  2r,(y,2  _  ^2)  (^  _  -,^)  =  q. 

or,     c^jraTi  +  'i^yj/i  +  (yi^  —  r2)«ri  =  yl^^x^    ^®  equation  of  the 
tangent  plane. 


CHAPTER    II. 

CYLINDRICAL  SURFACES,  CONICAL  SURFACES.  AND  SURFACES  OF 

REVOLUTION. 

181.  Prop.  To  determine  the  general  difTerential  equation  of  all 
cylindrical  surfaces. 

These  surfaces  are  generated  by  the  motion  of  a  straight  line, 
which  touches  a  fixed  curve,  and  remains  parallel  to  a  fixed  line 
in  every  position. 

Let  the  equations  of  the  fixed  curve  or  directrix  be 

F{x,z)  =  0,  .  .  .  .  (1).         F,{y,z)=0,  ....  (2), 
those  of  the  generatrix,  in  one  of  its  positions,  being 

X  =  tz  +  a,  .  .  .  .  (3).         y  z=  8Z  +  b,  .  ,  ,  .  (4). 

Since  the  generatrix  continues  parallel  to  a  fixed  line,  the  values 
of  /  and  8  will  continue  constant  for  all  positions  of  the  generatrix, 
but  a  and  b  will  vary  with  its  position. 

Eliminating  x  between  (1)  and  (3),  and  y  between  (2)  and  (4), 
we  get  one  relation  between  z  and  a,  and  a  second  between  z  and  b. 
Then  combining  these  equations  to  eliminate  z,  we  obtain  a  relation 
between  a  and  b.  which  mav  be  written 

b  =  9a,  ....  (5). 
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But  from  (3)  and  (4),     a  =  a;  —  (z,    and    6  =  y  —  w. 

.  • .  (5)  becomes    y  —  sz  z=  (p{x  —  te), ,  , .  .  (6). 

This  is  a  general  equation  of  all  cylindrical  surfaces,  but  it  con- 
tains the  unknown  function  9.  To  eliminate  this  function,  differen- 
tiate (0)  with  respect  to  x  and  y  successively,  and  divide  the  first 
result  by  the  second ;  thus 

dz       d^{x  —  iz)       d{x  —  tz) 
dx  ~~    d{x  —  tz)  dx 

and  1      /'  ^d^{x-tz)  ^  d(x  -  tz) 

dy        d(x  —  tz)  dy 

dz  dz 

dx  dx 


dz  dz 

1 —5 —  —  t  — 

dy  dy 

dz         dz 
whence      /-r-  +  «—  =  1  .  .  .  .  (7),     the  required  equation. 

182.  Cor,  If  "vve  denote  the  primitive  or  integrated  equation  of  a 
cylindrical  surface  hy  f{x,y,z)  =  m  =  0  the  differential  equation  (7) 
may  be  reduced  to  a  more  symmetrical  form.     For  since 

du  du 

dz            dx  dz  ^       dy 

dx  ~~       du  dy  ~~       du 

dz  dz 

we  obtain  by  substitution  in  (7)  and  reduction 

du   ,      du       du       ^  ,^. 

a  form  often  more  convenient  than  (7). 

183.  Prop,  To  determine  the  equation  of  the  cylindrical  surface 
which  envelops  a  given  surface,  and  whose  axis  is  parallel  to  a 
given  line. 

The  enveloping  and  enveloped  surfaces  being  tangent  to   each 


CYLINDItfCAL  SURFACES.  221 

Other,  will  have  a  common  tangent  plane  at  every  point  in  the  curve 
of  contact,  and  the  equation  of  one  of  these  planes  will  be 

in  which  x^  y^  z^  refer  to  a  point  of  contact.     Moreover  the  differen- 

— ,  dz-t   dz-i         du     du     du 

tial  coeflacients  ^»  -—  or  -; — >  - — »  -; —  are  the  same  whether  de- 

ax^  dt/i        od?!    di/i    dz^ 

rived  from  the  equation  of  the  cylinder  or  from  that  of  the  enveloped 
surface.  Hence,  if  we  form  the  differential  coefficients  from  the 
equation  of  the  given  surface,  and  substitute  their  values  in  the  dif- 
ferential equation  of  the  cylinder,  the  result  will  characterize  the 
points  of  contact,  being  the  equation  of  a  surface  containing  those 
points.  This  equation,  when  combined  with  that  of  the  enveloped 
surface,  will'  give  the  equations  of  the  curve  of  contact,  and  thence 
the  cylinder  can  be  determined. 

184.  -Kr.  A  sphere  u  =  x^  +  y^  +  z^  —  r^  =iO  is  enveloped  by 
a  cylinder  whose  axis  is  parallel  to  the  axis  of  z ;  to  find  the  curve 
of  contact. 

Here  we  have  x  =  a  the  equation  of  the  projection  of  the  generatrix 
on  xz,  and  y  =  6  the  equation  of  the  projection  of  the  generatrix  on  yz. 

.  • .  ^  =  0,     8  =  0. 

§ 

Ai  ^^      ^       du      ^       du      ^ 

Also  -r-  =  2ar,     -r-  =  2y,     -j-  =i2z. 

dx  dy  dz 

Hence  by  substitution  in  (8), 

0.2x  +  0,2y  +  2z  =  0    or    z  =  0, 

and  the  points  of  contact  all  lie  in  the  plane  of  xy. 

Combining   the    equations    x'^  +  y^  +  z^  -^  r^  =  0    and    2  =  0, 

there  results 

«2  +  y2  _  ,.2  —  0. 
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. ' .  The  curve  of  contact  is  a  great  circle  of  the  sphere,  as  might 
have  been  foreseen. 

185.  Prop,  If  any  surface  of  the  second  order  be  enveloped  by  a 
cylinder,  the  curve  of  contact  will  be  an  ellipse,  hyperbola  or  para- 
bola, or  a  variety  of  one  of  those  curves. 

The  general  equation  of  surfaces  of  the  second  order  is 

Az^'\-Bzy+Ci/+Dzx+Ex^-\'Fxy+Qz+Hy+Ix+K=z(^=:u..{\). 

r  .^  =:  Dz  +  2Ex  +  Fy  + 1,     ^  =,  Bz  +  2Cy  -^^  Fx  +  H. 
ax  ay 

du 

—  =,By  +  2Az  +  Dx+  O. 

+  {By  +  2Az  +Dx+  G)=0, 

which  is  the  equation  of  a  plane. 

Hence  the  points  of  contact  are  confined  to  one  planK  But  any 
section,  by  a  plane,  of  the  surface  represented  by  the  equation  (1), 
will  necessarily  be  a  line  of  the  second  order,  and  therefore  the 
truth  of  the  proposition  is  apparent. 

Conical  Swrfacea. 

186.  Prop,  To  determine  the  general  differential  equation  of  all 
conical  surfiices. 

These  surfaces  are  generated  by  the  motion  of  a  straight  line 
which  touches  constantly  a  fixed  curve  and  passes  through  a 
fixed  point. 

Let  the  equations  of  the  directrix  be 

F(x,z)  =  0  .  .  .  .  (1),     F^{y,z)  =  0  ....  (2)  ; 
those  of  the  generatrix  in  one  of  its  positions  being 

X  —  a  =  ^  (c  —  c)  .  .  .  .  (3),     and    y  —  6  =  5(2  —  c)  .  .  . ,  (4), 
where  a,  Z>,  and  c,  denote  the  co-ordinates  of  the  fixed  point  or  vertex. 
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The  quantities  t  and  8  vary  with  the  position  of  the  generatrix, 
but  a,  b,  and  c,  are  constant. 

Eliminating  x  between  (1)  and  (3),  and  y  between  (2)  and  (4),  we 
get  one  relation  between  z  and  f,  and  a  second  between  z  and  s. 
Then  combining  these  equations  to  eliminate  z,  *we  obtain  a  relation 
between  t  and  «,  which  may  be  written 

s  =  (pt (5). 

But  from  (3)  and  (4),  t  =  ^-^^,    and    5  =  ^^' 

Z  —  C  Z  —'  c 

.-.  (5)  becomes        1^=  9   ^^ (6). 

Z  ^^  C  \^Z  ~~~'  CJ 

This  is  an  equation  of  conical  surfaces,  but  it  contains  the  unknown 
function  9.  To  eliminate  this  function,  differentiate  (6)  with  respect 
to  X  and  y  successively,  and  divide  the  first  result  by  the  second ; 
thus 

{z-cf'dx'^   d[]    ^    dx   "  d[]^Lz-G      {z-cfdxA 
and 
1  y  —  h      dz  ^  d(^[  ]       ^  [  ]  _  d(^[  ]       r       x  —  a    c/z"j 

in  which  expressions  the  [  ]  is  used  to  signify  I I  • 

Now  by  division 


fn 


dx  ^  '   dx 


Z'-c  —  {y  —  b)-j-  —(a;  — a) 


dy  '  dy 

■ 

.  • .  z  —  c  =  (a;  —  a)  3-  +  (y  —  &)  -7-  •  •  •  (7)  the  required  equation. 

dx  dy 

187.  Cor,  If  we  denote  the  primitive  or  integrated  equation  of  a 
conical  surface  by  /  (ar,  y,  z)  =  u  =  0,  the  differential  equation  (7) 
may  be  reduced  to  a  more  symmetrical  form. 
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du  du 

T^       ,  dz  dx  .      dz  du 

For  since      -7-  =  —  -7-,    and    —7-  = r-^ 

dx  du  dy  du 

dz  ,  dz 

we  obtain  by  substitution  in  (7)  and  reduction 

("^  ~  ""^  ^  +  (2^  ""^^  ^+  ("^  •"  ^^  S  =  ^ ^®^'  *  ^^™  "^^"^ 

more  convenient  than  (7). 

188.  Prop,  To  determine  the  equation  of  the  conical  surface  which 
envelopes  a  given  surface,  and  whose  vertex  is  situated  at  a  given 
point. 

If  we  form  the  differential  coefficients  -7-,  and  — r-  or  -5-,  -r-  and  -r— 

dz  dy      dx  dy         dz 

from  the  equation  of  the  given  surface,  and  substitute  their  values  in 

(7)  or  (8),  the  differential  equation  of  the  conical  surface,  the  resulting 

relation  will  characterize  the  points  of  contact,  being  the  equation  of 

a  surface  which  contains  those  points.     This  equation,  combined  with 

that  of  the  enveloped  surface,  will  give  the  equations  of  the  curve 

of  contact,  and  thence  the  cone  can  be  determined. 

Ex,  A  sphere  x^  +  y2  _|_  ^2  —  r^  :^  0.=  u  is  enveloped  by  a  cone 
whose  vertex  is  situated  on  the  axis  of  y,  at  a  distance  b  from  the 
origin;  to  find  the  curve  of  contact. 

Here  we  have  the  co-ordinates  of  the  vertex  a  =  0,  i  =  6,  c  =  0. 

A 1  du      ^      du      ^     du       ^ 

Also,  -r-  =  2ar,  — -  =  2y,  -7-  =  2^. 

'  dx  '  dy        -^^  dz 

.  • .  By  substitution  in  the  equation  of  conical  surfaces 

(a;  -  0)  2a:  +  (y  -  6)  2y  +  (2  -  0)  2z  =  0  ; 

or,  x'^  +  y^  +  z'^  —  hy  =  0. 

Thia  being  the  equation  of  a  sphere  having  a  radius  =  -6,  and  its 
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centre  on  the  axis  of  y  at  a  distance  ^  from  the  origin,  the  points  of 

contact  must  lie  in  the  surface  of  such  a  sphere. 

By  combining  the  equations  of  the  two  spheres,  we  get 

by  =,1^  or  y  =  -^  and  z^+  z^  •=.  -jj-  (6*  —  r'). 


Hence  the  curve  of  contact  is  a  circle  perpendicular  to  the  axis  of 

189.  Prop.  If  any  surface  of  the  second  order  be  enveloped  by  a 
cone,  the  curve  of  contact  will  be  an  ellipse,  hyperbola,  or  parabola, 
or  a  variety  of  one  of  these  curves. 

The  general  equation  of  surfaces  of  the  second  order  is 

AsF^+Bzy+  Cy^+Dzx+Ex^+Fxy+  Gz+Jly+Ix+K=0=:u .  .(1). 
.'.^=Dz+Fy+2Ex+I,    p=Bz+Fx+2Cy+ff, 
^z=zBy  +  Dx  +  2Az+  G. 

s=  \pz  +i^y  +  2^jr+/]  (a?  -a)  +  \Bz  +  i^a:  +  2CV  +  iT]  (y-5) 
+  \By  +  Dx  +  2Az+  ff]  {z -- c)  =  0, 

or,  2[Az^  +  Cy^  +  Fx^]  +  2[Bzy  +  Dzx  +  Fxy] 

+  [G  —  Da'-Bb-~  2Ac]z  +  [ff -^  Fa -^  £c  —  2Cb]y 
+  [/-  Fb-Dc^  2Fa]x-  IGc  +  Hb  +  la]=:0 ...  (2). 

By  combining  (1)  and  (2),  we  get 

[G -h  Da -{- Bb  +  2Ac]  z  +  [ff+  Fa  +  Bc  +  2Cb]y 
+  [I+Fb  +  Dc  +  2Fa]  x +  2K+ Gc  +  m+Ia=z(r. 

This  is  the  equation  of  a  plane,  and  therefore  the  curve  of  contact 

is  the  intersection  of  the  given  surface  by  a  plane,  and  consequently 

an  ellipse,  hyperbola,  or  parabola. 

15 
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190.  Prop,  To  determine  the  general  differential  equation  of  all 
surfaces  of  revolution. 

—  *  '  *  '  ^  '  (.  be  the  equations  of  the  axis. 

y  =  «2  4- ft  .  .  .  .  (2)  j 

F(x,z)  =0 (3),    and     F^{y,z)  =0 (4), 

those  of  the  generatrix. 

The  characteristic  property  of  this  surface  is,  that  every  plane 
section  perpendicular  to  the  axis  is  a  circle.  Now  the  equation  of  a 
plane  perpendicular  to  the  line  (1)  (2)  is 

2  +  te  -f  *y  =  c, 

•  and  the  circle  cut  from  the  surface  by  this  plane  may  be  supposed 
situated  on  the  surface  of  a  sphere  whose  centre  may  be  assumed  at 
any  point  on  the  axis,  and  whose  radius  will  be  determined  by  the 
value  of  c,  when  the  centre  has  been  chosen. 

Take  the  centre  of  the  sphere  at  the  point  (a,  6, 0),  where  the  axis 
pierces  the  plane  of  xij^  and  the  equatio;i  of  the  sphere  will  be 

{x  -  c)2  +  (y  —  by  +  2-  =  r\ 

But  r  and  c  are  mutually  dependent  upon  each  other,  which  fiict 
may  be  indicated  by  the  equation  c  =  (p{r^).     Hence 

2  +  te  +  5y  =  9  [(ar  -  a)2  -t-  (y  -  i)2  +  2r2] (5). 

To  eliminate  the  unknown  function  9,  difTercntiato  (5)  with  respect 
to  y  and  x  successively,  and  divide  the  first  result  by  the  second. 

dz  I  ,     ^1 

,  rfy =  _____^ 

'   '  dz  dz 

or      (x-a-te)—  -(y-i-«)-i  +(x-a)»-(y-6)(=0  .  .  .  (6), 
which  is  the  required  equation  of  surfaces  of  revolution. 
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C(rr,  When  the  axis  of  revolution  comcides  with  that  of  z,  we  have 
^  =  0    and    «  =  0,    a  =  0    and    6  =  0. 


.  • .  (j6)  reduces  to 


^|-2'l=<>----(^)- 


191.  Prop.  A  given  curved  surface  revolves  about  a  fixed  axis ; 
to  determine  the  surface  which  touches  and  envelopes  the  moveable 
surface  in  every  position. 

The  required  surface  will  obviously  be  a  surface  of  revolution, 
whose  generatrix  will  be  the  curve  of  contact  of  that  surface  with 
one  of  the  moveable  surfaces. 

Hence  if  we  determine  the  values  of  the  difierential  coefficients 

dz  dz 

—  and  —  from  the  given  surface,  and  substitute  them  in  the  gene- 
ral difierential  equation  of  all  surfaces  of  revolution,  the  result  will 
characterize  the  points  of  contact,  being  the  equation  of  a  surface 
containing  those  points.  This  equation,  combined  with  that  of  the 
given  surface,  will  give  the  equations  of  the  curve  of  contact  or  the 
required  generatrix. 

192.  1.  A  right  cone  with  a  circu- 
lar base,  whose  vertex  is  at  the  origin, 
and  whose  axis  coincides  originally 
with  the  axis  of  a;,  is  caused  to  re- 
volve about  the  axis  of  « :  to  deter- 
mine the  form  of  the  enveloping  sur- 
face. 

Put  the  semi-angle  AOC  of  the 
cone  =  V,  and  tan  v  =:  t. 

Then  the  equation  of  the  cone,  in 
the  position  AOB  will  be 

z^  +  y^  =  t^x\     or    z^  =  t^x^  —  y^  .  .  .  .  (1) 

cfe  __  ^  dz  ^      y 

'   '  dx       z  dy^g 
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which  values  substituted  in  the  differential  equation  of  sar&oeB  of 
revolution,  viz. 

,  • .  «  =  0    or    y  =  0. 

Combining  the  first  of  these  results,  a;  =  0,  with  the  equation  of  the 
cone,  we  get 

ij2  +  y2  — 0.     .'.z  =  0    and    y  =  0, 

which  conditions  apply  to  the  origin  exclusively ;  but  the  second 
result  y  =  0,  gives  by  combination  with  (1) 

z^  =  ^x^    or    «  =  ±  te    and    y  =  0, 

which  are  the  equations  of  the  lines  OA  and  OB, 

Hence  the  required  envelope  is  a  double  cone  generated  by  the 
revolution  of  the  lines  OA  and  OB  about  OZ, 

2.  A  sphere  {x  —  a)'  4-  (y  —  6)*  +  z*  =  r^  revolves  about  the 
axis  of  2  ;  to  find  the  enveloping  surface.     Here  we  have 

dz  X  —  a  ^      dz  y  —  h 

—  = and      —  =  — • 

dx  z  dy  z 

dz  dz  xy  —  bx       xy  —  <^y  _  /v 

'    '     dy  dx  ~  z  z        ""    ' 

.  • .  6iF  —  ay  =  0,  the  equation  of  a  plane  passing  through  the 

axis  of  z,  and  the  centre  (afi)  of  the  sphere. 

This  plane  intersects  the  sphere  in  a  great  circle,  whose  equation, 

in  its  own  plane,  is 

('•i  -  «i)'  +  2'  =  r\ 

in  which  r^  ■=:  x^  +  y^,     and     a-^  ==  a^  +  h^, 

or,         ir2  +  y2  4.  .2  _  2(a2  +  h'^yi^x^  +  y2)*=  r^  ^  a'^ -.  h\ 
the  equation  of  the  required  surface. 
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When  a*  +  6^  =  r^,  this  reduces  to 

x^  +  y^  +  z^  —  2r{x^  +  y^y=  0 ; 
and  when  *  a  =  0,    6  =  0,        x^  +  y^  +  z^  =:  r^^ 
the  equation  of  the  sphere. 

X^         y2         g2  , 

3.  An  ellipsoid  -2  +  ij  "^"  ;5"~  ^'  revolves  about  the  axis  of  y ; 

to  determine  the  enveloping  surface. 

The  difierential  equation  of  the  surface  is,  in  this  case 

dy        dy 

z  -z X  -7-  ^  u. 

ax        dz  , 

.,  dy  b^x      dy  hH 

Also,  —•  = ^,     -f  =  —  -s— 

dx  a^y       dz  c^y 

b^x         b^z 
.'.   —2-T-  +  ir-r- =0,     .-.  ir«  =  0, 
ary         c^y 

and  consequently        a:  =  0,        or,        «  =  0. 

But  when  a;  =  0,  ~  +  —  =  1,  an  ellipse  in  the  plane  of  yz. 


x^       y^ 
And  when  2  =  0,  — +72  =  ^'*^  ellipse  in  the  plane  of  xy. 

Hence  the  required  envelope  consists  of  two  ellipsoids  of  revolu- 
lution,  whose  equations  are 

^+—^-  =  ^        »"•*       62+— iir-=i- 


CHAPTER  III. 

CONSECUTIVE  SURFACES  AND  ENVELOPES. 

193.  Ill  the  last  chapter  we  have  presented  some  examples  of 
surfaces  enveloping  a  series  of  other  surfaces,  but  in  the  only  case 
considered,  the  enveloped  surface  was  sifpposed  to  be  of  invariable 
form,  and  its  change  of  position  was  effected  only  by  a  revolution 
around  a  lixed  axis.  In  that  case,  the  enveloping  surface  was  neces- 
sarily a  surface  of  revolution. 

It  is  now  proposed  to  consider  the  envelopes  to  any  series  of  con- 
secutive surfaces. 

194.  If  different  values  be  successively  assigned  to  the  constants 
or  parameters  which  enter  in  the  equation  of  any  surface,  the  several 
relations  thus  produced,  will  represent  as  many  distinct  surfices, 
differing  from  each  other  in  form,  or  in  position,  or  in  both  these 
particulars,  but  all  belonging  to  the  same  class  or  family  of  surfaces. 
When  the  parameters  are  supposed  to  vary  by  infinitely  small  in- 
crements, the  surfaces  are  said  to  be  consecutive. 

Thus  let  7^(jr,  y,  z,  a)  =  0,  .  . .  .  (1),  be  the  equation  of  a  surface, 
and  let  tho  parameter  a,  take  an  increment  /*,  converting  (1^,  into 
F{x,y^z,  rt  -f  /i)  =  0,  .  .  .  .  (2) ;  then  if  h  be  supposed  indefinitely 
small,  tho  surfaces  (1)  and  (2)  will  be  consecutive.  Moreover,  the 
surfaceis  (1)  and  (2)  will  usually  intersect,  and  their  intersection  will 
vary  with  the  value  of  A,  becoming  fixed  and  determinate  when  the 
surfaces  are  consecutive. 
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195.  Prop,  To  determine  the  equations  of  the  intersection  of  con- 
secutive surfaces. 

To  effect  this  object,  we  must  combine  the  equations 

F{x,y,z,a)  =  0,  .  .  ,  .  (1),      and     F{x,y,z,a  +  A)  =  0, (2); 

and  then  make  A  =  0. 

By  reasoning  precisely  as  in  the  case  of  consecutive  curves, 
(Art  143)   we  prove  that  the  two  conditions 

F{:c,y,z,a)  =  0,....{\),        and       ^^h?A  =  q,  . . . .  {3), 

must  be  satisfied  at  the  same  time. 

By  combining  these  equations,  so  as  to  eliminate  first  y,  and  then 
X,  we  shall  have  the  equations  of  the  projections  of  the  required  in- 
tersection on  xz,  and  yz. 

196.  Pro2K  The  surface  which  is  the  locus  of  all  the  intersections 
of  a  series  of  consecutive  surfaces,  touches  each  surface  in  the 
series. 

If  we  eliminate  the  parameter  a  between  the  two  equations 

F{x,y,z,a)  =  0,....{l),     and     ^^l^.Ji^)  ^  ^ (2), 

the  resulting  equation  will  be  a  relation  between,  the  general  co-ordi- 
nates X,  y,  z,  of  the  points  of  the  various  intersections,  independent 
of  the  particular  curve  whose  parameter  is  a,  or  in  other  words,  the 
equation  of  the  locus. 

Resolving  (2)  with  respect  to  a,  the  result  may  be  written 

a  =  9(ar,y,z), 
and  this  substituted  in  (1)  gives 

^[•^,y,2,<P(^,y5«)]  =0,  .  .  .  .  (3), 

which  will  be  the  equation  of  the  locus. 

Now  differentiating  both  (1)  and  (3)  first  with  respect  to  ^,  and 
then  with  respect  to  y,  we  readily  prove,  precisely  as  in  the  case  of 
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dz  dz  m_ 

consecutive  curves,  that  the  values  of  -r-  and  -7-  are  the  same 

dz  dy 

whether  derived  from  (1)  or  (3).  Hence  the  two  sur&ces  (1)  and 
(3)  will  have  a  common  tangent  plane,  and  will  therefore  be  mutu- 
ally tangent  to  each  other  at  all  points  common  to  those  sur&ces. 

197.  The  surface  (3),  which  touches  each  surface  of  the  series,  is 
called  the  envelope  of  the  series. 

198.  Ex,  .'To  determine  the  envelope  of  a  series  of  equal  spheres 
whose  centres  lie  in  the  same  straight,  line. 

Assuming  the  line  of  centres  as  the  axis  of  ar,  the  equation  of  one 
of  these  spheres  will  be  of  the  form 

(a-  -  a)2  +  y^  +  ^2  -  r2  =  0 (1), 

in  which  a  is  the  only  variable  parameter. 
Differentiating  with  respect  to  a  we  get 

—  2ar  +  2a  =  0 (2). 

From  (2)  a  =  Xy  and  this  substituted  in  (1)  gives 

y2  +  z*  —  r2  =  0. 

This  is  the  equation  of  a  right  cylinder  with  a  circular  base,  the  axis 
of  which  coincides  with  that  of  x, 

199.  When  the  equation  of  the  proposed  surface  contains  two 
parameters  a,  &,  independent  of  each  other,  we  must  have  the  three 
conditions 

F{z,y,z,a,b)  =  0  .  .  .  (1),      '^^iW^"^^)  =  0  . . .  .  (2). 

and  ^^£1^  =  0.. ..(3). 

And  by  eliminating  a  and  h  between  (1),  (2),  and  (3),  the  equation 
of  the  required  envelope  will  be  obtained.  Also,  if  the  proposed 
equation  should  contain  three  or  more  parameters  a,  6,  c,  &c.,  two  of 
which,  a  and  ^,  are  arbitrary,  and  the  others  connected  with  them 
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hj  given  relations,  such  relations  will  enable  us  to  eliminate  the  ad- 
ditional  parameters  and  to  obtain  a  final  equation  between  x,  y,  and  z. 

HC        f/        z 

200.  1.  A  plane  whose  equation  is  -  +  j  -f  -  =  1,  is  touched  in 

a      0      c 

every  position  by  a  surface,  the  variable  parameters  a,  6,  and  cbeing 

connected  by  the  relation  abc  =  m^ :  to  determine  the  equation  of 

the  surface  or  envelope. 

QIj         V         z 

From  -  +  7-H 1  =0....(l)we  obtain  by  differentiation, 

abc  ^  '  '' 

regarding  a  and  b  as  independent,  and  c  dependent  upon  them, 
X        z    dc        ^  ,_.  _  y      z    dc      ^  ,^. 

But  the  condition  abc  z=m^  ,  .  .  .  (4)  gives  by  differentiation 

be  +  ab  -r  =  0,     and     ac  +  ab  -rr  =  0. 
da  db  H 

dc  c  A     ^^  ^ 

'    '  da~~       a  db  ^       h 

which  values  substituted  in  (2)  and  (3)  reduce  them  to  the  forms 

X       z    c       ^  ,  y     z    c       ^ 
=  0,    and     — ^  4-  -  .  -  =  0, 

X      z  y       z 

whence  -  =  -     and      f  =  — 

a      c  be 

m—  Z  Z  Z 

These  values  in  (1)  give      — | 1-  -  =  1, 

c        c        c 

or  —  =  1.     .  • .  c  =  3^. 

c 

And  similarly  6  =  3y,     a  =  3a:. 

rinally  by  replacing  a,  b,  and  c,  in  (4),  by  their  values  just  found,  we 

obtain  xyz  =  —  as  the  equation  of  the  enveloping  surface. 

2.  To  find  the  envelope  of  all  the  spheres  whose  centres  lie  in  the 
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same  plane,  and  >vhose  radii  are  proportional  to  the  distances  of 
their  centres  from  a  fixed  point  in  that  plane. 

Assuming  the  plane  of  the  centres  as  that  of  ay,  and  the  origin  at 
the  fixed  point,  the  equation  of  one  of  the  spheres  will  take  the  form 

(ic  -  a)2  +  (y  -  6)^  +  2^  -  r^  =  0  .  .  .  .  (1), 

in  which  n,  6,  and  r,  are  variable  parameters,  a  and  h  being  inde- 
pendent, and  r  connected  with  them  by  the  relation 

r2  =  r2^„2  _|_  ^>2)  ^  ^  ^  ^  ^2)    where  ^  is  a  constant. 
Eliminating  r  between  (1)  and  (2)  we  have 

(x  -  o)2  +  (y  -  by  +  z^-  f{a^  +  b^)  =  0 (3). 

Differentiating  with  respect  to  a  and  b  successively, 
^^X'-a)-t^a  =  0..  .  (4),    and    -  (y  -  6)  -  ^6  =  0  .  .  .  (5). 

,  • .  rt  = r,,    and    b  = :     which  values  in  (3)  give 

1  —  i"  1  —  i^ 

Tliis  is  the  t  quation  of  a  right  c-ono  with  a  circular  base,  its  axis 
being  eoineident  with  that  of  r,  and  its  vertex  at  the  origin. 


CHAPTER  IV. 


CURVATURE    OF   SURFACES. 


201.  INvo  surfaces  are  said  to  be  tangent  to  each  other  when  they 
have  a  common  point,  (or,  y,  z,)  and  a  common  tangent  plane  at  that 
point. 

Let  the  equations  of  the  two  surfaces  be 

F{X,  r, Z,)  =  0 (1),     and    <p{x,y, z)  =  0 (2). 

The  analytical  conditions  necessary  for  a  simple  contact,  or  contact 

of  the  Jirst  order,  are 

__  .^y,  dZ        dz      dZ        dz 

X  =  x,  Y=y,  Z  =  z,  ^  =  -^,  -[Y=-d^' 

If  the  second  differential  coefficients,  derived  from  the  equations  of 
the  two  surfaces  be  also  equal,  viz. : 

d?Z       d^-z      dr-Z        dH  ^        d^Z  dH 

and 


dX^       dx"^'     dr^~  dy-^  dXdY        dxdy' 

the  contact  is  said  to  be  of  the  second  order.     If  the  third  differential 
coefficients  be  also  equal,  the  contact  is  of  the  third  order,  &c. 

202.  In  order  to  show  that  the  contact  will  be  more  intimate  as 
the  nimiber  of  equal  differential  coefficients  becomes  greater,  let  the 
arbitrary  increments  h  and  k  be  given  to  the  independent  variables, 
X  z=  X  and  y  =  y,  converting  Z  and  z  into  Z^  and  jJj,  we  shall  then 
have     (Art.  82) 

^      .     c/Z    h     dZ    k    d^Z     h^  d^Z      hk      dP'Z    k^      . 

^'^^"'Tx\^lY'\^Jx^'\7i^-i:xdY'i:'^dY^^^^^ 
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,    dz  h  ,   dz  k      d^z    h?    .    d:^z    hk  ^    d^z    P    .    . 

Zt  z=z  z  A •  — •  — • 1 • 1 • 4-  dec 

*         ^  dx   l^  dfj   l^  dx^   1.2^  dxdy    1  ^  dy^   1.2^ 

and  when  Z  =  z, 

VdZ     dz'\k  ^  VdZ     dz'\k     fd^Z     d^z"!  h^     .    , 

Now  tho  value  of  this  difference  will  depend  (when  h  and  k  are 
very  small),  chiefly  on  the  terms  containing  the  lowest  powers  of 
h  and  k.  If,  therefore,  the  first  differential  coefHcients,  derived  from 
the  equations  («^),  (^),  and  ((7),  of  three  surfaces,  at  a  common 
point,  be  equal,  and  if  the  second  differential  coefficients,  derived  from 
{A)  and  (5),  be  also  equal,  but  those  of  (-^1)  and  (C)  unequal,  the 
surfaces  (A)  and  {B)  will  separate  more  slowly,  in  departing  from 
the  common  point  than  will  the  surfaces  [A)  and  (C). 

203.  The  order  of  closest  possible  contact  between  one  surface 
entirely  given,  and  another  given  only  in  species,  will  depend  on  the 
number  of  arbitrary  parameters  contained  in  the  equation  of  the 
second  surface. 

Thus  a  contact  of  the  first  order  requires  three  conditions,  and 
therefore  there  must  be  three  arbitrary  parameters.  A  contact  of 
the  second  order  requires  six  parameters ;  one  of  the  third  order, 
ten  parameters,  <kc.  Hence  the  plane,  whose  equation  has  three 
parameters,  may  have  contact  of  the  first  order.  The  sphere  cannot, 
except  at  particular  points,  have  contact  of  the  second  order,  since 
its  equation  has  but  four  parameters ;  but  of  two  tangent  spheres, 
one  may  have  closer  contact  than  the  other. 

The  ellipsoid,  hyperboloid,  and  paraboloid,  can  each  have  contact 
of  the  second  order. 

204.  Prop.  To  determine  the  radius  of  curvature  of  a  normal 
section  of  a  given  surface  at  a  given  point. 

Assume  the  tangent  plane  at  the  given  point  as  that  of  xy ;  the 
normal  comciding  with  the  axis  of  z. 
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Let  OXj  be  the  trace  of  the  se- 
cant plane  oh  that  of  xy,  fonning 
with  OX  an  angle  d.  AOB  the 
nonnal  section,  and  P  a  point  in 
that  section.     Put 

OEz=x,  ED^y,  DP:=zz,  OD=x^ 

The  co-ordinates  of  the  curve 
AOB,  estimated  in  its  own  plane, 
are  x^  and  z ;  and  the  general  value 
of  the  radius  of  curvature  of  a  plane  curve  where  Xy  and  z  are  the  co- 
ordinates, and  any  quantity  t  the  independent  variable,  is  (Art.  131.) 

3 


B  = 


LdtJ 


d'^z    dx^      d^x^   dz 
'd^"di'^'~dF'Tt 


which,  applied  to  the  present  case,  making  <  =  jt,  and  observing  that 

ds       dxy  dz 

at  0  -7-  =  -T^  and  -r-  =  0,  reduces  to 
ax       dx  ax 


B  = 


m 


dH 
dx^ 


... 


(1). 


d^z 


In  this  expression,  the  coefficient  -j-^  has  reference  to  those  points 

of  the  surface  which  lie  in  the  curve  AOB,  and  therefore  it  differs 

d^z 
from  the  partial  differential  coefficient  -7-5  derived  from  the  equation 

of  the  surface,  which  latter  refers  to  the  change  in  z  produced  by  a 
change  in  x  only,  while  y  is  constant. 

Let  z  =  (p(ar,y)  be  the  equation  of  the  surface ;  then     (Art.  55) 


m- 


dz      dz    dy 


di 
dx 


dz^ 
dy 


,    {-— i-=-j — h  -r-  tan  d,    since  -^  =:  tan  d  in  the  pre- 

ax      dy    dx      ^^      ''•*'  -''^ 


dy_ 
dx 


sent  case. 
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dx^  dzdy  djf* 


dx  1 

Also  — r^  = r     Hence  by  substitution  in  (1)  and  reduction, 

etc        cos  4  •'  ^  '  ^ 

Rz= ^ .  •  -  \P\ 

d^z       ,,    ,   ^  d^z         ,     .    ,   .    d^z      .  ,,  ^    •* 

-— -  cos^d  +  2  -1— r-  COS  4 .  sm  4  +  -r^  •  sm^^ 
dx^  dxdij  dy^ 

205.  Prop.  The  sum  of  the  curvatures  of  any  two  norma)  sec- 
tions of  a  curved  surface,  drawn  through  the  same  point  of  the 
surface,  and  perpendicular  to  each  other,  is  constant,  those  curva- 
tures being  measured  by  the  reciprocals  of  the  radii  of  curvature. 

Let  &  and  ^j  be  the  inclinations  of  the  secant  planes  to  the  plane 
of  ar^r ;  R  and  R^  the  radii  of  curvature  of  the  two  sections  at  theii 
common  point.  Then,  since  the  sections  are  perpendicular  to  each 
other, 

dj  =  -  cr  +  d,     and     .  • .   cos  d  =  sin  d j,     sin  4  =  —  cos  d^. 

At 

and  by  formula  [P] 

1        d'^z  d^z  d^z 

-r.  =  -f-o'  cos^a  +  2  -J— 7-  •  cos  ^  sin  d  +  -7--  .  sin^d. 
R      dx^  dxdy  dy^ 

1         d'^z  d^z  d^z 

-=^  =  -z-r,  sin^d  —  2 -z—r  •  sin  ^  cos  4  +  -j-^  •  cos^d. 
/?!       dx^  dxdy  dy^ 

Hence  by  addition  and  reduction 

1         1        d'^z      d^z 

-  +  -rr-  =  -7-r  +  -T-^i  =  ^  coustaiit  for  thc  same  point. 
R      Ri       dx^       dy^ 

Cor.  Thc  normal  sections  of  greatest  and  least  curvature  at  any 
point  of  a  curved  surface,  are  perpendicular  to  each  other. 

For  since  -^  +  "o^  ^s  constant,  —zr  will  be  greatest  when  -^  is 
R       Ri  JtC  M^ 

least,  and  it  will  be  least  when  -^  is  greatest. 
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206.  The  sections  of  greatest  and  least  curvature  are  called 
principal  sections,  and  the  corresponding  radii  are  called  principal 
radii, 

207.  Prop.  To  determine  the  principal  radii  of  curvature  at  a 
given  point  of  a  curved  surface. 

By  differentiating  -^  with  respect  to  d,  as  an  independent  variable, 
and  placing  the  differential  coefficient  equal  'to  zero,  we  get 

-yr  =  -  2  :j4-cos^8in5  +  23-^(co824  -  sin24) 
a6  dz^  dxdy^  ' 

+  2  -tt:  •  sin  a  cos  4  =  0. 
From  which  we  obtain  two  values  of  cot  4,  viz. : 


V  Uy^  "^  di^J  "^  ^\d^) 


dx^       dy"^ 
cot  4  = 


d^z 
2 


dxdy 

Substituting  this  value  in  the  formula  (P),  which  may  be  written 

thus 

1  +  cot^d 


jR=: 


d^z  d^z  d^z* 

—    COt2(J+^2;^-^COt4    +  — 

dx^  *    dxdy  dy^ 


and  denoting  by  JR^  and  jBj  the  least  and  greatest  radii  of  curvature, 
there  results  ^ 

Ml  =  ^  -  ^rr=i»    ....    (22), 


rfy2        y   L^yZ       ^2j  \dxdyl 


i2a  = p==J=.:=r„ (5). 


dx^ 
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208.  Prop.  To  Bxpress  the  radius  of  curvature  of  any  nonniil 
section  in  terms  of  the  principal  radii  Bi  and  iS,,  and  the  angle  9 
formed  by  that  section  with  the  principal  section  of  greatest  curvi^ 
ture. 

If  we  make  successively  d  =  0,  and  ^  =  -*  in  [F]  we  obtun 

i2  =  ^,    and     22  =  ^, 

and  these  will  be  the  values  of  R^  and  Rj,^  if  the  planes  of  xz  and 
yz  be  supposed  to  coincide  with  those  of  greatest  and  least  curra- 
ture.    Thus  we  shall  have,  upon  this  supposition, 

^-i.         d     —--  — 

d^z 
The  same  supposition  renders  =  0,  as  appears  when  we 

putd  =  0  in  {Q). 

These  conditions  reduce  (P),  when  6  is  replaced  by  9,  to  the  form 

j^  __  RlRj r  ^T 

~  R2  cos2<p  +  R,^  sin2(p  *■    ^' 

the  desired  formula. 

209.  Prop,  If  the  two  principal  sections  of  a  curved  surface,  at 
any  point,  have  their  concavities  turned  in  the  same  direction,  then 
every  normal  section  through  that  point  will  be  concave  in  the  same 
direction. 

In  the  formula  (2'),the  signs  of -Rjand  JSj  depend  upon  those  of 

d^z  dH 

-r— r  aad  -r-r  \  aud  the  signs  of  these  coefficients  indicate  the  direo- 

tions  of  the  curvature  of  the  principal  sections. 

In  the  case  under  consideration,  the  signs  of  i?i  and  R^  must  be 
alike,  and  therefore  if  both  be  +,  the  sign  of  R  will  be  +  also; 
but  if  both  be  — ,  then  the  sign  of  R  will  likewise  be  negative. 

Froui  which  the  truth  of  the  proposition  is  apparent. 


•? 
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210.  Cor,  If  R^  and  R^  be  also  equal,  then  R  ^  R^^  R^  for 
every  value  of  9,  and  every  normal  section,  through  the  same  point, 
will  have  the  same  curvature.  This  occurs  at  the  vertices  of  sur- 
faces  of  revolution. 

211.  Prop.  If  one  principal  section  of  a  surface  be  concave,  and 
the  other  convex,  it  will  be  possible  to  select  a  value  (p^  for  9,  which 
shall  render  R  infinite,  or  the  section  a  straight  line ;  also,  between 
the  values  9  =  —  9^  and  9  =  +  9i)  the  signs  of  R  and  R^  will  be 
^like ;  but  from  9  ~  9i  to  9  =  ff*  —  9^,  the  signs  of  R  and  R^  will 
be  alike. 

In  the  formula  [7^,  suppose  i^^  negative,  and  it  will  become 

R2  cos*9  —  Ri  sin^9 
in  which  transformed  expression,  the  quantities  J?^  and  R2  are  to  be 
considered  essentially  positive. 

Now  suppose  9  so  taken  that  R2  cos^  —  R^  sin^  =  0,  a  condition 
that  will  be  fulfilled  when 

or,     <pi  =  tan-* 

Then  22  =  11^:^  =  0). 

Thus  there  are  two  sections  corresponding  to  the  angles  9^  and 
—  9j  which  give  straight  lines.  Also,  if  9>— 9i  and  9<9i; 
then  i2aCOs3  9— i2jsin29  >  0,  and  .  •.  i?  <  0. 

But  if  9  >  9i  and  9  <  *  —  9i,  then  R2  cos'9  —  Ri  sin^  <  0, 
and  i?  >  0. 

Hence  the  surface  may  be  divided  into  four  parts  by  two  planes, 
and  if  the  first  of  these  parts  be  supposed  concave  the  second  will 
be  convex,  the  third  concave  and  the  fourth  convex. 

212.  Prop,  To  determine  whether  the  principal  radii  at  any  point 

have  the  same  or  contrary  signs,  the  co-ordinate  planes  not  being 

coincident  with  the  .principal  sections. 

16 
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The  general  values  of  E^  and  i2,  may  be  reduced  to  the  forms 

2 


B,= 


A  = 


2 

y  +  g"  -  ^/(y  +  g'T  -  4(;>'V'  -  «"•) 


tPt  <Pz  cPz 

in  which        t>"  =  — i    </"  =  — »    and    *"  =  -i — r-i 

and  these  values  will  have  the  same  sign  when  p"q"  —  m"*  >  0»  and 
contrary  signs  when  p"g"  —  »"*  <  0. 

213.  Prop.  At  every  point  of  a  curved  sur&oo,  a  paraboloid 
(either  elliptical  or  hyperbolic)  can  be  applied,  with  its  vertex  at 
that  point,  which  shall  have  contact  of  the  second  order  with  the 
^ven  surface. 

Assume  the  point  of  contact  as  the  origin,  the  normal  being  tak^ 
as  the  axis  of  z,  and  the  planes  of  xz  and  yz  coincident  with  the 
principal  sections  of  the  surface. 

Take  the  normal  as  the  axis  of  the  paraboloid,  its  vertex  being*  at 
the  point  of  contact,  and  turn  the  paraboloid  about  its  axis  until  its 
principal  sections  coincide  with  xz  and  yz.  The  equation  of  the 
paraboloid  when  in  this  position  will  be  Ax^  =fc  By^  =  Cfe, 

which  may  be  written      z  =  —=  ±  ^^y 

C  C 

where    2P  =  —  and  2P,  =  -^,  which  represent  the  parameters 

of  the  principal  sections,  are  entirely  arbitrary. 

Take       P  =  -Bj,    and    Pj  =  R^     Then    z  =  -^  ±  ^ 


2iJi      2iB, 


„  d'z        \         ^      dH  1 

Hence  -^-r-  =  -=r-    and     -r-r-  =  dt  -=-, 

dx^       R^  dy^  22,' 


and  therefore  R^  and  R^  are  the  principal  radii  of  curvature  of  the 
paraboloid  also.    Then,  for  any  other  normal  section  of  the  parabo* 
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S48 


B1R2 


-,  the  same  value  as  that 


loid,  we  shall  have  M  =  -= — r-«         ^       «  , 
'  i?i  sin29  db  i2a  cosa9' 

of  the  radius  of  curvature  of  the  corresponding  normal  section  of  the 
sur&ce.     (Art  208). 

Car.  It  appears  that  when  the  principal  sections  of  two  tangent 
surfaces  have  contact  of  the  second  order,  every  other  normal  sec- 
tions made  by  the  same  plane  drawn  through  the  same  point  will 
likewise  have  contact  of  the  second  order. 

214.  Prop,  To  determine  the  radius  of  curvature  of  an  oblique 
section  of  a  curved  sur&ce. 

Take  the  point  of  contact  as  the  origin,  and  the  tangent  plane  as 
that  of  ztf. 


Let  OXi  be  the  trace  of  the  secant  plane  on  xy,  aOb  the  section 
of  the  surface  by  that  plane,  AOB  the  normal  section  by  the  plane 
ZOXy  R  the  radius  of  curvature  of  AOB  at  0,  r  the  radius  of 
curvature  of  aOh  at  0.  Draw  OZ^  perpendicular  to  OX^  in  the 
plane  a  06,  and  refer  that  section  to  the  rectangular  axes  OX^  and  OZ^. 

Put  Od^x^  dp  =zg^y  X  =:  angle  between  aOb  and  AOB^ 
pDzz^z,  DE^y,  OEz^x. 
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Then  at  the  point  0  we  shall  have 


[ 


^1 


2 


r  =    !r--  >     R  = 


But    2  =  «,cosX.    .•.-=—  = -^.cosX.      Also     j- =  j    =  j~' 
^  dst^      cb^  dx       dx       dx 

.  • ,  r  =  i2 .  cos  X, 

and  consequently  radius  of  the  oblique  section  =  projection  of  the 
radius  of  the  normal  section,  on  the  plane  of  the  oblique  section. 
This  result  is  known  as  Afeusnier^s  Theorem, 

Cor,  If  a  sphere  be  described  whose  radius  shall  be  identical  with 
that  of  the  normal  section,  and  if  through  the  tangent  to  that  section 
any  plane  be  drawn  intersecting  the  sphere  and  the  given  surface, 
then  will  the  small  circle  cut  from  the  sphere  be  osculatory  to  the 
curve  cut  from  the  surface. 

Zines  of  Curvat/ure. 

215,  If,  through  the  consecutive  points  of  any  curve  traced  upon 
a  given  surface,  normals  to  that  surface  be  drawn,  such  consecutive 

normals  will  not  usually  lie  in  the  same  plane,  and  therefore  will 

« 

not  intersect;  but  when  the  consecutive  normals  do  intersect,  the 
corresponding  curves  (which  enjoy  peculiar  properties)  are  called 
lines  of  curvature, 

216.  Prop,  To  determine  the  lines  of  curvature  passing  through 
any  point  on  a  curved  surface. 

Let  the  equations  of  the   normals  passing  through  any  point 

x-a:i4-/(z-Zi)=0=P...(l)  and  y-yi+*(«-Zi)=0=C  . .  .(2), 

and  suppose  the  independent  variables  x  and  y  to  receive  the  incre- 
ments h  and  k. 
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Then  the  equations  of  the  normal  in  the  new  position  will  be 
--  .  dP  h  ,   dPh  ,    .  ^  ,^^ 

^+^.T  +  ^I  +  *°-  =  * W' 

If  these  two  normals  intersect,  the  equations  (1),  (2),  (3),  and  (4), 
will  apply  to  the  point  of  intersection ;  and  if  the  co-ordinates 
Xj  y,  and  z  of  that  point  be  eliminated  between  the  four  equations, 
the  result  will  be  a  relation  between  the  increments  h  and  k  and  cour 

dzi  dzy  J, 

stants,  it  beini?  observed  that  t  =  -r^  and  *  =  -r-^,  are  constant  for 

i^dP    dP   ^ 
the  same  pomt,  and  the  same  is  true  of  -j-^  -7—,  occ. 

This  relation  between  h  and  k  implies  a  necessary  relation  between 
the  new  values  of  z  and  y,  in  order  that  an  intersection  of  the  nor- 
mals  may  be  possible ;   and  when   the  normals  are  consecutive, 

A  =  0,  and  ^  =  0,  and  -  =  -^     Thus  by  omitting  P  and  Q  (each 

of  which  is  equal  to  zero)  in  (3)  and  (4),  then  dividing  by  A,  and 
finally  making  A  =  0,  those  equations  become 

dP        dP    dy^  _  dQ      dQ  rfy, 

-d^  +  W/d^i     ""^^        ^.+5;^'5i;  =  ®"-w. 

or,  by  forming  the  values  of  the  partial  differential  coeiRcients, 

dP    dP    dQ  dQ 

■^'  rf^'  i^'  ""^  ^'  ^~"'  (^>  *°^  <'^)' 


^        ^  dz{^     dx^     ^         'dx^dy^  dx^     dx^    dy^   dxi 

dx^dy{^  ^Vi  ^1     ^1  "^1*    ^     ^Vi     ^^ 

and  by  eliminating  z  —  z^  putting 

d^r^^d^,^'i^w^=^^di^=^'  ""^  «te;^=*' 


(7), 
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we  obtain 

This  18  a  quadratic  equation,  giving  two  values  of  -^,  the  tangent 

of  the  angle  between  the  axis  of  x  and  the  projection  of  the  tangent 
to  the  line  of  curvature  passing  through  (arj^^z^),  upon  the  plane 
of  xy.  Hence  there  will  be  two  lines  of  curvature  passing  through 
each  point  of  the  surface ;  and  if  p\  q\  &c.,  be  replaced  in  (U)hj 
their  general  values  derived  from  the  equation  of  the  surface,  the 
result  will  be  the  differential  equation  of  the  projection  of  everj 
pair  of  lines  of  curvature  upon  the  plane  of  ^. 

217.  Prop.  The  lines  of  curvature  at  any  point  of  a  curved  sur- 
fibce  intersect  each  other  at  right  angles,  and  they  are  respectively 
tangent  tb  the  sections  of  greatest  and  least  curvature. 

If  we  suppose  the  plane  of  xy^  (which  in  the  last  proposition  was 
assumed  arbitrarily)  to  coincide  with  the  tangent  plane  at  the  point 
under  consideration,  we  shall  have 

Hence  the  equation  (  U)  may  be  reduced  to  the  form 

^^'-^^t-'-" c). 

Hence  if  ^^  and  ^j  denote  two  angles  determined  by  the  condition 
that  tan  ^^  and  tan  6^  shall  be  the  roots  of  this  equation,  we  shall 
have,  by  the  theory  of  equations, 

tan  ^1  tan  ^^  =  —  1,    or     1  +  tan  ^j  tan  ^2  =  0, 

which  is  the  condition  of  perpendicularity  of  two  lines  in  the  plane 
of  xy  forming  angles  &^  and  ^2  ^'^^^  ^^  ^^  ^^  ^*  Thus  the  tan- 
gents to  the  two  lines  of  curvature  intersect  at  right  angles. 


4 
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218.  Again,  if  we  divide  equation  (  V)  by  —^  =  tan*4  and  replace 
by  cot  d,  the  result  will  become  identical  in  form  with  equation 


tand 

(Q),  which  serves  to  determine  the  two  angles  formed  by  the  prin- 
cipal sections  with  the  plane  of  22r,  and  hence  the  directions  of  the 
lines  of  curvature  are  tangent  to  the  curves  of  principal  section. 

219.  Prop,  The  consecutive  normals  to  a  surface  drawn  through 

« 

points  in  the  lines  of  curvature,  intersect  at  the  same  points  as  the 
consecutive  normals  to  the  principal  sections  to  which  the  lines  of 
curvature  are  tangent. 

Kegarding  the  tangent  plane  at  the  given  point  of  the  sur&ce  as 
still  coincident  with  that  of  xy^  we  shall  have 

j?i  =  0,  -5-7-=  0  and  -j-^  =  0  and  the  equation  (7), gives 

.  \  if  \ 

1  tantf 

«  =  -=; ;= •       or 


d^Zy         cPz.  *  d^z,         d^z, 

:ri+:r-T-^^^  •:7^^  +  ^.tan^ 

dx^^      dx^dy^  dxjdy^      dy^ 

Now  if  the  plane  of  xz  be  supposed  coincident  with  a  principal 

d^z 
section,  these  expressions  will  be  still  further  simplified,  since  -3 — -j— 

dx-fly^ 

will  then  be  ==  0 ;  thus, 

1  I 

z  =  -:=—     or    «  = 


rf»gi  d^ 

dx^  dy^ 

But  these  expressions  are  precisely  the  same  as  those  previously 
found  for  the  radii  of  curvature  of  the  principal  sections,  and  hence 
the  centres  of  curvature  of  the  principal  sections  must  coincide  with 
the  points  of  intersection  of  consecutive  normals  to  the  surface 
through  points  in  the  lines  of  curvature. 
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CHAPTER   I. 


FIRST   PBINCIPLSB. 


1.  The  object  of  the  Integral  Calculus  is  to  determine  the  function 
from  which  any  proposed  differential  has  been  obtained.  The  pro- 
cess by  which  this  is  effected  is  called  integration^  and  is  indicated 

I, 
by  the  sign  /,  the  result  being  called  the  integral  of  the  proposed 

differential. 

2.  Whenever  the  given  differential  can  be  reduced  to  a  known 
form,  we  may  return  to  the  function  by  simply  reversing  the  rules 
for  differentiation. 

3.  Since     d{a .  Fx)  =  a ,  d{Fx)  =  aF^x .  cte,  we  infer  that 

faFfl .  dz  =  a/F^x .  fltr, 

that  is,  we  may  remove  any  constant  factor  from  under  the  sign  of 
integration,  placing  it  as  a  factor  exterior  to  that  sign. 

/a  1 

-F^x  .dx  =  -fa.F^x.dx. 

Therefore  we  may  intrdduce  a  constant  factor  under  the  integral 
sign,  provided  we  write  its  reciprocal,  as  a  factor,  exterior  to  that 
sign. 

5.  To  differentiate  the  algebraic  sum  of  several  functions,  we  dif- 
ferentiate each  function  separately,  and  take  the  algebraic  sum  of  the 
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seyeral  differentials.  Hence,  in  order  to  integrate  the  algebraic  sum 
of  several  differentials,  we  have  only  to  integrate  the  several  terms 
successively. 

Thus    f{adx  +  hdy  --  cdz  +  edv)  =  fadx  +fhdy  —fcdz  +fedv 

=  aa?  +  6y  —  c«  +  w. 

6.  Again,  since  differentiation  causes  all  constants  connected  with 

the  variables  by  the  signs  +  and  —  to  disappear,  it  follows,  that  in 

effecting  an  integration,  we  should  always  add  a  constant,  in  order 

to  provide  for  that  which  may  have  disappeared  by  differentiation : 

thus  we  write 

fadx  =  at  +  c, 

in  which  the  value  of  c  will  be  arbitrary,  unless  fixed  by  other  con- 
ditions. 

Suppose,  for  example,  that  the  general  value  of  the  integral  is  X, 
80  that 

and  that  for  a  particular  value  x^  of  x^  the  integral  assumes  a  known 
value  X-i',  then 

Xi=z  ax^'\'  c,  and  .  • .  c  =  X^  — arj. 
And  this  value  substituted  in  the  general  integral,  gives 

X  =  a(x  —  aTj)  +  Xj. 

Integration  of  the  Form  (Fx)MFx. 

7.  Prop.  To  integrate  the  form  (FxydFx. 

Here  we  have  /{Fx^dFx  =  — —  /(n  +  l){FxydFx 

1  (FxY^^ 

The  same  process  can  obviously  be  applied,  whenever  the  quan- 
tity exterior  to  the  parenthesis,  can  be  rendered  the  exact  dif> 
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ferential  of  that  within,  by  the  introduction  or  suppression  of  a 
oonstant. 

Hence  we  have  the  following  rule  for  the  integration  of  this  form, 
viz.: 

Divide  the  given  expression  by  the  differential  of  the  quantity  within 
the  {)^  then  increase  the  exponent  of  the  (^  )  by  unity ^  andftnaUy^ 
divide  by  the  exponent  thus  increased. 

BXAMPLES. 

8.  1.  To  integrate  a^dx. 

a  Qs^ 

Jau^dx  =  afx^dx  =  -fAa^dx  =-7-  +  ^ 

2.  To  integrate  -/&»  +  «* .  Zca^dx. 

S{b'^  +  x^)\zcx^dx  =  ^.^f^{p  +  x^)^.Ax^^ 

3.  To  integrate  rfy  =  (2a  +  Zbxydx. 
This  may  be  integrated  in  two  ways ;  thus 

y  =  /(2a  +  Uxfdx  =zf{&a^  +  S6a^z  +  b^ab^x^  +  QlbhP)dx 
=  fSa^dx  +  fS(kLHxdx  +  fb4ab^x^dx  +  f^b^a^dx 

=  Sa^x  +  ISa^x^  +  ISab^x^  +  ^^3^1^  +  ^ (1), 

Again 
y  =  /(2a  +  ^hxydx  z=^^  fA{2a+Zbxy.  Sbdx  =  ^{2a+Sbxy+e^ 

=  ^+  8a3ar  +  lSa^x^  +  18aiV  +  ^b^x^  +  c^ (1). 

The  formulae  (1)  and  (2)  are  identical.     For  if  y^  denote  the 

particular  value  of  y  when  a:  =  0,  we  shall  have  from  (1)     y^  =  c ; 

4a*  4a^ 

and  from  (2)    y^  =  —  +  c^,     .'.cz=—+e^. 
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4.  To  integrate   dy  =  ^{Ux^  —  "HcT^y  (46a?  —  Zcx^)dx 

y  =  I  /(45a:2  -  Sca:^)*  (qj^.  _  ^cx^)dx  =  |  (46aj2  -  Sca;^)*  +  c. 

9.  In  each  of  the  preceding  examples  the  proposed  differential  has 
heen  brought  to  the  required  form,  viz. :  that  in  which  the  part  ex- 
terior to  the  (  )  is  the  exact  differential  of  that  within,  by  intro- 
ducing a  constant  factor.  To  ascertain  when  this  is  possible,  take 
the  last  example,  and  denote  by  A  the  required  unknown  &ctor :  then 

y  =  -i-  /(46a:2  -  2car3)*  {^2Ahx  -  9Acx^)dXj 

JO. 

and  if  this  be  of  the  required  form,  we  must  have 

d{Ux^  —  2cr3)  _-  (12^6*  —  9Acx^)dx 

or  Sbx  —  Qex^  =  l2Abx  —  9Aex^, 

and  since  this  condition  must  be  satisfied  without  reference  to  the 
value  of  or,  we  must  have,  by  the  principle  of  indeterminate  coeffi- 
cients, the  two  separate  conditions 

86  =  12^6 (1)     and     —  Gc  =  —  9  Jc (2). 

From(l)     ^  =  _=-,    andfrom(2)     ^=-  =  ^ 

The  values  of  A  derived  from  (1)  and  (2)  being  identical,  the  pro- 
posed reduction  is  possible. 

The  next  example  will  illustrate  the  contrary  case. 

1 .  rfy  =  (462*  +  3(Mr2)  *  (26^  +  Sax)dx. 

If  possible,  let  A  be  the  required  factor.     Then 

y  =  ^/{^b^x  +  Bax^y  {2b^A  +  SaAx)dx, 

and  .  • .  d{U^x  +  Sax^)  =  (26^^  +  8aAx)dx, 

or  462  -t-  Cax  =  262^  +  SaAx, 
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which  gives  the  two  separate  conditions 

462  ^  2b^A (1)        and        6a  =  8a  J (2). 

From(l)     ^  =  1^-2,    and  from  (2)     ^  =  ^  =  |. 

These  values  of  ^  being  different,  the  desired  reduction  is  impossible, 

adx 


2.  To  integrate  dy  = 


1j^ 


a  . . ,  a    - .  ,  ax''^    .  a 

8.  rfy=  "'*' 


X  y/Ux-\-  4C»«» 


=  _  _  (3fcr-i  +  4c^)   +c= ^       86^      /   +c 

.  ,  axdz  .-.f^i 

(262;  +  x^)^ 
y  =  a /(26a;  +  x^)"^.  xdx  =  af{2bxr^  +  if*  (x^)"^*  ar«fc 

=  ^/(26ari+  if^.^r-K^bdx  =  ^  (26ar-i  +  1)"*+ c 

a  r26jr  +  xH-i  .  ax 

=  r    2 \      +e=  — ^  +  c. 

3ar*(ar3  — a3)  , 
X  —  a 

y  =  3fx^{x^  +  ax  +  a^)dx  =  3  /  («•  +  ax»  +  a^x^)dx 

(x"^       ax^      aV\ 


CHAPTER   II. 


XLEMXirrART  TRAKSOENDENTAL  FORMS. 


Loga/rithmic  Forms. 


10.  Prop.  To  integrate  the  forms  and  — ^j — ^ 

X  JPX 


Since         d{a  log  x)  =  — •     .  *  •  / =  a  log  a;  +  c 


Ai       .  •»/     1      K»  \       a»dFx  Pa.dFx  ,      —    , 

Also  since  d{a .  log Fx)  =  — rj — •    .  • .  /  — = —  ==  a. log^  +  ^ 


Fx  J     Fx 

XXAMPLXS. 

adx 


11.  1.  To  integrate  dy  =i  .   ^ 

^  6  +  ca: 

-,  ,  Sx^dx 

2.  To  integrate  dy  =  « 

^2^=log(a+2a:*)+(7=log(a+2a:*)  +  logc=log[c(a+2ir*)]. 

In  this  example  the  constant  introduced  by  the  integration  is  put 
into  the  form  of  a  logarithm  (which  is  always  admissible)  for  the 
purpose  of  simplifying  the  form  to  which  the  integral  is  finally 
reduced. 
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7xdx 


8.  To  integrate  dy  = 


8a  — ac* 


—  7xdx  7  /•  —  6xdx  ,     ,^        «  .vt  .    ^ 

=  logc  —  log  (8a  —  2x^y  =  log j. 

(8a  -  3aj»)* 

„                          ,           b(Sx  —  a«)*rf« 
4.  To  integrate        dy  =  — ^ -j-^ • 

b  fjBlx^  -  108a;3a»  +  54x^0^  —  12a;a«  +  a»)<to 

*  /"f^,         ,/vo  ^    .   54a*      12a«  .  aH  ^ 
.      y  =  -yL81x^l08a2+_-  — +  -J& 

=  ^[^«»-108a«*  +  54a*loga:  +  l^-.|l]+  C. 

Circular  Forma. 

dx 
12.  Prop.  To  integrate  the  form    dy  =z  it 

-y/a*  —  6^ 
Taking  the  upper  sign,  we  have 

,        —dx  I        —  dx 

+  dx  \        a  1  I        a 


/-f  a«         I  a  1 

y a»  -  b^x^  ""  I     /j       P^""^ 


V-?  'J\A^ 


a« 


Let  the  quantity  under  the  sign  of  integration  be  compared  with 

dz 
the  well  known  form  ^(sin-^a;)  =  ■  ,  and  it  will  he  found 

identical  therewith,  provided  we  make  -x  z=:z. 

■n        /*      dz  la  hx 

But    /     ^  =  sin-*^  +  c,    .  • .    I  —  =Riir-i —  +a 

J  -/rZl2  I     /       1,2^  a 

1  .     .bx  . 

.  • .  y  =  -r  sm-i h  €. 

b         a 
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Similarly,  since   f  =  cosr^*  +  c. 

/—  <&  1  ,  ft«  . 

13.  jPrqp.  To  integrate  the  form  (fy  = 


Taking  the  upper  sign,  we  have 


_    /•    +<^«  la*  1 


r  h 


a 


a' 


Comparing  the  expression  under  the  sign  of  integration  with  the 

dz 
well  known  form  <;?(tan-^2;)  =  ,  they  become  identical   hy 

,.       hx 
making  —  =  «• 


a» 


1  hx 

.•.  y=-rtan-i he. 

00  .        a 


-— ; — 5  =  cot-^«  +  c 

1  +  2* 

/— (&  1        ^,  to    , 

(fa 

14.  Prop.  To  integrate  the  form  dy  =z  dt, 


Taking  the  upper  sign,  we  have 


o« 


/—  rf a?                   \          -  dx 
+  dx       ^\         a —  Jl  I         <» _, 
^V^"-^  ~  1        f^~\  ""*]**   /^^TIl 
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Comparing  the  expression  under  the  sign  of  integration  with  the 

dz 
known  form  d{^(xr^z)  =  —  ,  they  hecome  identical  by  making 

z^z^  —  1 
But  /' — —- —  =  secr^z  +  c.  .  • .   |  ^ ■   =  secr^-^+Ce 


— —- —  =  secr^i 


1       -^hx 

y  =  -  sec \'  e. 

a  a 

—  dz 


And  similarly,  since    f — -  =  cosec"^«  +  e. 

/—  dx           1           ,  *a;  , 
— ^     =  -  cosec-i 1-  c 

dx 
15.  Prop.  To  integrate  the  form  dy  =  . 


Taking  the  upper  sign,  we  have 

J\~^  a*  JV    a2        "^ 


—rdx 


a2 


v/K^V("7 


Comparing  the  expression  under  the  sign  of  integration  with  the 

dz 
known  form  c?(versin~^2)  =  ,  they  become  identical  by 

y^z  —  z* 

2h^x 
makmg   — —  =  z. 

But  /* — ^  =  versin""^«  +  c. 

J  -v/2z  -  22 

ttJ? 

a2  .     ,2^2a?  . 

=  versm-^  — =-  +  c. 


2b^x\      I'Zb'^xV  «* 


M^')-(^; 
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. ' .  y  =  7  versin-^  — r-  +  c.    . 
0  or 

And  similarly,  since   f  —  =  coversin""^^. 

.'.  y  =  / —  =  Ycoversur-i— r-  +c. 


EXAMPLES. 


16.  1.  To  integrate  dy  = 


1    1        a 1     .     ,6^  ^ 


a2 


-_  x^dx 

2.  To  integrate  dy  = 


1  +«• 


+ 

—  %x     dx 

3.  To  integrate  ay  = 


\/^*- 


6aj* 


y=V5" 


\/2 .  6a:*  -  6 .  6«*  \\J  ^ . 6«*  -  6 .  6a?* 


=  4  v^.  ver8in-i(6a;*)+  e. 


17.  Since  each  of  the  trigonometrical  functions  can  be  expressed 
in  terms  of  any  other,  all  the  circular  forms  must  apply,  irheneyer 
one  is  applicable.    To  illustrate  this,  take  the  example 

,  srdx 

dy  = 


-v/5^4ar» 
17 
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y  = 


y^  •    1  IvSaj'fltr      1     *^^ 


yl-2x3     2  L/i-2x3    3 


Vir=r2^    3 


^8iii-V^+«^ 


ory=-3 


Again, 


3 


\ 


^1^/2. x^dx 


=  —  5  coari  y^  ^  ^^^ 


3 


1«. 


12a:2(fe 


1 


=  -  versin-i  (4*')  +  c^ ; 


or,y  =  -l/. 


-  12a;2(& 


1 


=  —  ^  coversin-^  {i^)  +  e^ 


V^2 .4x^  -  (4r3)2 

or  y  =  -  cosecr'W  - «    +  c^. 

FinaUj,  y  =  /ia:*a;"*  (^ x-»  -  l)-*«& 


1  + 


(I—) 


or 


=  ""3**^"  V  2"^  -  1  +  Ce, 

y  =  gCOtan-y  ^ar-3—  1  +  c,. 


TBIGONOKSTBICAL  FORMB.  269 

Trigonometrical  Forms. 

18.   Prop.   To   integrate  the  forms  ^nxdxj  coBxdXj  B&s^xdXy 
oosec^xdXy  sec >  tan  xdx,  and  cosec  x  oot  xdx. 
Since  d{cos  x) = —sinxdxy .  \  /sin«(&=  —/—sin  zdx=—co8X+e. 

"    <£(sin  x)  =     cos  «fa?, .  • .  /cos  ard!r  =  sin  a?  +  c. 

"    rf{tan  x)=z     sec^xdXf .  • .  fsec^xdx  =  tan  «  +  c. 

"    d(cot  x)=z  — cosec^arefr, .  • .  fooaec^xdx  =  —  cot  a;  +  c. 

"    d(secx)=z     secxtaxixdx, .'.  faecxtanxdx  =zseox  +e. 

"  cl(cosecx) = — oosecarcotarcZr, .  *. /cosec a;ootax?a;=  — coseca;+c 


19.  1.  To  int^rate  dyz=flcoaSx.  dx. 

2   /•  2 

y  =  /2co9Sx.dx  =  -  /  ooa^.d{Sx)  =  -fanSx  +  e. 

2.  dy  =z  b  sec^  (x^) .  x^dx. 


5 

=  -tan(«3)  +  g^ 


3.  cfy  =  6sec4a?.tan4a?.(ii; 

4.  dy  =  2  sin  (a  +  3a;)(£r, 

y  =  I/sin  (a  +  2x)Sdx=z  I/sin  (a  +  Sx).d{a  +  Zx) 

2 

=  —  ^  cos  (a  +  So:)  +  c. 

8  ^* 

5.  dy  =  ^cosec^y'S*)  . «    <&. 

y  =  -^ /*cosec«(V^) .  o  V^- «    <fe  =  —  -^  cot-v^  +  « 
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6.  cfy  =  2  coseo  (nx) .  cot  {nx) .  dx. 

2  r  .'.,.,..  2 


y  =  -  /  ooseo  {nx)  cot  (imp)  .  d{nx)  = coseo  (imp)  +  c 


20.  Prop,  To  integrate  the  fonn  dy  =  a'cb;. 


1      ^ 

da'  =z  log  a.  a'dXf .  \/a'dx^z fioga.a'dx 


Since      WW  —  .>,»  w .  w  WW, .  .  ^  w  WW  .r- 1 

log 


log  a 


21.  1.  To  integrate  dy  =  Se*dXf  where  «  is  the  Naperian  base. 

y=zS/fdx  =r  , 1-  c  =  8#«  +  e. 

log  • 

2.  i^y  =  ba^dx^ 

8.  dy  =  !»«»*(&• 

y  =  — ^/  e**d{nx)  =  — e»*  +  e. 

The  cases  which   have  now  been  considered    include  all    the 
elementary  forms. 


CHAPTER  III, 


RATIONAL  TRACTIONS. 


22.  Having  disposed  of  the  simple  and  elementary  forms,  or 
such  as  admit  of  being  brought  to  such  hj  some  very  obvious 
process,  we  shall  proceed  to  the  consideration  of  more  complicated 
expressions,  endeavoring  in  each  case  to  resolve  them  by  a  sys- 
tematic process  into  one  or  more  of  the  elementary  forms. 

23.  The  first  form,  in  point  of  simplicity,  which  we  shall  have 
occasion  to  consider,  is  that  of  a  rational  algebraic  fraction,  and  in 
such  expressions  we  may  always  regard  the  highest  exponent  of  the 
variable  in  the  numerator  as  less  than  the  corresponding  exponent  in 
the  denominator,  since  the  fraction,  when  not  given  originally  in  that 
form,  may  be  reduced  by  actual  division,  to  a  series  of  monomial 
terms  and  a  fraction  of  the  desired  form. 

24.  Prep,  To  integrate  the  form 

_  bx*-^  +  cx*-^ +b:  +  k 

^  ""  a^x*  +  b^x*-^  +  c^x*~^  ,  .  .  .  +  l^x  +  ki 

1st  Case.  When  the  denominator  of  the  proposed  fraction  can  be 
resolved  into  real  and  unequal  factors  of  the  first  degree. 

To  illustrate  this  case,  take  the  example 

« 

^"^  x^  +  bz  x{x  +  b) 

ax  -^  e       A.         B 

Assume     ,  .   -    =  — | —-;•  where  A  and  B  are  iinknown 

«*  +  6«       «      a?  +  6 
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constants  whose  values  are  to  be  determined  hj  the  condition  that 
this  assumed  equality  shall  be  verified. 

Reducing  the  terms  of  the  second  member  to  a  common  denomi- 
nator, we  have 

az-^e  _  A{x  +  h)  Bx      _Az  +  Ah  +  Bx 

x^  -{-  bx  "^   x^  +  bx        x^  -i-  bx'^         x^  +  bx 

Hence  ax  +  c  z=  Ax  -\-  Ab  +  Bx} 

and  since  this  condition  is  to  be  fulfilled  without  reference  to  the 
value  of  X,  the  principle  of  indeterminate  coefficients  will  furnish 
the  separate  equations 

e  =  -46,    and    a  =:  A  +  B, 

Thus  we  shall  have  two  equations  with  which  to  determine  the  valuea 
of  the  two  constants  A  and  B,    Resolving  them,  we  find 

c  c       ab  '^  c 

A  =.  -    and    J?  =  a  —  -4=a— -  =  — t — • 

O       .  0  0 

Hence  by  substitution 

ab—e  r  dx 


=  f^jj±±dx=f^dx+fJL.dx='-f^-\.±=^r 

Jx^4-bx  Jx        ^Jx4-b  bJx^     bJ 


x^  -{-  bx  J   X  J  x-\-b  bJ    X  b    J  x-^-h 

=  ^log;r  +  ^^log(x  +  6)  +  C. 
As  a  second  illustration  take  the  following  example 

Assume  ■     ,   .    = 1- 


Q^  ■\-bx       X       X  •\-b 

Th  q       _  Ai^x^-b)         Bx      ___  Ax  +  Ab  +  Bx 

x^  +  bx"^    x^  +  bx       x^  -^  bx  ~^         x^  -{-  bx 

. ' ,  a  z::z  Ax  +  Ab  +  Bx,  and  consequently  by  the  principle  of  inde- 
terminate coefficients 

az=Ab    and    0  =  A  +  B,    whence    -4  =  ^  and  J?  =— ^  =  — r- 

0  b 
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And  by  substitution 

/acfo       /•     adx      ^a  rdx      a  p   dx 
~bx  '^J  b{z  +  h)  "bJ  VbJ  z  +  b  ' 

=  -  log  a?  —  ^  log  {x  +  b)  +  log  c 
=  log  (/)  -  log  [{x  +  bf]  +  logc 

(2  +  3ar  —  ^x^)dx 


Ex.  To  integrate  dy  = 


4lX  —  x^ 


Here  the  factors  of  the  denominator  are  x^2  +  x^  and  2  —  a;,  and 
we  therefore  assume 

=  -—  +  <>    .    „-r 


4a:  —  a:^  a:      2  +  x     2  —  a; 

4A'-Ac^  +  2Bx  —  J5ar2  +  2C7a:  +  (7«a 

4x  —  sc^ 

.  •.  2  +  3a;  -  4a?2  =  4^  -  ^a;2  +  25a:  -  J5ar2  +  2(7a:  +  Cx^, 

and  by  comparing  the  coefficients  of  the  like  powers  of  a:,  we  have 

2  =  4J,    3  =  25  +  2(7,     -  4  =  -  ^  -  5  +  ft 
These  conditions  give 

^=i»    5+(7=|    and     J5-(7  =  4-^  =  ^. 

^1  pdx      b  f   dx      ,/*— ^ 
•'•^-2./  "7'^2y2Ti'^-^  2^ 

=  ^loga:  +  2  log  (2  +  a:)  +  log  (2  -  a:)  +  c 

25.  A  similar  decomposition  into  partial  fractions,  each  integrable 
by  the  logarithmic  form,  will  be  possible  whenever  the  denominator 
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can  be  resolved  into  simple  and  unequal  factors.  For  if  ihe  nmn- 
ber  of  such  factors  be  n,  each  constant  numerator,  as  A^  B,  C7,  ^o., 
will  be  multiplied  (in  the  reduction  to  a  common  denominator)  bj 
all  the  denominators  except  its  own ;  and  since  each  denominator 
contains  only  the  first  power  of  the  variable  ^,  it  follows  that  there 
will  appear  in  the  numerator  of  the  sum  of  the  reduced  fractions 
every  power  of  a;  to  the  {n  —  l)th  power  inclusive,  and  also  an  ab- 
solute term.  Hence  the  number  of  equations  formed  by  placing 
the  absolute  terms,  and  the  coefficients  of  the  like  powers  of  z  equal 
to  each  other,  will  be  n,  and  therefore  just  sufficient  to  determine 
the  n  constants  A^  B^  (7,  dsc. 
'26.  When  the  factors  of  the  denominator  are  not  immediately 
^apparent,  we  may  place  the  denominator  equal  to  zero,  determine 
^  the  roots  t^^  %>  ^^)  ^^  ^^  equation  so  formed,  if  practicable,  and 
employ  the  Actors  x  •—  x^^x  —  x^  &c. 

Put         2r»  —  4a;  —  10  =  0    or    a;2  —  2a;  —  5  =  0. 
Then  a;  =  1  =b  -y/6,  and  the  factors  of  the  denominator  are 

a;  — l+y/g"       and        a;  —  1  — y^ 
_  1   />  (4  +  7a;)(fo  ^  1    P (4  +  ^x)dx 

.' .  4  +  Ix  z=  Ax  --  A  —  Ay/6  +  Bx  -^  B  +  B y^  i 

whence    4  =  — -4  —  ^V^  — -B  +  JSy^   and    7  =:  A  +  B, 
from  which  we  deduce 

^  =  lvi^    and    B^2y^±^ 
2v/6  2^ 


•.y  = 
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_  7^5"- 11  p         dx  7V^+11  p ^ 


^^  27.  2c^  t7a«f.  When  the  denominator  of  the  proposed  fraction 
contains  equal  factors  of  the  first  degree. 

To  illustrate,  take  the  example   dy  =  -—, —-—  dx. 

If  we  attempt,  as  in  the  first  case,  to  resolve  this  into  three  frac- 
tions haying  denominators  of  the  first  degree,  by  assuming 

a+bx  +  cx^  _     A  B  O 

{x  +  hy     "^  x  +  h'^T+h'^V+1! 

there  will  result 

a  +  hx  +  cx^zzz  {A  +  B  +  C)(x  +  h)\ 

and  .•.a=(^+^+C)A2,  6=(^+-B+(7)2A,  and  c=z{A+B+C\ 

,  6        a 

whence  c  =  ^rr-  =  ^5- 

Thus  the  assumed  condition  would  establish  a  necessary  relation 
between  the  constants  a,  6,  c,  and  A,  where  none  such  should  exist, 
those  constants  being  entirely  arbitrary. 

It  is  easily  seen  that  such  a  result  might  have  been  anticipated : 

for  smce  — — r-  H -— r  H :—t  = r-; >  the  proposed  ex- 

a;  4- A      j?  +  A      a?  +  A  a:  +  A  •     ^    ^ 

CL  "4"  hx  4"  C2^ 

pression  — -. — .    ,., —  can  only  be  reduced  to  this  form  when  the 
(a?  4-  A)3 

numerator  is  divisible  by  {x  +  k)\  Hence  the  decomposition  of 
the  proposed  expression  into  three  fractions  of  this  form  is  not  usu- 
ally possible,  and  when  possible  it  is  not  necessary  because  the  form 
of  the  fraction  can  be  modified  by  reducing  it  to  simpler  terms. 
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But  if  we  put  x+h=z,we  shall  have  dx=dz,  and  by  substitutioa 

{a  +  bx  +  cx^)dx  _  [a  +  h{z  -  A)  +  c{z^  —  2zh+  A»)](fe 
{x  +Jy       ""  «3 

[g  —  6A  +  cA»      6  — 2cA  g     T 

(a;  +  A)3     "^  {x+h^  ^  x  +  hj     ' 

Hence  the  proposed  fraction  can  be  resolved  into  three  fractions 

having  the  forms 

A  B  ^        C 

and 


{x  +  hy      {x-i-hy  x  +  h 

and  since  the  same  reasoning  would  apply  if  the  number  of  equal 
factors  were  greater,  we  may  in  general  assume 

a  +  bx  -{-cx^ .  ,. .  +  ta;"-^  A  B  I 


{x  4-  hy  ""  («  +  ^)"      («  +  h)»-^  ^  x+h' 

the  number  of  such  fractions  being  n. 


EXAMPLES. 


2  —  Sx 

28.  1.  To  inteffrate      dy  =  -. rrctr. 

°  \x--af 

Assume  7 r^  =  7 rr  + 


(a;  —  a)2       (a;  —  a)^       x  —  a 

2 --3a;  __       A  B{x  --  a)  __  A  +  Bx  —  Ba 

•  '•  (a:  -  a)2  ""  (a?  —  a)2  "^  (ar  -  a)^  ""       (i  -  a)^ 

.  • .  2  —  3a;  =  ^  +  jBar  —  ^a,  whence  2  =  -4  —  ^a,  and  —  3  =  J5. 
.  • .  j5  =  —  3    and    A  =  2  -}-  Ba  =  2  —  Sa,    and  consequently 

y = (2  -^a)f^-  -  3/^  =  (2-3a)^  -3  log  (.-«)+.. 

When  the  denominator  contains  both  equal  and  unequal  factors 
of  the  first  degree,  the  two  methods  must  be  combined. 
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Since      «'  —  Oc*  +  9a;  =  x{x^  —  6a:  +  9)  =  x{x  —  3)*    we  assume 

x^'-4x  +  S^A         B  C     _  A{x-^SY+Bx-i-  Cx{xS) 

x^^ex^-^9x^  x'^  (^-3)2 "*"  (a;-3)  *"  x^  -  Qx^  +  dx 

.'.x^  -'4x  +  S=z  A{x^  -  6a;  +  9)  +  J5z  +  C{x^  -  3a?), 

whence    3  =  9^,     —  4  =  —  6^  +  jB  — 3C7,    and    I  =z  A  +  C. 

.'.A=l,      (7=1    and    ^  =  0. 

•=ilogz  +  ilog(a:  -  3)»  +  1  log c  =  i log [cx(»  -  8)»] 
=  log  [«:(«  -  8)?]* 


3.        r  (fy  = 


(a?  -  2)2(a;  +  3)* 


Assume   -. ttttt — ^r^  =  -7 jrrr  H jr  +  /      .   o\o  + 


(ar-2)2(a;  +  3)2""(a;-2)2  '  a?-2  '   (ar+3)2  '    {ar+3) 
.  • .  1  =  ^(ar+3)2+^(a?-2)  (ar+3)=+  (7(a;~2)2+i>(^-2)2(a;+3), 
or  1  =  ^(a;2  +  6ar  +  9)  +  ^(ic^  +  4a;2  -  3a:  -  18) 

+  C(x^  -  4a;  +  4)  +  D^x^  _  a^a  -  8ar  +  12). 
.  •.0  =  ^  +  i>,  0  =  ^  +  45  4-C-i>,    0  =  6-4 -3^-4 C-8i>, 

and  1  =  9^-  18^  +  4C7+  12i>. 

These  equations  give,  by  elimination, 

-4  =  JL      ^  =  -A»      C  =  Jl,    and     2)  =   ^ 


25  125  25  125 


_\    r      dx       ^2     /*  (fa;         1    /*    cfa  2     /• 


25^  {^-2)2      125«/  i;-2  '  25^  (a;+3)»  '  125^  a;+3 
25(^)  -  lls^^sC^  -  ^)  -  2Mr+3)+  li5^"S(^+3)+c. 
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f  * .         29.  Case  SoL  When  the  simple  factors  of  the  denominator  are 
\  ^  imaginary. 

These  fiictors,  which  correspond  to  the  imaginary  roots  of  an 
equation,  enter  in  pairs,  and  are  of  the  forma 

X  dza  +  b  -v/—  1,    and    a?  ±  a  —  6  y^—  1. 

1 

and  their  product  gives  the  real  quadratic  factor 

x^  ±2ax  +  a^  +  b^  =1  {x  zt  ay  +  h^ 

Hence,  if  there  be  but  one  pair  of  simple  imaginary  factors,  or  a 

single  quadratic  factor,  in  the  denominator,  the  corresponding  partial 

Ax  +  S 

fraction  will  be  of  the  form  7 >^  .   ..,  in  which  the  numerator 

(X  db  ay  +  o* 

must  consist  of  two  terms,  one  containing  the  first  power  of  x^  and 
the  other  an  absolute  term,  because  the  denominator  now  contains 
the  second  power  of  x ;  and,  therefore,  if  we  introduced  a  constant 
only  into  the  numerator,  we  should  not  provide  for  having  the 
exponent  of  the  highest  poWer  of  x,  in  the  numerator,  only  one  less 
than  the  corresponding  power  in  the  denominator. 

But  when  there  arc  several  equal  quadratic  factors,  the  denomi- 
nator being  of  the  form 

[{x  db  ay  +  62]», 
the  partial  fractions  will  be  of  the  forms 

Ax  +  B         ,  Cx  +  D  ^        Bx  +  F 


[{xztay  +  b^y   '   [(a?  db  a)2  +  i2J»-i  '    (a?  ±  a)* -f  6* 

the  number  of  such  fractions  being  n. 

That  such  a  decomposition  h  possible  in  all  cases,  will  appear 
more  clearly  by  the  following  illustration.  Let  the  proposed  frac- 
tion be 

cx^  +  ex^  -^  fx^  4-  93^^  -i-  hx  +  i 

[{X  do  a)2  -f  62J3 

Put  X  zt  a  =:  y,        and        y^  +  b^  =z  A 
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llien  the  fraction  can  be  reduced  successiyely  to  the  followmg 
forms 

c(y  =F  aY  +  g(y  =F  g)*  +/(y  =F  aY  +  g{y  =F  a?  +  Ky  =F  a)+  t 

(gy  +  e,){z'^  -  6^)»  +  (y;y  +  g,){f  -  y)  +  h,y  +  t, 

■""  ««  . 

_  (c6*  -/^^a  +  A>  +  h^e^do  a)c  -f^h\g^  d=  a)+ti  :i=  Aga 

"■  [(a;ifca)«  +  6^P 

which  is  of  the  form 

Az  +  B  Cx  +  D  Ex  +  F 


And  a  similar  decomposition  would  evidently  be  possible,  if  there 
were  n  equal  quadratic  factors  in  the  denominator. 

,,     30.  It  appears  therefore,  that  when  the  denominator  contains 
^mple  imaginary  factors,  the  general  form  presented  for  integration, 

^%ill  be 

(Ax  +  B)dx         ,  v  .  . 

dtf  =  r/^  .fc  gVi  4.  ^2-|«»  ^"®^®  **  "^*y  ^®  *^y  mteger. 

Put  «  di  a  =  z,    then 

/Azdz  r  {B  ?:  ^a)<fe A 

(22  4.  b^)n  +  y     («»  4.  6»)»    ""      2(n  -  l)(g»  4-  ^)»-*' 

■^  ^  («a  4-  &*)• 
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hj  making  £  ^:  Aa=z  Ai,    Thus  the  proposed  integral  is  found  to 

depend  on  the  more  simple  form,    /  /  2  »!  a2\« 

It  will  now  be  shown  that  this  latter  can  be  caused  to  depend  on 

/dz 
2  I   A2\ii-i*  ^^  which  the  exponent  of  the  parenthesis  is 

diminished  by  unJty.     Thus  we  have 

dz         __  {z^  +  b^)dz  _       zHz  h^dz 

r dz        _  1    /*        dz 1    r     zHz  .. 


But 


(^2  4-  ^2)«  -  52^  (-g2  +  52)n-l  ^2  J   (^2  J^  J2) 

«         \  <fe  2(n  —  X)zHz 


(—1 u 


,(22  +  62)'-7  "■  (^2  +  62)— I  («2  4.52)»     > 

/z^dz      _         1         /*        dz 1_^  e 

{z^  +  b^y  2{n—iy  (z2  +  b^)^-^  "  2(n-l)  ' («2+62)»->' 

which  value,  substituted  in  (1),  reduces  it  to  the  form 

/dz        __  1   /*        ^ 1  f        dz 

(f  +  62) •  ""  62"y  (22  +  62)»-i  ""  262(n-l)y  (^2  +  ^a)— 1 

z 


+ 


2^2  (n  -  1)(22  +  62)— 1 
2n  —  3      /•         (fe 


_         2n  ~  3      r 


~  262(ri  -  l)(z2  +  62)— 1   •  262(n  - 1) ./  {f  +  62)— 1 

Similarly,       7  /  2  _l  A2\i>--i    ^^  ^®  rendered  dependent  upon 
r  2  I   A2\n-2>  ^^•»  ®^  ^'^^^  eventually,  the  original  integral  will 


depend  on  the  form    / 


dz  1  ^      .  z 


31.  We  infer,  therefore,  that  the  integration  of  a  rational  fraction 
can  be  effected  whenever  its  denominator  can  be  resolved  into  simple 
or  quadratic  factors,  and  that  the  integral  will  be  expressed  in  the 
form  of  logarithms,  powers,  or  circular  arcs. 
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01x22.  1. 


dy=z 


dx 


Since    (»»- l)  =  («»  +  a?+ 1)  («  - 1),  and  «»  +  a;+ 1 


we  assume 


1 


Ax  +  B  C 


x^^l''  x^  +  x+l^  x-^V 


.'.  l=zAx^  +  £x--Ax  —  B+Cx^+Cx+C. 
whence  0  =  ^+  C,  0=iB+C  — Asnd  1  =  (7  —  A 

•••^  =  -|>^=-|    and     (7=1. 


.'.   Cfy=: 


— ?-; r— ; 1 


«a  +  «+l 


x^V 


and  if  we  put  a;  +  «  =  «,  or  «*  +  «+  t  =  ^>  «=r  — -and  dx^zdgj 
there  will  result 


-1      f        ^  ^ 

y—zJx—i    3 


{■  - 1)  - ! 


»•.+! 


1,    .       ,x     M  2«&        1 


2<fe 

■v/s 


«»  + 


3 


+  1 


=  llog(*-l)-ilog(^  +  ?)-^tan-»|=  +  c 

=  5log (* -  1)  - ilog(««  +  «  +  1) - -l.tan-»?^^  +  & 


yS" 


yS" 


«fy= 


dx 
x{a  +  hx^y 
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A  1  _  A         Bx+  0        Dx  +  Jff 

^**°^®  x{a  +  bx^f  "■  X  "^  (a  +  bx^Y  "^  a  +  *r» ' 

. • .  \=A{a^+2abx^+b'^x^)+Bx^+  Cx+D{ax^+bt^)+E{ax+l^), 

.-.  l=^a»,  0=^Aah+B+Da,  O^Ab^+Db,  0=(7+JKi,  0=-», 

1      ^  b     ^      ^    ^  b 


a^' a'  '  a» 


i 


Hence,  y  -  —J  —  -  — y  fa  4-  bx^\^  ""  a*/  i 


(a  +  *a?2)2       a^*'  a  +  bx^ 
1  1  «» 


2a(a  +  6«»)  '    2a»   ^a  +  W» 


] 


^      a?*  +  «*  — 2 
Put  jr*  +  «*  »  2  =  0,  and  resolve  with  respect  to  ofi. 

.•.«»  =  -l=b|=l,ora^  =  -2, 

.  •.  (ar*  +  «2  -  2)  =  {x'  +  2)  (««  -  1)  =  («»  +  2)  (a;  +  !)(«  -  1), 
and  we  may  assume, 

-'  ^    +^  +  ^±4.    Then 


a?*  +  a?2  +  2""a;  +  l'ar-l        a?»4-2 
a;2=j(ic3-a;»+2r-2)+-8(«3+aJ»+2x+2)+C7(«3-a?)+2>(a!»-.l). 

.•.0  =  ^  +  ^+(7,  l  =  -^  +  ^  +  i>,  0  =  2^  +  2i5-C; 
0  =  -  2^  +  2J5  -  2). 

___!/•    cix         1   /*   cfo         2  r    (fa 


+  1  '   6»/  a?  — 1       3*/  ir2  +  2 
=  -log  (a:  +  l)*+log(ar  -  !)♦+  I^^tan-^  +  c 
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dx 
4.  «?y  =  z a'    Since 

l-««=(l-ir3)  (i+a^)=(i_a;)  (l+a.+a;2)  (!+«)  (!-«+«»),  put 

I    1 ~  T*  1 — ; ;      5  "i" 


.  • .  1=^  (1-  «  +  a;3-  0:3^.  a^_  a:«)+i?(l  +«  +  a;2+  a:3+  x*  +  a;*) 

.•.1=^  +  ^  +  2)  +  ^,    0  =  '-A  + B+ C'-D  +  E+F^ 
O  —  A+B-^C+E,    0  =  — -4  +  -5  +  i>-i^, 

.•.^=^  ^  =  -,   Cr=g,  i>  =  -,  ^=-^,  F^^ 
_\   r  dx         \  p  dx        1    /'(a?  +  2)d:g      1    /"(a;— 2)(fa 


(•+^)"^l 


la/ i-^+^a  ■'■12^ 


=log  f  1  +*)*-log  (1  -a;)*+llog  (1  +a.+a«)_^  log  (1  -«+x») 

_2(fe  _    2«te 


2x  — 1\ 

18 


CHAPTER  IV. 

IBRATIOKAL    FRAOTIOKS. 

33.  The  differential  form  next  to  be  considered  is  that  whidi  is 
still  algebraic,  bat  which  involves  irrational  or  surd  qnantdties.  Aa 
the  general  mode  of  treating  such  expressions  is  the  same  in  prin- 
ciple, whether  presented  in  the  entire  or  fractional  form,  tliej  will 
be  considered  in  the  latter,  which  is  of  very  frequent  oocurrenoe, 
and  which  presents  some  difficulties  peculiar  to  itself. 

34.  When  an  irrational  fraction,  which  does  not  belong  to  one  of 
ihe  known  elementary  forms,  is  presented  for  integration,  we  ea- 
deavor  to  rationalize  it,  that  is,  to  transform  it  into  a  rational  form 
by  suitable  substitutions.  The  following  are  the  principal  cases 
in  which  this  is  possible. 

36.  Case  let  When  the  fraction  contains  none  but  monomial  terms. 
As  an  example  to  illustrate  this  case,  suppose 

dy  =  ^  dx. 

a^x^  +  b^x^ 

Put  X  =  si'^"^  or  X  =z  z^j  where  I  is  any  common  multiple  of 
the  denominators  ti,  m,  c,  and  e. 

Then    x*  =  z^i^^cs^    q^    «*  =2*     where  —  is  an  integer  since 
2  is  a  multiple  of  n. 

Similarly     «"•  =  s^met^    x^  =  ««x«««,    and    «•  =  «•»"«•. 
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Also  dx  =  nmc€  •  «*•*»«•-*(&. 

Hence         dy  =    '    ^^  .   .  ^  .^  («»»<» .  if^^-^dz\ 
which  is  a  fraction  entirely  rational 

2ar  —  3ar 
jfit.  To  integrate        dy  =  — j j-  di?. 

3**  +  «* 

Assume  xz=z^^:  then  a?   =  «•,  a;   =i «',  «  =2®,  «  =  «•, 
and  ^  =  12i;ii.(fe. 

2z®  —  3^2  242»  —  36^ 

ar  +  «^  «  +  3 

=  (2428  _  72«'  +  2162«  -  6482«)(fe 

243  \ 

+  1908(2*  -  323  +  9^52  _  27«  +81-  -^j  cfe. 

.  •.  y  =  12/(22®  -  6z'  +  182«  -  542«)(fo 

+  1908/^2;*  -  323  +  92»  -  272  +  81 -^^)& 


=  12(?2«-.?28  +  ^2^-92«) 


+ 


1908  Q2fi-?2*+323-^2»+8l2-2431og(2+3)]  +( 


i     3  J  .  18  A 


=  12(^a.--r^-+^**-9a.*) 


+  1908  11^^-  |a;*+3a;*-  ^«*+81«^-243  log(a;^+3)J  +c. 

36.  2d  Case.  When  the  surds  which  enter  the  given  expression 
contain  no  quantity  within  the  (  )  but  one  of  the  form  (a+bz). 
As  an  example,  take 

(a  +  bxY  +  k 
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Put  a  +  bz  =z  z*^*^  where  the  exponent  of  2  is  a  multiple  of  dl 
the  denominators  n,  m^  and  c. 

Then  (a  +  *a?)*  =  «*^"S  («  +  *a?)*"  =  ^"'^"S  (o  +  ^Y  =  «*»"", 

_  _        nmc     ^_^  ,  - 

and  ax  =  — r—  •  ««*«-*<w, 

0 

and  by  substitution 

which  form  is  entirely  rationaL 


37.  1.  To  integrate      dy  = 


(1  +  ^)^ 


Assume  I  +  4z  =  z^.    Then 

X  =  ^,  «&  =  ^,  xs  =  l(««_3«*+32»-l),  and  (1  +4«)*=.«». 

^'^®'-      ^  (l+4x)*     8(l+4r)*J 

dx 


2.  rfy  = 


«\/l  +  X 

Put  1  +  X  =  2^,    Then  x=zz^  --l,dx  =  2zdz,  and  -/I  +  a;  =  i. 
,   __      2zdz      __    2<fe     _     dz  dz 


(z2  -  1)2?  ""  22  -  1  "  2  -  1       0  +  1 
.  • .  y  =  log  (2  —  1)  —  log  (2  +  1)  +  c, 

or  y  =  log— r-:  +  C  =  log  y-— =-_::— --  +  c. 

^+1  yT  +  a;+  1 
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38.  Case  3(f.  When  the  proposed  fraction  contains  no  surd  except 
one  of  the  form 

-/a  4-  io;  ±  <^x^  =  c  \/—  +  ^  «  ±  «*, 
When  the  last  term  is  positive,  assume 


V: 


--■ +  --X  +  a^  =  z  + x'f    then  —  +  -^x  +  x^=iz^  +  2zx  +  as^. 

a  —  c^z^      ^             2c^(a  "  bz  +  c^z^)  ^ 
•  *  •  *  =  K^ 1'     ^= luT^ — nn — '  »^> 


2c^z  —  b  (2A  -  by 

and     ^a+bx+c^x^=c{z+x)=c^z+——j=        c^,^^       ' 


The  values  of  a:,  -y/a  +  bx  +  c^x*,  and  c?^,  being  all  expressed  ra- 
tionally in  terms  of  z^  the  proposed  differential  when  transformed 
will  also  be  rational. 

Again,  if  the  term  involving  x^  in  the  surd  be  negative,  denote 
by  Xi  and  ^2  the  roots  of  the  equation 

«a  -  —  --^  =  0;     then  a;2  -  —  -  —  =  (x  -  aJi)(a;  -  ar,), 
and  therefore     -5-  +  -2  "~  ^*  =  (^2  ""  *)  (*  —  ^)« 


Now  assume    -^/(zj  —  a;)  (a:  —  iCi)  =  (a;  —  iCi)  .  2. 


a-2  +  «i2* 


.  • .  Xj  —  «  =  («  —  «i)2*,    whence     a?  =  —— 


^2 


Hence  the  several  expressions  which  enter  into  the  proposed  di^ 
ferential  will  be  rational,  and  therefore  that  differential  will  become 

entirely  rational. 

dx 
39.  1.  To  integrate     dy  = 


VT+T+aJ» 


278  INTEGBAL  CAXCULIJ8. 

Assume  y/1  +  z  +  «*  =  «  +  «;  then  l  +  x  +  x^=z «»+ 
^^Izfl,    fc=,y-^+f)&,   and  Vr+^+^=  1:^1+^. 

= log  2J^  + -^  =  i°«  ^;7f^=r^^:jn) + * 

=  log  [2  /I  +  «  +  a!»  +  (2ar  +  1)]  — log3  +  c 

=  log  [2  y/l+x  +  z*  +  2x+l]+ey 

dx 

%  dy=     ^  ==■ 

y  1  +  *  —  ar 
Put  l  +  x  —  3fl  =  0,  and  find  the  roots  «i  and  s^t  thus 

Xi=i-  +  -  y^    and    «2  =  s  ~  5  V^*     Now  assume 
V'l+z-*»or  -v/(*-a;i) («a-«)  =  V*-2~2^' V  2~2^~* 


•  •  •  o-o V^  -  *=(*-o-5-A)  2*  and  x= 


«» 


2    2"  '      22"'      l  +  «» 

.    V /•l±£!xVEf^__2/'-^__2tan-i*  + 


=  >2tan-.  Vl+^+.=  -2tan-:   /^  ^^    ' 
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vX--^ 


dx 


Assume  v/  -73-  +  «*=«+iC ;  then  -^  +  «*  =  «'  +  2ac  +  «* 
26*0   '  (262^)2         >         If     ^  26^ 

•'•y-     ya«-6»22^a2+*V^       (2A2g)2      ^  -     Ja^-ftV 

_       I   P  hdz  1/*  — 6(fe_l         a-^bz 

aJa  +  bz       a  J  a  -^  bz"  a  .      a  +  bz 


=  —  log ^^==^  +  c  =  —  log  ^ T h  c. 

a     "^  a-^bx+'y/a^+b'^x^  «  *« 

40.  The  other  irrational  forms  which  admit  of  being  rationalized, 
are  chiefly  those  belonging  to  the  binomial  class,  which  it  is  proposed 
to  consider  carefullj  in  the  next  chapter. 


^ 


'  ^  CHAPTER   V. 

BINOMIAL   DIFFEBENTIALS. 

41.  Prop.  To  determine  the  conditions  under  wluch  the  general  form 
dy  =  a?*"  (a  +  hx^ydx^  can  be  rendered  rafionaL 

m\_  III 

If  we  put  a:=2;"»,  there  will  result  x^  =i  2^i»,  «*  =  «"i"    and 
dx  =  mn .  2^»-^cfe. 

so  that  the  form  will  be  equally  general  if  written  thus 

dy  =  7r{a  +  bx'^ydx (1), 

in  which  p  is  the  only  fractional  exponent. 


Assume      a  +  bx*  =  z]  then  x  =  l-^ —  I 


1^ 

n 


WIT* 


__.,  /2   —   «\     **  ,  ,  1  .  V -1        , 

ar«+i  =  1—7 — I      and    x'^dx  =     ^_^^  (^  —  a)  *       .  <&, 
and  bj  substitution  in  (1), 


nb 


H 


♦M       I        1 

Hence,  if be  a  positive  or  negative  integer,  or  zero,  the 

n 


m+l     J 


quantity  (z—a)  "        can  be  developed  in  the  form  of  a  series  of  mo- 
mials  (with  a  limited  number  of  terms),  a  rational  fraction,  or 
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unity,  and  thus  the  value  of  dy  can  be  rendered  entirely  rationaL 
For,  although  pis  2k  fractional  exponent,  the  expression  can  be  so 
transformed  as  to  remove  the  fraction,  by  the  method  explained  in 
the  first  case  of  irrational  fractions. 

Again,  since  aj"(a  +  hx^)P  =  a;"*+*i»({Mr-«  +  ft)'i  if  we  put 

ar-»  +  6  =  «,  there  will  result, 

1  fit  r  fip  M 

fz  —  i\~ir   _.    . ,    /«  —  h\  i^ 


={^r.^-=m 


m+np+l 

m+1         , 

a     *  P-i 

.  • .  af«+*i»(&  = (z-'h)     "  dz. 

n      ^       ' 

tn-Hip+l 
(J      ••  •— •      ■— j>— 1 

♦ML  -I-   1 

And  this  can  be  readily  rationalized    when h  !>  is  a  positive 

n 

or  negative  integer  or  zero. 

We  conclude,  therefore,  that  there  are  two  cases  in  which  it  will 
be  possible  to  rationalize  the  general  binomial  differential,  viz. : 

1st  When  the  exponent  m  of  x  exterior  to  the  parenthesis, 
increased  by  imity,  is  exactly  divisible  by  the  exponent  n  of  x 
within  the  (  ) ;  or 

2d.  When  the  fraction  thus  formed,  increased  by  the  exponent  p 
of  the  (  )  is  an  integer  or  zero. 

42.  These  two  relations  are  called  the  conditions  of  integrabiliiy  of 
binomial  differentials. 

43.  1.  To  integrate    dy  =  x\a  +  x^ydx. 

__  ^  _  w*  "i"  1       *v        .  . 

Here  m  =  5,  n  =  2,  .  • .  =  3,  an  mteger, 

n 

and  the  expression  can  be  rendered  rational. 

Put        a  +  a?2  =:  2^  ,  •.  a?  =  (z  -  a)*,  a?«  =  (2  —  af 
iifidx=hz-afdz,  and  <fy=^(2-a)2.  2;*d:2=^(z*-2as*-{-a22*)(& 
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I 

dx  -4 

2.  rfy  = ^ — i  =  a?"»(l  +  «*)  *rf«. 

3 

Here  m  =  —  2,    «  =  2,    and     |)  =  —  g* 

.  • .  =  —  -,  a  fraction ; 

n  2 

but hl>  =  '~o~'o=  —  2,  a  negative  integer, 

and  the  expression  can  therefore  be  rendered  rational  by  the  second 
transformation. 

Put         ar"2+l=«,     .-.  a;=(2-l)"*,    ar*=(«  — !)» 
,r^.^^  =  -.l(,-.iy,,    and     rfy  =  -  1(.  -  l).-*fe 


2«/  '2 

g+  1         _        ar-2  +  2 


ar—  -^  ;s  1         /I  \ 

1  vT+^\25       / 


/ 


I 


CHAPTER  VI. 


TORMXJL^   OF   REDUCTIOK. 


44.  When  a  binomial  differential  satisfies  either  of  the  conditions 
of  integrabilitj,  it  is  possible  to  transform  it  into  a  rational  expres- 
sion ;  but,  instead  of  applying  this  process  of  rationalization  directly, 
it  is  often  more  convenient  to  employ  certain  formulcB  of  reducium^ 
which  render  the  proposed  integral  dependent  upon  others  of  simpler 
form,  or  such  as  have  been  previously  integrated. 

46.  Such  formulae  are  deduced  by  employing  another  known  as 
the  formula  for  integration  by  parts. 

Thus,  since  d{uv)  =  udv  +  vfbi^  we  have 

fudv  =  t«v  —  fvdu.  *;  .  .  .  (1). 

By  this  formula,  fudvy  is  made  to  depend  upon  fvdu^  which 
latter  integral  may  be  more  simple. 

46.  Prop,  To  obtain  a  formula  fof  diminishing  the  exponent  m 
of  ir,  exterior  to  the  (  ),  in  the  general  binomial  form 

y  =  faf^{a  +  bx^)Pdx. 

Put  (a  +  bx^yit^^dx  =  dv,    and    af«+i  =  u. 

(a  4-  bx*)P^^ 
Then  v  =  ^-^ — -^— -,    and    du=  (m  —  n  +  l)af^dx. 

But    y  =  /af*-*+^(a  +  bx^ycc^^dx  =  fudv  =  uv  —  fvdu. 
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The  formula  (2),  effects  the  object  of  diminishing  the  exponent  m 
of  x^  but  it  increases  by  unity  the  exponent  p  of  the  (  ),  and  as  this 
would  oflen  be  an  inconvenience,  we  must  endeavor  to  modify  (2). 

Now  /««»-*  (a  +  baf')^^dx  =  fx''^{a  +  bx*)P{a  +  bx*)dz 

=  afaf^{a  +  bx*)Pdx+b  /af*{a  +  bx»)Pdx. 


.•.   y=ifQf*{a  +  bx*)Pdx=: 


nh{p  +  1) 


Transposing  the  last  term  to  the  first  member  and  reducing,  we 
have 

♦»(;>+ 1)  ^  nb{p+l) 

Hence    y  =  /ic^a  +  ba^^dz 


—  6Cnp  +  ^'i  +  1) 

47.  By  this  formula,  th#  proposed  integral  is  made  to  depend 
upon  another  of  a  similar  form,  but  having  the  exponent  m  —  n  of 
Xy  exterior  to  the  (  ),  less  than  the  original  exponent  m,  by  n,  the 
exponent  of  x  within  the  (  ). 

48.  Prop.  To  obtain  a  formula  for  diminishing  the  exponent  p 
of  the  (  ),  in  the  general  integral 

Since    fa^{a  +  bx^ydx  z=z  fx^a  +  6ar»)i^^(a  +  bx^)dx 

=  a  fX^a  +  bx'^yp-^dx  +  b  /ir*»+«(a  -f  bx'^y-^dx ; 

and  since  by  applying  formula  {A)  to  the  last  integral,  replacing 
m  by  (m+«),  and  phj  {p—l),  we  get 

•'        V"  T  "-^  ;     <«  -  ^^^^  +  TO  +  1) 


FORMULiS  OF  REDUCTIOlSr.  285 

.  • .     y  =  /af^a  +  bx*)Pdz  =  a  fa^a  +  bx'')P-^dz  -{ \      4.  i 

np  +  m  +  1        ^  ' 

^  a^^(a  +  to*)'  +  pna  faf*{a  +  bx*)P-^dx  .    . 

""  np  +  m  +  \  ^   '' 

49.  By  the  use  of  this  formula,  the  proposed  integral  is  made  to 
depend  upon  a  similar  integral,  but  having  the  exponent  of  the  (^  ) 
diminished  by  unity. 

60.  When  the  exponents  m  and  p  are  negative,  and  numerically 
large,  it  is  generally  convenient  to  increase  them,  so  as  to  bring 
their  values  nearer  to  zero,  and  hence  we  require  two  additional 
formulce,  one  for  increasing  the  exponent  of  the  variable  exterior  to 
the  ^,  and  the  other,  for  increasing  the  exponent  of  the  (  ). 

61.  Prop,  To  obtain  a  formula  for  increasing  the  exponent  —  m, 
of  the  parenthesis  in  the  general  integral 

y  =  fx-^{a  +  hx^)Pdx. 
From  formula  (-4),  we  obtain,  by  transposition  and  reduction, 

a{m  —  n  +  1) 
Now  making  m  —  n  =  —  m^,  or  w  =  n  —  wi^,  there  results 

x-^v^^{a  +  hx*)^"^  —  h{np  +  »»  —  »w,  +  l)/.r-*i+"(a  +  hx^^dx 

a(  -  mj  +T)  ' 

or  by  omitting  the  subscript  accents  and  reducing, 

y  z=z  fz~^{a  +  hx*)fdx 

52.  ^y  the  use  of  this  formula  the  exponent  —  m  of  a?  exterior 
to  the  (  )  Is  increased  by  n  the  exponent  of  x  within  the  (  ). 
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63.  Prop.  To  obtain  a  formula  for  iocreasing  the  exponent  —  |) 
of  the  ()  in  the  general  integral 

From  formula  {B)  we  obtain,  by  transposition  and  reduction, 

Now  making  j)  —  1  =  ^Pi  or  p  zul  —p^  there  results 

/«*(a  +  bx*)-Puix 

__  af^^a  +  bx*y-Pi^^  +  {npi  —  n-^m  —  l)/of*{a  +  hx*)-P^'^^dx 
""  —  na(— ^1+  1)  ^ 

or  bj  omitting  aocents  and  reducing 


"~  na(p  —  1)  *  V    /• 

64.  By  the  use  of  this  formula,  the  exponent  -—p  of  the  (  )  is 
increased  by  unity. 

Applications  of  FormuUB  (A),  (B),  (C),  and  (D). 

65,  1.  To  integrate  dy  = where  m  is  an  odd  integer. 

y  1  —  ic^ 

Put  m  successively  equal  to  1,  3,  5,  7,  <&c.,  and  apply  (A),    Thus 
I  =  —  -y/l  —  «*  +  (7i  by  the  rule  for  powers. 

y^__=__^V^:rF+-y^^^^    by  formula    (^),  in 

which  w*  =  3,  n  =  2,  and  ^  =  —  -• 
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Jf  sfidx  1        y 4  P  x^dx 

'  J  =  —  gg^yl — «2  +  -/-^==   by  formula   (-4),  in 

which  m  =  5,  n  =  2,  and  2>  =  —  ^ 

y^^  =  -i««V^^r^+|y^^;  andgenendly 

Hence  by  substitution, 

and  generally 

Jy/r^^~     Im  {m-2).m        ^(m-4Xm-2)i»         ^^^ 

2.  To  integrate  rfy  =  ,  where  m  is  an  even  integer. 

Put  m  =  0,  2,  4,  6,  dfc.,  and  apply  (^)  thus 

/  =  sin-^a;  +  Cq  by  one  of  the  circular  forms, 

•^yl  —  a^ 

y^^  =  _l,,/rr^+ly^_|_    by   formula    (^),   in 
which  m  =  2,  n  =  2,  and  !>=:—-• 
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■ 

/•   3^dx  1        /— —      3  /•   2^dx 

I  y  =  —  7  ^^  "^^  +  1  f  ,  ^7  formula   (A),  in 

which  m  =  4,  n  =  2,  and  2>  =  —  -• 

f^=  =  --^^yiZ:^+-J^^==.    and  generally 

/»  a^c? a?  1  / wi  —  1  /» 9f^^^dx 

r  ~ i.  /p»-i-/j[  «.  /pa_i.  !i! i  r  . 

Hence  by  substitution, 
and  generally 


•    •    •    • 


)vrr 


1.3.5.7. ..(m-3)(m-l)\  ^^  _  ^ 
"^2.4.6.8.  .  .(m  — 2)to 

1.3.5.7.  ..(w-3)(»»-l)  .  _, 
"•"2.4.6.8. ..(m-2).OT         ^'°    "^^^ 


3.  rfy  = %=  =  x-ni  +  «)"'<&. 

Make  »n  =  +  2,  ^  =  —  5,  and  n  =  1,  and  apply  (C) :  then 

-/I  +g  _  I  /•   <fo 


V 
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Now  put  I  +x  =  z^,  then  a?  =  «*  —  1,  dx=:2xdz  and  y^l  +  ar=«. 

=  logi=4+(7=log.5^zi+c7. 

3 

Put    m  =  —  1,    n  =  1,    and    l>  =  q»    ^^^  ^PP^7  (-^)  >  ^®^ 

•     2+^-^        2 

Now  put    m  =  —  1,    n  =  1,    and    l>  =  «)    *"id  *PP^y  (-^)  ^ 
the  last  integral ;  thus 

i      -a 

/r-Ha  +  bx)^dx  =  '^^''  "^  ^""^    +  ^/a^H«  +  ft*)"*^*. 

-+ 1  —  1       - 
2^  2 

Now  put    a  +  &«  =  «* ;    then     »  =  — r — ,    dx  =  — r— ,    and 

^a  +  6a?  =  ». 

=  — =log  >     +  g  =  — :logX-_:il_     V+g^ 

'^a       z  +  y  a  y  a        ^a  +  oa?  +  y  a 

and  by  substitution, 

10 


^ 


^ 
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^  ■  ya  +  bx+  ya 

6.  <fy  = ^— J  =  ar-i(l  +  2«)"*rfa?. 

Put    i»  =  —  1,    n  =  1,    l>  =  X,    and  i^ply  (i>),  then 

3 

=  ■    ^    .^ -. 3 fxr\l+2x)  'dx. 


t        dx         _a;0(l+2a?) 


But  /ar»(l  +  2;rr*(ir  =  log^/"^'^^ ^  +  C,  by  the  last  ex- 

-/l+2a;+l 
ample.  

•  •.  y  =  -7==  +  log-5i— ^= +(7i. 


CHAPTER  VII. 

LOGARITHMIO  AND  EXPONENTIAL  FUNCTIONS. 

66.  We  shall  now  proceed  to  the  integration  of  those  forms 
which  involve  transcendental  functions,  beginning  with  the  case  of 
logarithmic  functions. 

67.  Of  the  logarithmic  forms,  only  a  very  limited  number  can  be 
integrated,  except  by  methods  of  approximation.  The  principal 
integrable  forms  will  be  examined. 

68.  Prop,  To  integrate  the  form  dy  =  X.  log"a; .  dz,  in  which  X 
is  a  given  algebraic  function  of  x. 

Put  Xdx  =  (fv,  and  log"x  =  u,  and  apply  the  formula  for  inte- 
gration by  parts.    Thus 

dx 

V  =  fXdx,  and  du  =  n, log*"^ir .  — ,  and  since  fttdv  =  «v  —  fvdUy 

.  • .  fX.  log'x .  dx  =  log"ir .  fXdx  —  /In .  log»-^a; .  f{Xdx) .  —J 
or,  by  making  fXdx  =  Xi 

— ■*  •  log*-^a: .  <&. 

If,  therefore,  it  be  possible  to  integrate  the  algebraic  form  Xdx^ 
the  proposed  integral  will  depend  upon  another  of  the  same  general 
form,  but  having  the  exponent  of  the  logarithm  less  by  unity. 

X 

result 


—  dx  =  ^2,  and  by  a  similar  process,  there  will 


y_Mog«-ia;.(&  =  Xalog^-^a;  —  (n  —  l)J-^\off-''^x.dst. 
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If  n  be  a  positive  integer,  the  repeated  application  of  this  formula 
will  cause  the  proposed  integral  to  depend  ultimately  upon  the  alge- 

/Xn  XX 

~  dxy  provided  we  can  integrate  Xdx^  —  dx,  —  dx, 
X  SS  2B 

&c.,  obtaining  in  each  an  integral  in  the  algebraic  form. 
Ex,  To  integrate  dy  =    ^    '  .^« 

Here  x  =  ^-^  =  (1  + «)-•. 

. •.  fXdx  =  /(I  +  x)-^dx  =  -  ^  =  X,. 


Also, 


,    »  =  1,    and    .-.   y=_Mi  +  /_^. 

lofif  X  X 

.  ^  y  =  -  j^+ log  «--log(l +x)+ e  ==  j-p^log  a:--log(l +«)+ (7. 

59.  Prop,  To  integrate  the  form    dy  =  a^,  log"a; .  dx^    in  whidi 
n  is  a  positive  integer. 

Put    «"  =  X;    then     X^  =  f  Xdx  =  f  x^x  = -^^' 
And,  therefore,  by  the  last  proposition, 

y  =  /af» .  log"j:.  <&  =  — -—  log"ar ■--/  a*» .  log*-^^ .  dx : 

m+ 1     °  m+1  ° 

and  similarly, 

fX^loff^^xdx  =  — — -  log^^x —r  /ir*"log«-*ar(fe. 

«**+"*                     n  —  2 
fx^\og*-^xdx  = —-  log*-^j: /a!"log*-3j:.cfa, 

W*  +  1  Wl  +  1 

&C.  &c  ^^ 

Hence  by  successive  substitutions, 
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n(n~l)(n-2Xn~8) 8.2.  l"]  ,    ^ 

* (;M^Iyi  J"^ 

Cor.  This  formula  ceases  to  be  applicable  when  m  =  —  1,  as  the 
terms  become  infinite ;  but  we  then  have 

/ar^log*x.dx  =zflog*x* — =/log^,rf(log«)= -^-r--j-+  C. 

Ex.  To  integrate         dy  =:  sb^  .  log'a; .  dx. 

Here    m=:8,    fi=:8,    i»+l=4,    n  — 1=2,    n  —  2=1. 

.  •.  y=/«3.1og3a;.c&=— l^log^a?— -log2a?+-^loga? ^^^^J  +  C. 

%  rfy  =  — ^  •  dx  =  «"*  log*« .  dx, 

X 

Here  m  =  —  -     and     n  =  5. 

.•.m  +  l  =  —  -,  n  —  1=4,  n  —  2  =  8,  n  —  3  =  2,  n  —  4  =  1. 

2 

.•.y  =  — -T;[log*«  +  5.21og*»  +  5.4.2*log3« 


X 


i-5.4.3.231og2a;  +  5.4.8.2.2*log«  +  5.4.3.2.1.2»]+  C. 

Remark.  If  we  suppose  n  to  be  a  positive  fraction,  the  same 
formula  will  apply,  but  the  series  will  not  terminate. 

of^dx 
60.  Prop.  To  integrate  the  form  dy  =  - — jp*,  in  which  n  is  a  posi- 
tive integer. 

Put  a^*  =  u    and    -t •  —  =  rftr,  then 

log**^     X 

du  =  (m  +  \)s[f^dx.    and    «  =  ; rr-i r- 

^  ^      '  (n  — l)log»-*« 
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Applying  the  fonnula  f%idv  =  wv  —  Jvdu^  we  obtain 

loff«-ix  ■■  ""(n— 2)lo«»-*a;       n  —  2«/  log*-*/ 


log«-ix  (n— 2)log»-*a;       n  —  2«/  log* 


/g*^ a!*«+^  ,  m  +  1   P 


•  ^cc^cdca 


log»-2a;  (n  —  3)  log»-3ar      n  —  3-/  log"-^ 

*   *^""*/  log"a?—      n  —  1  Log"-^a?      n  —  2  * log«»-^ 

^  (n  -  2)  (fi  -  3)  log-a*' 

(m  +  1)*-^      V  1    T 
■^(n^2)(ii-3)(n-4)..;3.2.l'logd 

■^(fi-l)(n-2)(n-3)...3.2.W   loga? 

The  last  integral  admits  of  only  an  approximate  determination, 
but  its  form  may  be  simplified  ;  thus, 

put  z  =  af*"*"^,  then  rf^  =  (m  +  \)x?^dx^  and  (/»  +  1)  logo?  =  log«. 

/oS^dx  _  f  dz 
log  X  '^  J  log  2 

This,  also,  can  only  be  integrated  approximately  by  expanding 
the  expression  under  the  sign  of  integration  into  a  series,  and  then 
integrating  the  terms  separately,  a  method  which  will  be  considered 

more  at  length  in  a  future  chapter. 

xi^dx 
3.  lo  integrate  approximately  dy  = 


log^a? 
Here  m  =  4. and  n  =  3,  .'.w  +  lrrS,  n  —  1=2,  n  —  2  =  1. 

-  f^^  -  _  g^r     1  5      1    "]      25  rx^dx 

Now  put         a:*  =  2r,  then    /  -; =  /  z ; 

•/    log  X       ^  log  z 
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and,  making     log z=:tj  we  have  z=:e*^  dz=:e*,dt* 

=  ioet  +  t  +  j^,  +  ^,  +  &o. 

g5  5^        25  1 

+  1  2.8«'°^^"*'^°'^' 
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61.  To  integrate  the  form  dy  =ia*.^,dx^  when  m  is  a  positive 
integer. 

Put  a*dz=:dv.  and  ai^z=ui  then  v=r -o*  and  du=nu^''^dx, 

loga 

•  • .  /a*  .«*.<&  =  -r-^ = — ^ /a* .  a^^dx.  and  similarly 

loga      loga  '  •' 

f  a* .  (x^^^dx  =z —. = fa'.sf^dx 

loga         loga  "^ 

a*iB*^      171  —  2 

/a* .  a*-2^  =  r; = /a* .  af^^dx.  dox  &a  &a 

loga        loga  ' 

Hence,  by  substitution, 

a*   r         fnj,i  1 

y  z:z  fa*.si^.dx'=iz 1  a^  — -= 

loeaL         loea 


logaL         log 

m(m--l)«*^     m(m— l)(m— 2)af^ 
log^a  log^a 

^m(m-l)  ...2.1"!  .    ^ 


+  &a 
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a' 

62.  Prop.  To  integrate  dy  =  -^<2r,  when  m  is  a  positlYB  integer. 


Put  ar*^fe=(fv  and  a*=t*:  then  v= r  and  du  =  loffa.a'ifo. 

i»  — 1  ^ 

/*a*dz  a*  log  a    Pa'dx       ,    .    .,    , 

/a*(fa;  ^  (f log  a      P<fdx 

af^^  "  ""  (m  —  2>r*^      m  —  ^'J  «*»-» 

/o*<&  cf  .     loga       Pa'dx    ,      , 


«"^  (m  —  8)«"^  ^  m  —  8 

Hence,  by  substitution, 

__Jog-^a___       n 
^(m-2)(m-3)...2.1        J 


+ 


log**-^  f(fdx 


(m-l)(m-2) 
The  last  integral  can  only  be  found  approximately. 

1.  To  integrate  dy  =  a' ,  a^dx. 

Here  wi  =  3,    m  —  1  =  2,    f»  —  2  =  1.    Hence 

_    g'   La        3a?a  6a?  6    1       ^ 

logaL         loga      log^a      log^aj 

2.  To  integrate  cfy  =  e* .  a?* .  cfe. 

Here    wi  =  4,     m  —  1  =  3,    m  —  2  =  2,    m  —  3  =  1,  log  e  =  1. 
.  • .  y  =  e*(ar*  —  4«3  +  12a;2  —  24r  +  24)  +  C. 

3.  (fy  =  e-*x^dx  =  r-'(—  «)2c/a:  =  —«-*(—  a;)V(—  «). 

Here  m  =  2,  m  —  1  =  1,  log  e  =  1,  and  a?  in  the  general  formula 
is  to  be  replaced  by  —  x, 

r.y  =zf€-'.x^.dxz=i  —«-«(«*  + 2ar  +  2)  +  C. 
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X* 

Here  i»  =  4,    m  — 1=3,    6eo, 

the  last  integral  being  found,  approximately,  as  in  a  previous  exam- 
ple, by  expanding  a*. 

1  +  «* 
5,    To  integrate  dy  =  77—; — r^  «*.  c&, 

^  ^      (1  +  xy 

Put  !  +  «  =  «. 

.•.«=«-!,   l+«2=i+«a_2«+l=«a-2«+2,   <fa;=(&,  e*=«^i. 

-»=/'--''r''"''4/('-^i)"-^ 

or  by  integrating  the  last  term  by  parts 
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M.  Prop.  To  integrate  the  form  dy  =  ooB^x.dx  whfire  n  is  an 
integer. 
Put  Gomx.dx±zdv^    and    co8*-^a?  =  «; 

tiien  vz=i%\xix    and    cfti  =  —  (n  —  l)cos*'^  ainxifo. 

Hence  bj  substitution  in  the  formula  /ucfv  =  uv  —  /vc^  we  obtun 

/co8"2.d!r  =  sin  a; .  cos»-^a?+  (n— l)/cos*-fx.  sin^.  cb 

=  sin  « •  co8»~*«+  (n— l)/co8«-*«(l  — oo8^)<& 

=  8in«,cos*-^«+(t»— l)/co8*^.J«— (n— iybo»»«.ctr. 

IVansposing  the  last  term  and  reducing,  we  get 

^     ^      ,       sin « . oos*-*»  ,  n  —  1  ^      .«      ,         , 

/co8»«.ar  = 1 /co8«-?a?.d»,  and 

n  n 


/cos*-^ .  or  = Tr/co8"^«.d». 

"^  n  —  2  n  —  2 


^     ^ .     -       smx-cos"-***  .  •>  — 6  ^    ^  ^    , 

/cos»-*« .  <&  = r 7/cosMs!.«r; 

^^  ^^  dca 

Hence  by  successive  substitutions, 

_     ^      ,      sin  flfp     ^,    ,  « —  1      «_• 

y  =  /cos*a? .  aflf= f  cos»-*a?H ^r  oos*^* 

^  n  *•  n  — 2 

(n-2)(n-4) 

(n~lXn~8)(n~5)  ...  4  or  8      ,  . 

+7 sO TTT h( ^ i^cos^a?  or  oosa?] 

(fi— 2)(n— 4X»— 6) ...  3  or  2  -■ 

.  (n— iVn— 3X»— 5)  ...  2  or  1  ^  .         ^,       ,„^ 

«(»— 2)(n— 4) 3  or  2  ^    ^ 

This  formula  renders  the  proposed  form  dependent  upon  one  of 
two  known  forms,  viz. ; 

fooBX.dx  =  sine  +  C7,    when  n  is  odd, 
or,  fdx  z=zx+  Cf    when  n  is  even. 
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67.  The  two  propositions  just  given  effect  the  complete  integra- 
tion of  Bin^x ,  oos^x .  dx^  when  m  and  n  are  integers,  .by  first 
diminishing  the  exponent  m  of  the  sine,  and  then  the  exponent  n 
of  the  cosine.  But  it  is  often  preferable  to  reduce  n  first,  and  for 
this  purpose  we  require  the  following  proposition. 

68.  Prop.  To  integrate  dy  =  sin'*;r .  cos*:r .  dx^  by  first  dimin- 
ishing the  exponent  n  of  the  cosine. 

If  in  the  formula  {JS)^  we  make  x  =  -€  ^x^^  m  =  ni,  and 
n  =  triij  then 

sin  rr  =  cos  a?i,    cos  a;  =  sin  Xi,    (ir  =t  —  d^j, 

and  by  substitution  we*shall  obtain 

/sin"^ .  cos*a;  .dx=z  —  /cos"»a?i .  sitil^^idxi 

sin**^    iP 

•  — . — I  [cos"«-^a;i  +  &a], 

111  +  m^  •• .  *  •'' 

or  by  omitting  the  accents  and  changing  signs, 

/sia^x .  cos"a; .  dx  =  — ; —  [cos"^^a?  -i ; cos*"^ 

n -\- m  n -f- »»  —  * 

I  (n-l)(n-3) 

^  (n+m-2X»+m-4)'^^       ^  *^ 

(n-l)(n-.3)(n-5) 4  or  8 

"^  (n-fm— 2)(n+m-4J(n+m-6).  .  («i+3)  or  {m+2) 

X  cos^  or  cos  x] 

(H^l)(n~3)(n-5) 2  or  1    

"*"(/*+m)(n+m— 2)(n+m-4).  .(m+3)  or  (m+2) 

X /cosa?.sin*a?.(iaj  or  /Bin^x.dx.  ....  ((?). 

But    /cos  a? .  sin^a? .  dx  =  /sin"* .  (/(sin  «)= r  +  C 

^        '      i»  -h  1 

which  will  be  the  required  form  when  n  is  odd. 

We  have  therefore  only  to  provide  a  formula  for  the  integration 
of  the  form  sin"*a; .  (2r,  which  will  be  necessary  when  n  is  even. 
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This  may  be  readily  efiected  by  substituting  in  formula  {J^)f  m 
for  n,  and  -^  —  x  fbr  a?,  and  changing  the  signs.    Thus 

«   .  «  cos  Z  r  .    «_,       ,    W*  —  1     .    .«_o 

•^  m    ■•  m^—  2 

,   (m-lXm-8)   .  ^.     .    . 
(m — ^2)(m— 4) 

,  (m-l)(m-3)(m-5) ...  4  or  3  .  .  .     ^ 

-  -  +  (^-,2)(m~4)^m-6) ...  3-^ ^^""^  "'  ^"^^1 

,  (m— l)(m— 3)(m—5) ...  2  or  1   .  .       _  . .  ,_. 

69.  The  formulee  (6^  and  (J7)  effect  the  same  object  as  (i^)  and 
{F),  reducing  the  integral  /sin"*a; .  cos":r .  (2a;  to  one  of  the  known 
forms 

fdx=zz+C^  fcosx.dx^zslnx+Cy  or,  /sin«.(iaj  =— cosa;+C, 

the  exponent  m  or  n  which  is  first  reduced  being  an  even  integer, 
and  the  other  exponent  an  even  or  odd  integer. 

But  if  m  be  odd,  (JE?)  alone  will  effect  the  integration,  whether  n 
be  an  integer  or  fraction;  and  similarly,  if  n  be  odd,  ((?),  alone 
will  suffice. 

70.  Prop,  To  integrate  the  forms  dx,  and   -: dx,   where 

cos*a?  sm^x  . 

m  and  n  are  integers. 

By  the  formula  {B)  the  first  of  these  forms  may  be  reduced  to 

,    or    ^ — ,  and  by  ((?),  the  second  may  be  reduced  to 

cos  X  cos  X 

dx  cos  X .  dx 


or 


sin"»a:'  sin^'a; 

„  ^    Psinx.dx     cos-"+*«  ."         ,  /*co3x,dx  sin-»^"'a:  .    ^ 

But  /  -—= --+(7,and  /  — r-- —  = =-  +  O. 

•/      cos**  n  —  1  •'      sm"»a;  m  —  1 

Hence  there  will  remain  to  be  integrated  the  forms 

cosr^x.dx (1),        and        sin-»«  .dx (2). 
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Put  in  (1),     cosx.dx=z  dv^        and        coar*-^«  =  t*, 
then        v  =  8ina:,        and        (ft4  =  (n+ l)cos-»-^,8infl5.rf«, 
and  by  substitution  in  the  fonnula  for  integration  by  parts, 

fcosr^x  ,dx  =:mnx,  co8-*^^a?  —  (n  +  1)  fs\v?x .  cos-*-^ .  cfcr 
=  sina;.eoff-*-^«  —  (n  +  1) /coar*-^* .  rfa?  +  (»  +  1) /coar*a? .  c&. 

Transposing  and  reducing,  we  get 

/dx  sin  a?  .       n      f  dx  ,  ,  . 

/dx                 sin  a?            ,  n  —  2  /•    (ia:  j    .    o    i 
=  7 TT — --r-  -1 7  /  — izs-j  ^d  aunilarly 
C08*a?      (» —  l)cos»""*aj      n  —  w  cos"*^*  '' 

/dx     __  sin  a?  n  ^  ^  P    dx 

oo8»-*c  ""  (fi  —  3)cos«^a;      n  —  zJ  cos"^« 

&G.  ^  &C.        Hence  by  substitution 

/'  (/a?    __  sin  ar r     1  n--2 

cos*a? ""  n— 1  Lcos"~V 


^af      (n— 3)cos"""3^ 

_(n^2)(n-4)_ 
^  (n-8X«-5)cos"-««  ^ 

(n-2Xn-4X»-6) 8  or  2  "1 


(n— 8)(n— 5X»»— 7) 2  or  1  .cos'a?  or  cosar. 

(n-2Xn-4Xn-6) ....  1  or  0   P  dx 
-^  (n-lXn-3Xn-5)  .  .  . .  2  or  1^  cosa?  ^    -^  ^-  *  '  *  ^^  ^• 

The  second  of  these  integrals,  fdx=zx+  C7,  will  never  be  re- 
quired, because  its  coefficient  is  zero,  and  therefore  we  stop  at  the 
preceding  term.    For  the  first  we  have 

/dx    __  Pcosx.dx  ^  Pcosx  ,dx  __l    Peosx.dx     I   Pcosx.dx 
cos»~"«/      6os^a;     ""•/  1  —  sin'a;  ~"2«'  1  +sina?     2*f  1  —  sina; 

=  1  log(l  +8in  «)  - 1  log(l  -sin  x)+C  =  log  [^3  *+  ^ 
2amg*+l*)co8(l*-lx)-'* 

s=10g 


_28in(ir-|x)co8(lr  +  l*)_ 
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/dx 
- — ,  replace  in  (/),  nhjm^ 


dx_ 

sin"^' 
1 


«  by  -r  —  «,  and  y  by  z.    Then 

/'  dx  oosa?  r     1 

sin"*  m  —  1  L8m*»-^a; 


m— 2 


(m— 3)  sin"*^* 


(m-2Xm-4)  ^ 

(m— 3X»»— 5)  sin"*^« 


(m— 2Xm— 4)(m—6)  ...  8  or  2 


0 


(m— 3)(m— SX^i—^)  ...  2  or  l.sin^o;  or  sin  a:, 

(m-2Xm-4Xm~6) ...  1  or  0  /•  (&  ^ 

■^  (m-lXm-3Xm-5)  .  .  .  2  or  1^  SH^i  ^"^  •''^- '  *  •  ^^'' 

The  second  integral  has  a  coefficient  equal  to  zero,  and  therefore 
will  never  be  used.     For  the  first  we  have,  by  replacing  x  by 

fZ*  —  X  in  (/x),  and  changing  signs        ' 

/-7^  =  — logcot-«  =  log -:-  =  logtanjr«+  C. 
Bm«             °2                  .1  °2 

00t-« 

72.  Prop,  To  integrate  (fy  =  -: where  m  and  n  are 

°  sin'"aj .  cos*a: 

integers. 
Since  sin^a?  +  cos^x  =r  1. 


/dx  __    /'(sin^ar  +  C082a;)<ia; 

sin'"a; .  cos*aj  ""  •'        sin*"2: .  cos*a; 


dx  r         dx 


J  sin"*-2a; .  cos*a;       •/  si 


sin"*~'a? .  cos*a;      •/  sin*"2: .  cos^^^a? 

/(sin^a?  +  cos^ar)^^        /•(sin^x  +  cos2a;)da? 
sin"*~^ .  cos*aj         J     sin*"ar .  co8*~2a; 

=  f.^'       I  /• ^      +  /     '^ 

«/  sin"*~*j;  -  cos*ar      «/  sin*^^^; .  cos*~2a:       J  sin"*a; .  coa«— •«  ' 


and  by  continuing  to  introduce  the  factor 

sin^a?  +  cos^a?  =  1, 
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we  obtain  finally  one  or  more  of  the  following  known  forms 

/dx       r  dx       psinx.dx     poosx.dx      Psinx.dx     fcosx,  dx 
8in"«  J  coB^x  J    co8*a;      J     siu^a;       J     cos  a?      J     foxLX 

Applicatiana  of  Formula  (E),  (F),  (G),  (H),  (I,)  a/nd  (K). 

73.  1.  To  integrate    (fy  =  sin^^v .  cos'^r .  (f x. 

Here  m  =  5,  and  n  =  5,  and  since  both  are  odd  we  may  apply 
(E)  or  (^  with  equal  advantage.    Employing  (E)  we  have 

cos^aj^  ,4-ai,4.2_.  .      , 

y= j^  [sm*a;  +  g  sm^a;]  +  r^-g /sm  a? .  oos»a? .  <& 


=  _£^[3in*,+  lsm».  +  l]+(7. 


2.  dy  =  sin^o; .  cos'a; .  dx. 

Here  m  =  6,  n  =  3,  and  since  n  is  odd  we  apply  (0). 

sin^x  r     »  -.   .  2  ^  .  ^      ,        sin"'*  /     «     .  2) 


••  y  = 


[cos'a;]  +-/cosa:.sin«a;.(&  =  — ^  (cos^  +  -  J  +  (7. 

3.  dy  =  sin^a; .  dx. 

In  {H)  make  m  =  6. 

cosa:  ,  6   .  ,     ,   6.3  .     ,   ,  5.3.1       ,   ^ 

.-.  y  =  -  -^[sm«2:  H-^sm^ap  +  — smar]  +  ^--^-^a:  +  CI 

4.  dy  =  sin^a; .  cos'a; .  dx. 
In  (^)  make                m  =  8    and    n  =  6. 

cos'a?  r    '3'    .  .     ,     7.5     .,     ,     7.5.3     .     ^ 

V  =5  — Isin^a?  -4 sm'a;  -4 sm^a;  4- sm sex 

y  14    ^         ^12  ^12.10  ^12.10.8         J 

7.5.3.1      -      «      » 
^14,12.10.8"'  * 

20 


fc.- 


806  INTEGRAL  CALCULUS. 

and  by  applying  {F)  to  the  last  term,  we  get 

0Qg7/p  7  7  7 

,  8in«r      .     ,5      ,     .15                 15a?        ^ 
-I- loos^x  H —  cos^a?  4-  —  cos x\  -4 h  U, 

SlTi  X 

5.  rfy  =  — =-  dx. 

In  (^)  make  m  =  5    and    n=— 2.    Tlien 

—  1    ^..     .4..n.4.2  /*Binc.c2£ 


y  = 


[sin*«  +  T  sin^]  +  ^  f        „ 

-1 


8ooe« 


[sin^  +  4  sin^a?  -  8]  +  G. 


dx 
6.  dy=:-r 


In  {K)  make     •  m  =  5.    Then 

—  _  co8a?r   1  8    "I      3Jl   r  (fa 

^""         4     Lm*a?'*"2sin2a;J"*"4.2-/8hia; 

=  -^Li^+2l^]+^"«.^i+^- 

cos^a; 
In  (/)  make  »  =  6.    Then 

8in.rjL4.J_      4   2    M+e. 
^         5     Lco8»a?^8   cos^ar^S    IcosarJ^ 


dx 


siu*a; .  cos*aj 
Introducing  the  factor  sin^a:  +  cos'ar,  we  obtain 

/(sin^a?  +  cos2a?)d!r  __  /"        dx  i    /*  ^ 

sin^a; .  cos^a:      ~~*'  sin*a? .  cos^a?     •/  sin^a? 

=  f—  +  f—  +  f— 
J  coe^a;     J  sin^a;     J  sin*« 

cosxf    1      ,     2  "1 

ssrtana:— cota? s-|-:-t-  +  "^^ — \  +  C. 

3    Lsin^a;      smxj 
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74.  When  mz=  --n^  formula  {H)  and  {Cf)  cease  to  be  applica- 
ble, but  we  then  have 

/sin**  ,        i..    .     J  /•co8««  ,  ^    - 

cos*:r  ^      J  sin** 

To  integrate  the  first  of  these  expressions,  put  seo^  —  1  for  tan', 
and  in  the  second  put  cosec'  —  1  for  cot^.    Thus 

/tan'a? .  (ic=/tan*« .  tan*-*a? .  (ir =/sec*aj .  tan*-'a? .  cto— /tan*-®a:.cir 

1 


n-  1 


tan»-^  —  JXXD^H .  dx 


=  — — r- tan*-^  —  / (sec?*  —  1)  tan*-**.* 

■  tan*^^« 5  tan*-®ic  +/tan»-*af .  dx 


n  —  1  n  — 3 

1  1  1 

tan»-i« =  tan»-^«H rtan"^  —  &a, 


n  —  1  n  — 3  n  — 6 

the  last  term  being 

%\xs.x,dz 
cos* 

when  n  is  odd  or  /d!v  =  *  +  (7  when  n  is  even. 


ftaxix.dx  zxj —  =  —  logcos*  +C^=logsec9;+  0 

"         cos  X 


a.     .1      ,  /*  C08*xdx  C     ,  , 

Similarly,  /  — r-^ —  =  /  qoV^x  .  dx 


cot*"**  .  cot*^*      cot*-^*  .    , 
n  -^  1        n  — 8        n  — 5 

The  last  term  being  /cot  * .  (ir  =  log  sin  *  +  (7,  or  fdx  =zx  +  C. 

76.  When  the  proposed  form  is  fswFx.ooa^xdx,  in  which  m  and  n 
are  integers,  the  integration  may  be  conreniently  effected  by  con- 
verting the  product  sin"**. cos**  into  a  series  of  terms  involving 
sines  or  cosines  of  multiples  of  *.  The  integration  can  then  be 
performed  without  introducing  powers  of  the  sines  or  cosines. 

The  proposed  transformation  can  always  be  accomplished  by  the 
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repeated  application  of  one  or  more  of  the  three  trigonometrioii 
formulas. 

sin  a  cos  6  =  -  sin  (a  +  ^)  +  o  ^^^  (^  "~  ^)> 
sinasin6  =  -cos  (a  —  b)  —  -cos  (a  +  b\ 

Qosacosh  = -cos(a  —  b)  +  -cos(a  +  b). 

To  illustrate  this  process  take  the  following  example. 

dy  =  sin^o; .  cos^xdx 

sin'ic .  cos'a:  =  sin  z  (sin  z .  cos  «)'  =  sin  z  j  — ^ —  I 

1    .       /l-cos4a:\       1    .  1    .  . 

=  jsm:rl 1  =  g  sma?  —  gsm£.006  4:r 

=  s  sin  a:  +  r^  sin  3*  —  7^  sin  6«. 
o  lo  lo 

.  • .  y  =  y  (g  sin  a?  +  —  sin  3«  —  —  sin  bzldz 

=  — -cosar— —  cosSa;  +  —  cosSa?  +  (7. 

76.  Prop.  To  integrate  the  form  rfy  =  b" .  sin"aj .  dz. 

Put     sin z,dx  z=  dv^  and  5«'8in"~^z  =  «,  then  v  =  —  cos  a?, 

and     du  =z{n  —  \  )6«'sin*-2a: .  cos  zdz  +  a .  log  6  •  6**sin"-^ar .  dx, 

,\  y=fb'^^sin*z,dx=z  — 6"8in*-^a:.cosaj+(n--l)/6"sin"-2xcos2xtir 

+a.  log  6./6«'sin*-^ar.  cos  z,  dz. 

But,  by  applying  the  formula  fudv  =  uv  ^  fvdu  to  the  last  integral, 
making  8in*-*a?.cosar.d!r  =  rfv  and  6"*  =  w,  we  get 

/6«*8in"-^a: .  cos  x.dx=z-  sm*z .  5" —  a  log  b /sin*a? .  ft" .  etc, 

ft  n 

and,  by  replacing  cos^a:  by  1  —  sin^x,  we  have 

/ft«*sin»-*a; .  cos^a; .  dx  =  fb*^'sm^-^zdx  —  /6«*sin"a? .  dz. 
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Hence,  by  substitution, 

/&•* .  sin"* .  (faj  =  —  6«*8in*-^jj .  cos  ^e  H —  b** .  sin»« 

n 

—  ^^  ^^  ^  /sin»« .  6"<fo  +  (n  —  1)  /6«*8in*-»a: .  dx 

—  (n  -  1)  /^•'sin*!? .  dx. 

Transposing,  collecting  like  terms  and  reducing,  we  obtain 

/6««8in*«.<fo  =  ^^i^g^^a^^a  (alogft.sinr  -  ncos«) 

(a  log  6)2 +  n*  ^   ^ 

By  repeated  applications  of  (Z)  we  obtain  the  final  integral. 

fh^^dx  =  —J — r  +  C,  when  n  is  even :  and  when  n  is  odd, 
a  log  6 

f  1*^*81X1  x,dXy  which  is  given  by  (Z)  without  an  integration,  since 
the  last  term  then  contains  the  factor  n  —  1  =1  —  1  =0,  and 
therefore  that  term  disappears. 

77.  Prop.  To  integrate  the  form  dy  =  b^*cos*x .  dx. 

Put  a:  =  a?i  —  5  «',  then  cos  *  =  sin  «j,  sin  a?  =  —  cos  JCy 

6««  =  6"! -6  ^    ^    dx=zdxi. 

— Xtt*  6        6*'i8in*'~  a? 

. • ,  f/=b^    /6«»»sin*x,(fo,=        ^^^ ^^^^^^  \a logft.sin a:i-nco8*p,) 

+  ?^ — 7T^. — j/i"»sin*-2a?,(&i,  and  by  substitution, 
(a  log  6)^+ n* 

fb^'cos^x .  <&  =  -;— i — rr^- — r  (a  log  6 .  COS  «  +  »  sin  «) 

(alog6)*+n*  ^      ^  .        ' 


CHAPTER   IX. 

• 


APPROXIMATS  INTEGRATIOir. 


80.  When  a  given  differential  cannot  be  reduced  to  a  form 
exactly  integrable,  we  may  expand  the  differential  coefficient,  either 
by  Maclaurin's  theorem,  by  the  common  binomial  theorem,  or 
otherwise ;  then  multiply  by  dz,  and  finally  integrate  the  terms  suc- 
cessively. If  the  resulting  series  be  convergent,  a  limited  number 
of  terms  will  give  an  approximate  value  of  the  int^aL 

81.  This  method  may  also  be  employed  with  advantage,  when  an 
exact  integration  would  lead  to  a  function  of  complicated  form. 
And  the  two  methods  can  be  used  jointly  to  discover  the  form  of 
the  developed  integral. 

SXAMPLSS. 

82.  1.  To  integrate    dy  =  (&,  in  a  series. 
Expanding               by  actual  division,  we  have 


l+x 
.-.  y  = /(I —«  +  «»  — «3  +  aj4_<S5C.)rf«. 

=  ar  —  -a;2 +  -«*  —  -«*  +  -«*  —  &C.+  CI 
<6  o  4  D 

the  required  series. 
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^here    c  =z  C  -^  C^, 
But  when    j?  =  0,    log(l  4-  ^)  =  log  1  =  0,    .  • ,  c  =  0, 

.•.     log(l  +  a:)=:«  — -aj*  +  o«^  — T«*  + c  «*  —  4«>. 

26  o  4  0 

a  well  known  formula. 
2.  rfy  =  «*(!  -  «2)*(fo. 

Expanding      (1  —  x^)      by  the  binomial  theorem, 

.♦.  y  =  /«*(! -i  or^  -  ^  a:*  -  ^  0^  -  ^  *»- &&)<&. 

~8         7         44  120  1216  "^-t*" 


-/!  + 


Here -pL=  =(!+«»)"*  =1  -  J *»  +  5  •  ? «*  -  5 . 1  •  5«»+dK). 
yT+^  224  246 


.•.y  =  /(l--«»+-.^**--.-.-««  +  &c.)ia; 

2.3      ^2.4.6  2.4.6.7      ^     «. -r  v. 

« 

But  f  ^. =  log  far  +  vT+^)  +  Cr 

.  •.  loir(ar+t/i4-«*)=a; ^a?3+-i:^a:»—  ^'^'^  a;''4.  &a+  C—  (7„ 

.     iugv*-r V   T*-;    «^     2 . 3    ^2.4.5        2.4.6.7  *  "t  o^u-r  i.     ^r 


/ 
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This  formula,  called  Bemouilli's  series,  shows  the  possibility  of 
expressing  the  integral  of  every  function  of  a  single  variable,  in 
terms  of  that  variable,  since  the  several  differential  coeffioients 

•-T— 9  -7-J1  &a,  can  always  be  formed.  But  the  series  is  often  diver- 
gent, and  then  of  no  use  in  giving  the  value  of  the  integral  ap- 
proximately. 


CHAPTER  X. 

XHTXQRATIOir  BETWEEN  LIMITS  AND   BUOOESSIVB  INTEGRATION. 

84.  The  integrals  determined  by  the  methods  hitherto  explained 
are  called  indefinite  integrals,  because  the  value  of  the  variable  Xy 
and  that  of  the  constant  C,  both  of  which  appear  in  the  integral,  re> 
main  undetermined.  But  in  applying  the  Calculus,  the  nature  of  the 
question  will  always  require  that  the  integral  should  be  taken  be- 
tween given  limits.  Thus,  suppose  the  integral  to  originate,  (or  its 
value  to  reduce  to  zero)  when  x  =  a:  this  condition  will  fix  the 
value  of  the  constant  C,  Then,  to  determine  the  value  of  the  entire 
or  definite  integral,  we  replace  x  by  b,  the  other  extreme  value  of 
the  variable. 

Jlx.  To  integrate  dy  =  Sx^dx,  between  the  limits  xzzzx^  and  a:  =  «j. 

y  =  fSx^dx  =z  x^  +  C.     But  when    a;  =  a?„    y  =  0. 
.  • .  0  =  ari^  +  (7    and     C  =  —  x^^, 
and  by  substitution  in  the  indefinite  integral 

y  =  x^  —  x^^. 
Now  make  x  =  iTj,  and  there  will  result 

the  complete  or  definite  integral. 
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A  slight  examination  will  show  that  the  desired  result  will  always 
be  obtained  by  substituting  in  the  indefinite  integral  for  the  variable 
OP,  first  the  inferior  limit  x^  and  then  the  superior  limit  ^r,,  and  then 
subtracting  the  first  result  from  the  second.  In  these  substitutions 
the  constant  C  may  be  neglected,  since  it  will  disappear  in  the 
subtraction. 

86.  The  integration  ofSx^dx  between  the  limits  z^  and  x^t  when  x^ 
is  the  inferior  limit,  or  that  at  which  the  integral  originates,  and  a;, 
the  superior  limit,  is  indicated  by  the  notation. 


J^Zx^dx. 


86.  The  precise  signification  of  this  definite  integral  will,  perhaps, 
be  better  understood  by  the  aid  of  the  following 

Prop,  The  definite  integral  L  Xdx,  (where  X  is  a  fimction  of  x, 

which  does  not  become  infinite  for  any  value  of  x  between  the  limits 
X  =:  a  and  x  =  6,)  is  the  limit  of  the  sum  of  the  values  assumed 
by  the  product  Xhy  as  x  is  caused  to  increase  by  successive  equal 
increments  (each  =  k)  from  ^  =  a  to  ^  =  6;  the  value  of  A  being 
continually  diminished,  and  consequently  the  number  of  these  incre- 
ments being  indefinitely  increased. 

Thus,  if  Xq  XiX2X^. . ,  Xn^i  be  the  values  assumed  by  X,  when 
X  takes  successively  the  values  a,  a+k,  a+2A,  a+3A, . . .  a-{-{n—l)h, 

then  will  J  a  Xdx  be  the  limit  tothe  value(Xo4--yi+X,...+-X'»-,)A, 

provided  nh  =  b  ^  a^  and  A  be  diminished  indefinitely. . 

Proof.  Let  x  and  a?  +  A  be  any  two  successive  values  of  «,  and 
denote  by  Fx  the  general  or  indefmite  integral  f  Xdx, 

Then  by  Taylor's  Theorem, 
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which  may  be  written,  F{x  +  h)z=iFx  +  Xh  +  Ph\  . . .  (1),  where 
P  is  a  function  of  x  and  h. 

Suppose  the  difference  6  —  a  to  be  divided  into  n  equal  parts, 
each  equal  to  A,  so  that  b  —  a  =  nh. 

Now,  putting  successively  a,  a  +  A,  a  +  2A . .  .•  a  +  (»  —  1)A  for  jp 
in  (1),  and  denoting  the  corresponding  values  of  P  by  Pp,  P^,  ^s&, 

we  get 

F{a  +  h)=zFa  +  XJi  +  PJi'^ 

F{a  +  2h)  =  F[{a  +  A)  +  A]  =  F{a  +  h)  +  X^h  +  P^h^ 

F{a  +  3A)  =  F[{a  +  2A)  +  A]  =  F{a  +  2h)  +  XJi  +  PJC^ 

&C.  dsc.  ^sc 

JP'(a+nA)=P[(a+(n-l)A)+A]=ri^a+(n-l)A]+X«^iA+P^iA», 

adding  these  equations,  and  omitting  the  terms  common  to  both 
members  of  the  sum,  there  results 

F{a  +  nh)  z=:Fa  +  h{X^  +  X^  +  X^ +  Xf^ 

+  k^{Po  +  Pi  +  Pa  .  .  .  .  +  P^i)^ 

But,  since  every  value  of  JT  is  finite,  none  of  the  values  of  P  will 
become  infinite.  If,  therefore,  we  denote  the  greatest  value  of 
P  by  P,  we  shall  have 

Pq + -^1 + -^2  •  •  • + -^«-i  < -P»i  and  since  jF\a + wA) = P6,  and  fiA = 6 — 0. 

.  •.  Fb-^Fa-^  A(Xo  +  Xj  +  -T,. . .  +  X^^)  <{b  —  a)P.h. 

But  6  —  a  and  P  are  both  finite,  and  therefore  by  diminishing  A,  the 
second  member  can  be  rendered  less  than  any  assignable  quantity. 
Hence  Fb  —  Fa  must  approach  indefinitely  near  to  equality  with 
A(-X'o  +  -X\  +  X, .  .  .  .  +  Xi^i)  when  A  is  continually  diminished. 
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Successive  InkgraUon. 

87.  If  the  second  differential  coefficient  -r^ = X  be  given  instead 

of  the  first,  two  saccessive*  integrations  will  be  required  to  deter- 
mine the  original  function  y  in  terms  of  x.  Thus,  multiplyingby  dx 
and  integrating,  we  get 

f^.dx  =  /Xdx,    or    ^  =  /Xdz  =  X,+  C,. 

Multiplying  again  by  dx^  and  integrating,  we  get 


f^dx  =  /X,dx  +  fC,dx, 


or  y  =  Xj  +  Cjjc  +  C^; 

88.  Similarly,  if  there  were  given  -^-  =  X,  three  successive  in- 
tegrations would  give 

y  =  X3  +  j^C7i««+Ci«+Ci. 

cf*y 
And  if  Aere  were  given       ^  =  X,      then 

y  =  -^"''"l.2.8...(n-l) 


+  1.2.8.  .(n-2)  +  ^°--+^'''  +  ^-' 

the  number  of  arbitrary  constants  introduced  being  n. 

89.  The  result  obtained  by  performing  the  above  integrations  may 

be  indicated  thus 

/•Xdx»=zy: 

it  is  called  the  n*^  integral  ofXdx\ 

90.  Prop.  To  develop  the  n'*  integral  /•Xcfo*  in  a  series. 
Employing  Maclaurin's  Theorem,  we  have 
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1  1  •  <» 

+LM<^Jl   2.3..(w-l)'^'-    -'l.2.3..n"^Lcfo  Jl.2.Mn+l) 

+  L"5?Jl.2.3..(n4-2)"^L(ir3  Jl.2.3..(n+3)"^*^---''^J' 

The  terms  within  the  [  J  are  the  arbitrary  constants  C^  C2  C/j . . .  Ca, 
as  far  as  [fXdx]  inclusive,  but  taken  in  an  inverted  order. 

91.  Prop,  To  deduce  the  development  off^Xcb^  from  that  of  X. 
By  Maclaurin's  Theorem,  we  have 

and  this  may  be  converted  into  the  series  [E]  by  multiplying  each 
term  by  «*,  then  dividing  the  successive  terms  by  1 . 2 .  3  . .  .  fi| 
by  2 .  3 .  4  .  .  .  (n  +  1),  by  3 . 4 .  5  .  .  .  (n  +  2),  &c.,  and  finally 
annexing  terms  of  the  form 

...  o». 


1.2.3...(n-l)      1.2.3...  (n- 2) 


1.  To  develop  / 


V'T^a?* 


Here  X=(l-:r')"*=l +^0:2 +  l.?:c*  +  l.?.5a;«  +  &^ 

Also  n  =  4.  Therefore  multiplying  by  re*  and  dividing  successively 
by  1.2.3.4,  by  3.4.5.6,  &c,  and  finally  annexing  the  terms 
containing  the  constants,  we  get 

./  ^^3^2       *"^    1    "^1.2'^1.2.3"^1.2.3.4'^2.3.4.5.6 

l.SxB  1.3.  5a;^Q 

"'"2.4.5.6.7.8"*"2.4.6.7.8.9.10'^ 
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%  What  curves  are  characterized  b j  the  equations  -^  =  0,  and 
•^  =  0,  respectively  ? 

.•./-—(&  =  /Ci(&,    or    y=:Ci«+C2,    a  straight  line. 

-^dx  zn  f  C^xdz  +  f  C^x   or    y  =  ^-^  +  C^2^  +  C^s>  & P^^^^^^ 
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CHAPTER   I. 


RSOTIFICATION   OF   CURYBS. 


92.  To  rectify  a  curve  is  to  determine  a  straight  line  whose  length 
shall  be  equivalent  to  that  of  the  curve,  or  simply  to  obtain  an  ex- 
pression for  the  length  of  the  curve,  in  terms  of  the  co-ordinates  of 
its  two  extremities, 

93.  Prop,  To  obtain  a  general  formula  for  the  length  of  the  arc 
of  a  plane  curve,  when  referred  to  rectangular  co-ordinates. 

Let  AB  be  the  proposed  arc,  P  a 
point  in  it,  OX  and  0  Y  the  oo-ordi- 
nate  axes. 


Put  OD  =  ar,  DP  =  y,  AP  =  s, 

I       ^ 
Then  since  ds  =  dz\j  1  -f  ~-^ 

we  shall  have  by  integration 

«  =  /  |l  +  -T-iydx  ....  (5),     tne  required  formula. 

94.  To  apply  {S)  we  replace  -^   by  its  value,  in   terms  of  ar, 

deduced  from  the  equation  of  the  curve,  and  then  integrate  between 
the  limits  x  =  OE  and  a;'=  OF. 
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96.  Again  if  y  be  taken  as  the  independent  variable,  we  shall  hare 


ds  =:dtf\/l  +  -T-^j    and  therefore 
=  jll  +  ^-i")  «y  •  •  •  (>Si),  ft  second  formula. 


rf«2 


This  will  be  applied  by  substituting  for  -j-^  its  value,  in  terms 

of  y,  derived  from  the  equation  of  the  curve,  and  then  integrating 
between  the  proper  limits. 


EZAMFLXS. 


96.  1.  To  find  the  length  of  the  para-       iy 
bolic  arc  AB,  included  between  the  ordi- 
nates  b^  and  62. 

The  equation  of  the  curve  is  y^  =  2j9X, 


dx      y 
dy     p 


»• 


which  substituted  in  {S^  gives 
Bat  by  formula  (jS), 

fip"  +  y^)^dy  =  I  (i>*  +  y»)*y  +  li^fip"  +  y^T^dy ....  (i). 

To  integrate  the  last  term,  put  (]^  +  y^y  =  «  +  y, 
.•.|>a  +  ya  =  «2  +  2«y  +  y»,    y  =^  ^      ,     dy  =z -^^-^^dz. 


and 


2«; 


2ai> 


.•./(pH»»r*rfy=-/^a'^*=-/T=-^^'+^- 
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4.  The  eUipse  aV  +  ^JJ*  =  a^l^. 

dy^  _  ¥x^ 

-      rfy^  _  &*g»  _  g V&»  -  &ga?^)  +  My>  _  aV  -  g»)+ yg» 

^^)  1  +  TTi  = i 5 =  — 5 5->  where  «  is  the  cccen- 

tridty, 

. ' .    «  =  /  ^ J-  ^  =  7  ^ ^<^>  lt>y  making  -  =  aPj. 

This  expression  has  already  been  integrated  approximately. 

5.  To  determine  what  curves  of  the  parabolio  class  are  rectifiable. 
The  equation  of  this  class  of  curves  is  y*  ==  aof ,  in  which  n  and 

m  are  positive  integers. 

dy     m    -    — 1 


oo?      n 


•    • 


/O+T*""*"  T*^ 


and  this  can  be  rationalized,  when  — =  r,  an  integer,  that  is, 

m      1  4-  2r  \     ^     / 

when    ^^i^^  (Art.  41). 

Hence,  if  one  exponent,  n,  be  even,  and  the  other,  m,  greater  by 
unity,  the  curve  will  be  rectifiable ;  that  is,  an  exact  expression  for 
the  length  of  the  curve  can  be  obtained  in  terms  of  the  co-ordinates 
of  its  extremities. 

The  term  rectifiable  is  sometimes  restricted  to  those  curves  whose 
lengths  can  be  expressed  algebraically^  or  without  employing  tran- 
scendental quantities ;  and  with  this  restriction,  the  value  of  r  must 
be  positive,  otherwise  »  would  be  transcendental. 

Now  applying  the  other  condition  of   integrability,  we  have 

+-  -  =  r,  an  integer,  whence  —  = 


■{^) 


^      .,  g..,  ^  g^ 


^  "v  ■.  ■■  ■  ■ 
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Hence,  if  one  of  the  exponents  be  an  even  integer,  and  the  other 
less  by  unity,  the  curve  will  be  rectifiable. 

Combining  the  two  results,  we  find  it  simply  necessary  that  m 
and  n  should  differ  by  unity. 

97.  Prop,  To  obtain  a  formula  for  the  rectification  of  polar 
curves. 

Here  we  have  to  express  $  in  terms  of  r  or  4,  and  for  this  pur- 
pose we  must  transform  the  formula  [5],  by  means  of  the  relations 

ds^      dx^      dy^ 

52  =  ^  +  ^2»---(l)-    «  =  rcos^,  ...(2).    y  =  rsm^.  ..(3), 

the  quantity  d  being  taken  as  the  independent  variable. 
Then  (2)  and  (3)  give 

dx  dr         .     dy  dr 

•— =  —  r sin d  +  cos d^Ti    and    -~  =  rcosd+sin^-7r 
d&  d6  d6  d6 


dr* 


ds^  dr  dr^^ 

. ' .  -=Ti  =  r^in^d  —  2r  sin  ^  cos  d  -;7  +  cos'd  -r— 
00^  d6  d&^ 

dr  dr^ 

+  r^cos^d  +  2r  sin  d  cos  d  -;r  +  sin^d  -^ 

dA  dA^ , 

1.  The  logarithmic  spiral  r  =  a^,  between  the  limits  r  ^^r-^  and 
r  =  rj. 

;7r>  =  log  a.  a^  r=  — ,  where  m  is  the  modulus. 
do  fit 

.  • .  dA  =z  —dr=z  —  cir,  and  by  substitution  in  (2*), 

But    8z=0,    when    r=zr^^    .  • .  (7  =  — (m^  +  l)Vi. 
.•.«  =  (!  +  mYir-^r;),  and  when  r=:r^    «=(l+»*T(''«-»'i)- 
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2.  The  spiral  of  Archimedes  r  =:  aS^  from    the  pole  to  the 
point  r  =  r^ 

do  a  a^  ^  ' 

Iliis  expression  Ib  entirely  similar  to  that  integrated  in  rectifying 
the  parabola. 

2a  2        °  a 

8.  The  lemniscata     r^  =  a^cos  2^, 
rrfr  rfr*       a*  /         r*\ 


«*(i  -  ^)*        («*  -  »^)* 


-I — *- — '- —  •  —  &c.  I  rfr, 

which,  integrated  from  r  =  a  to  r  =  0,  gives  for  the  arc  BIA  or 
one-fourth  of  the  entire  length  of  the  curve. 

fi  .    1^1-3^    1.3. 5    .  n 

98.  When  the  curve  is  characterized  by  a  relation  between  the 
radius  vector  r  and  the  perpendicular  p  upon  the  tangent  To 
obtain  a  formula  for  the  rectification  in  this  case,  we  assume  the 
value  of  the  perpendicular  found  in  the  Difieren.Calculus/p.  154viz.: 

i>=— =..;    whence     _=-i-^_2,and 

V^'  +  ^ 

^_d^  dr^_   34.^-Zl 
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....=/- 


rdr 


•  •  • 


(CT),  the  required  formula. 


Ex.  The  involute  of  the  drde  from  |?  =  0  to 
Here  the  equation  of  the  curve  is  H  =  a'  +  i'^* 

But  when  |>  =  0,  «  =  0.    .•.(7=  —  -^j  and 


2a 


when 


J)  =  2«'a,       «  =  2ir*a. 


a 
2" 


CHAPTER    II. 


QUADRATURE  OF  FLAKE  AREAS. 

99.  The  quadrature  of  a  plane  curve  is  the  determination  of  a 
square  equal  in  area  to  the  space  bounded  in  part  or  entirely  by  that 
curve.  The  problem  is  regarded  as  resolved  when  an  expression  for 
the  area  in  terms  of  known  quantities  has  been  obtained,  the  number 
of  terms  being  limited. 

100.  Prop,  To  obtain  a  general  formula  for  the  value  of  the  plane 
area  ABCD^  included  between  the  curve  DC^  the  axis  OXy  and  the 
two  parallel  ordinates  AD  and  BC^  the  curve  being  referred  to 
rectangular  co-ordinates.. 

Put  OE=x,  EP—y,  EFz^h,  FP^=y^, 
and  the  area  AEPDz=zA. 

Then  when  x  receives  in  increment  A, 
the  area  takes  a  corresponding  increment 
EPPiFy  intermediate  in  value  between  the   \r 
rectangle  FP  and  the  rectangle  F8. 
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a/'p" 


dx^   1.2.y   ' 

Hence  at  the  limit,  when  h  ia  taken  inde6nite1y  small,  the  areft 

EPP^F,  which  is  always  intermediate  in  value  between  FP  aad  PS, 

must  become  equal  to  each  of  these  rectangles,  or  equal  to  y  x  A. 

. '.  dA  =  ydx,  and  consequently 

A  =  fydx {  F),  the  required  formula. 

101.  If  the  area  were  included  between 
two  curves  DC  and  i),C„we  should  find  by 
a  similar  course  of  reasoning 

A  =  r(T-,yix (F,), 

in  which  Y  and  y  denote  the  ordinates 
EP  and  EP^,  corresponding  to  the  same 
abscissa  OE, 

102.  To  apply  ( F)  or  ( V-^\  we  eliminate  y,  or  y  and  F,  by 
employing  the  equation  of  one  or  both  curves,  and  then  integrate 
between  the  limits  *  =  OA  and  x  =  OB. 


103.   1.  The  area  ABCD,  included  between  the  parabolic  arc 
DC,  the  axis  of  x,  and  two  given  ordinates  AD  and  BC. 

Put    OA=a^,  AD=h^,  OB=a^,  BC=b^,  OE=x,  and  EP=y. 

nien,  from  the  equation  of  the  parabola, 
we  have 

y»  =  2px,    or    y  =  (Sp)*  x'. 

,  • .  And  by  substitution  in  formula  ( F), 


A=f{Zpf.:^dx  = 


x+C=-«/+C. 
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2 

But       -4=0,  when  x  =  a^  and  y  =  6],  . ' .  (7  =  —  -  a^b^ 

o 

2 

.  • .  ^  =  Q  («y  —  fli^i)  =  ADPE\  and  when  ^  =  02  and  y  =  ^2 

^  =  ?  (a^j  -  a,6,)  =  ADCB. 
o 

Cor.  If  the  area  ODCB  of  the  semi-parabola  were  required,  we 

should  have 

2  2 

Oj  =  0,  ^1  =  0,     and    .  • .  -4  =  -  0362  =  5  circumscribing  □ ; 

o  o 

and  for  the  entire  area  of  the  parabola 

4  2  2 

2-4  =  -  02^2  =  «  ^  •  ^2  =  Q  circumscribing  O. 

2.  The  circle   y*  =  r*  —  a;^,  or    its    seg- 
ment ACD. 

Here    Az=  fydx  =  f{f^  ^  x^y  dx, 

or  by  employing  formula  (-B), 

Suppose  the  area  to  be  reckoned  from  A. 

area  -4  =  0    when    x  =  OA  =  ^r* 

.-.  t7=ir»cos-i(-l)  =  lrr3. 
<^  2 

.-.  ^  =  l*r»+ i«(r»-a?)*-lr«co^»l 

And  when  «=+r,  -4  =  -«'r*  =  area  of  semidrde  AEB, 
.  • .  area*  of  entire  circle    AEBD  =  ner^. 


882 
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To  find  the  area  of  the  segment  A  OD^  make  x  =  OG  =  —  a,  then 
4  =  ^C6'  =  i*r»-i«(r»-«)*-ir»o«r->(-Jj 

-.r[tr-r.  cos-»  (-  ^)]  -1  a(r«  -  a»)* 

=  lrUCif-CB)-la(r«-a»)* 


.'.  segment  (7./12)C  =  r .  ^C  —  a .  CG'. 
8.  The  elliptic  segment        ACyDy. 
Here  the  equation  of  the  curve  is 


•  •.  u4  =^fydx  =  -f{a^  —  x^ydx. 


•  • .  2-4  =  segment  -4 Ci2>i  =  - .  segment  ACD  of  a  circle  described 
on  AB. 

Hence  the  area  of  the  entire  ellipse  =  --area  circle  =  -•  «'a^=«'a6. 

^         a  a 

I  X 

4.  The  cycloid        y  =  (2ra?  —  «^)  +  ♦*  •  versin-^- 

Put     OD  =  a?,     DP  z=i  y. 

Then  the  area  OPD  —  fydx. 

But   since  y  is  a  transcendental 

function  of  ar,  it  will  be  preferable    A 

to  integrate  this  expression  by  parts.    Thus 


A  =  Sydx  =  ary  —  Jzdy, 
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But  from  the  equation  of  the  curve  we  have 

Now  f^^rx  —  x'^dx  =  fVidx  where  y^  is  the  ordinate  DP-^  of 
the  generating  circle,  corresponding  to  the  abscissa  OD  =  «, 

or  f^2rx  —  3^dx  =  area  OP^D. 

•  • .  area  OPD  z=zxy  —  area  OP^D^    and  when    a?  =  00=i2r. 

area  semi-cycloid  OACz::  OC  x  CA^  area  semicircle  OPiO 

•  * .  area  entire  cycloid  =  Z*t^  =  3  area  generating  circle. 

104.  Prop.  To  determine  a  general  formula  for  the  quadrature  of 
polar  curves,  their  equation  having  the  form  r  =  Fd, 

Let  QX  be  the  fixed  axis,  QP  the 
radius  vector,  forming  with  QX  an 
angle  measured  by  the  arc  6  described 
with  radius  equal  to  unity. 

Let  6  take  the  increment  t,  convert- 
ing r  into  Ti  =  F{6  +  /),  and  adding 
the  sector  QPPi  to  the  area  QIPz=Aj 

previously  swept  over  by  the  radius  vector.    Now  QPPi  >  QPX^ 
but  <  QPiO.    Also  the  ratio 

qPK~l  ~  r*~  ♦* 

-rxrt 

=  1    when    <  =  0. 
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Hence  at  the  limit,  when  t  is  replaced  by  dA,  and  QPPi  beoomei 
dAy  the  value  of  QPPi  will  be  equal  to  QKP  or  QPiO.    Thua  we 

shall  have  dA  =z-f^,dA, 

.  • .  -4  =  jzfr^dA  . . . .  (  Fj),  the  required  formula. 

1.  The  spiral  of  Archimedes  r  z:z€A, 

If  ul  =  0  when  r  =  fi,  then  (7  =  —  -— • 

o  a 

For  the  area  of  one  convolution  estimated  from  the  pole,  we  have 
the  limits  r^  =  0  and  rj  =  2^a. 

2.  The  logarithmic  spiral  from  r  =  r^  to  r  =  rjj. 

Here       r  =  a  .     .  • .  rfr  =  log  a .  a  .  cW    and    cW  =  = •  — - 

log  a    r 

2"'  2  log  a*'  4  log  a 

=  -  fn{r^  •—  r-^)^  between  the  limits  r^  and  fj:  the  quantity 

m  denoting  the  modulus. 

3.  The  hyperbolic  spiral  from  r  =  r^  to  r  =  fj. 

Herer=-)     dr  z=. --)     da  =  —  —'dr=z -dr. 

6  6^  a  r 

.  •,    ^  =  —  ^fadr  =  —  -or  +  v7  =  ■     *    — =^  between  ine  iim- 
its  fi  and  r,.         ^ 
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4.  The  lemniscata  r^  =  a^cos2d. 

A  =  ^/r»(«  -\  a»  /cos  2«cM  =  ia^sin  24  +  G 

Z  A  4 

Put  -4  =  0  when  4  =  0;   then  (7  =  0,  and  -4  =  -a^sin  24, 

1         •         1 

which  gives,  when    r  =  0,    or    4  =  -  «',     -4  =  -  a*, 

•  * .     Entire  area  =  a^  =  square  described  on  semi-axis. 

106.  Prop*  To  find  a  formula  for  the  quadrature  of  a  plane  curve, 
when  its  equation  is  given  by  a  relation  between  the  radius  vector, 
and  the  perpendicular  upon  the  tangent 

Since  i«  =  -^^_        .,  =  |/..^.=  l/_^ 
1.    The  involute  of  the  circle 


and  this,  between  the  limits  ^  =  0,  and  p  =  S^a,  within  which  the 
entire  circumference  is  unwound,  gives 

s 

Cor.  The  area  included  between  the  involute  ABS,  the  circle, 
and  the  tangent  AS,  is  equivalent  to  that  swept  over  by  the  radius 

vector,  and  therefore  equal  to  -—• 

2.  The  epicycloid  p^  =  —^ ^,  where  c  =  a  +  2ft,  a  and  b 

being  the  radii  of  the  fixed  and  generating  circles. 
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Put  (r»-a'')'  =  «,  .'.  r»  =  «»  +  a»,  rdr  =  tdg, 

(c»  _  r»)*  =  (e»  -  a«  -  «»)* 
.-.  ^  =  i^/(e»  -  a«  -  *»)"  W 

2<e»  —  o*  —  g»)*c   (c*  —  o»)c  /»     (fe 

(«*  —  a'  —  «') 


This,  between  the  limits  r=ia  and  r=zej 
gives 

=  ^(«^  +  3aA  +  2*»)  =  OIFVO. 


But 


0/Z  =  I  irab. 


. ' .  IFVL=z^  epicycloid  =  ^(3a  +  25), 

5V 
and,     IVIiLI=  — (3a  +  26),  the  entire  epicycloid. 

a 

If  6  =  -  a,  then  epicycloid  =  4flri*  =  ira*  =  area  fixed  circle. 

If  6  =  a,    then  epicycloid  =  5flr6*  =  S^ra*  =  5  area  fixed  circle. 


CHAPTER   III. 


QUADBATUBE    OF    OURVSD    StTRFAOBS. 


106.  Prtyp.  To  obtain  a  general  formula  for  the  quadrature  of  a 
sur&ce  of  revolution. 

Let  AB  be  the  arc  of  a  plane  curve 
which  revolves  about  the  axis  OX^  P  and 
Pi  points  taken  on  the  curve  so  near  to 
each  other  that  the  arc  PP^  may  present 
its  concavity  to  OX  at  every  point. 

Put     OD=:x,     DP^y,     DJ)i  =  h,     D^P^^y^^     AP=:$. 

The  surface  generated  by  the  arc  PPi,  is  intermediate  in  magni- 
tude between  those  generated  by  the  chord  PP^  and  the  broken 
line  PTPy    Denoting  these  surfaces  by  C  and  B^  we  have 

^  \{PD  +  P,D,)PP,.2^ 

_  {2PD  +  VT)PT+  {2PiDi  +  P^T)PiT 
"  (2Pi>  +  VPi)PPi 

Dividing  numerator  and  denominator  bj  h,  and  then  paaung  to 

22 
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the  limit,  we  obtain  —  =  1.     And  hence  the  limit  to  the  value  of 

C 

the  surface  C7,  generated  by  the  chord,  will  be  a  proper  expression 

for  the  elementary  surface  generated  by  the  arc  PP^  when  that  arc 

becomes  indefinitely  small. 

But  at  the  limit,  when     A  =  cZr,     C  =  2flryn  +  ^)^«. 
Hence  we  have  for  the  differential  of  the  surface, 

dA  =  2^yfl  +^^^dx,    and    .'.  A=  2*/y(l  +^)*c&,..(Tr). 

or,  A  —  2fftfyd9. ( W^. 

107.  To  apply  {W\  we  eliminate,  by  means  of  the  equation  of 

dy 
the  generatmg  curve,  y,  and  -^,  and  then  integrate  between  the 

given  limits.    Similarly,  we  apply  ( W^  by  expressing  y  in  terms 
of  «,  or  cb  in  terms  of  y  and  dy, 

EXAMPLES. 

108.  1.  The  surface  of  the  sphere. 
Here  the  generating  curve  is  a  circle  whose  equa- 
tion is 

y2  __  ,.2  _  ;p2^ 

dx  y  dx^ 


.    . 


.'.  A  =  2^f^^  =  2^rfdx  =  ^rx  +  C7. 

Put         ^  =  0,    when    x=  —r^    then    C  =  ^r^. 

r .  Az=i  2*r(r  +  «),  which,  when  x=z  +r^  gives  for  the  surface  of 
the  entire  sphere  A  =  4«'r*  =  4  great  circles. 

For  the  zone  whose  height  is  A  =  ar^  —  ar^,  we  have 

A  =  2«'r(«2  ""  ^i)  =  2flr^A. 
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X  . 

i  X, 


1.  The  paraboloid  of  revolution, 
^       ^'  dx     y'  ^d3?    ^  y*        y* 

If  the  surface  be  reckoned  from  the  vertex,  we  shall  have  x^  =  0. 

2.  The  surface  generated  hy  the  revolution  of  the  Catenary  about 
its  axis. 

The  equation  of  the  curve  is    «^  =  «^  +  2ax, 

...  ^^J^+J^.  and  rfy=VSn^=^^=^  =  — • 

Now,  applying  formula  (  TTj),  and  integrating  by 
parts,  we  have 

A  =  2itfyde  =  2it{y8  —  fsdy)  =  2ir(y«  —  afdx) 

=  2ir(y«  ^ax)  +  C. 

But  when      «  =  0,  y  =  0  and  «  =  0,  .  • .  C  =  0. 

.  • .  ^  =  2«'(y-/a;2  +  2aa?  —  ax). 

3.  The  surface  generated  by  the  revolution  of  a  semi-eydoid 
about  its  axis. 

Here         dy  =  \/ •  dx   and    I  =  2y^ri^=  ^Srx, 


.\A=  2rfyd8  =  2ir(y«  -  fsdy)  =  2ir(y«  -  /2V^v/^^— ^-^fc) 
=  2«'(y  V^  —  'v/§r7'/2r  —  «.cZa;) 

=:2ir[yV§;7+  v^.|(2r-a?)*]  +  C. 

82  * 

But  when      «  =  0,  .4  =  0,  .  •.  (7=  — -o-***^. 
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—  *r',  the  entdre  Burfius& 
4.  The  Burftce  generated  by  the  revolution  of  the  cycloid  about 
its  biwe. 

In  the  formula  A  =  Z*/yib,  the  qnantity  y  denotes  the  distance 
of  a  point  in  the  revolving  curve  from  the  axis  of  revolution,  and 
must  therefore  be  replaced  in  the  present  instanoe,  by  Sr  —  «. 

.-.  A  =  Z*/i^-x)d»  =  iir/{2r-x)y/—dx 


But  ^=0,  when  z  =  0.  , 
and  when 


=0,  .•.^=S«'v^4r»*-|**), 


-s-  *r* ;  and  Ae  entire  surface  3^  =  -=■  *r*. 

109.  i'ro;).  To  obtun  a  general  formula  for  the  quadrature  of  any 
curved   sur&ce,  whose  equation   is 
referred  to  rectangular  co-ordinatea. 

Let  CAFB  be  a  portion  of  the 
surface  included  between  the  planes 
of  «  and  ye,  and  the  planes  5^,, 
APi  drawn  parallel  thereto. 

Put  0^1  =  z,  OB^  =  AyP^  =  y, 
PjP  =  z,  A  CBP  =  A,  and  let 
«  =  ^(z,y)...(l)beth8equ8tion    /  '^'     '' 

of  the  surface. 

Then,  since  the  value  of  A  will  be  determined  by  the  assumed  values 
of  the  independent  variables  x  and  y,  we  shall  have  A  =  v{ie,y). 

Now  when  x  receives  an  increment  AjOi  =  A,  the  area  A  takes  the 
increment  AJ),  becoming 


I 

A 

~s 

^ 

?! 

? 

A. 

/ 

/ 

/■ 

/ 

/ 

/ 

1 


dx'    1.2^  dx^    1.2.3^ 
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Similarly,  when  y  alope*  takes  an  increment  Bih-^  =zky  A  takes  the 

increment  BO^  becoming 

^  ,  dA    k    ^  cPA    ]^    ,  <PA       ifcs       .   ^ 
^,  =  9(*,y  +  *)  =  ^  +  ^.y  +  -^.l-^+^.j-^  +  &c. 

But,  when  x  and  y  increase  simultaneously,  A  takes  an  increment 
AJ>  +  BG  +  PI,  becoming 

^      dA  h      dA  k  ^  cPA    h^     ,    d^A   hk  ,  d^A     P 
^'^c&    l^  dy    l^(&a    1.2^  dxdy    I  ^  dy^    1.2 

d^A       A3  d^A     iL^k        d^A     h^      ^       k^ 

■•"  dx^'l.2.B'^  dx^dy'l.2'^  dxdy^'l.^"^  dy^'l.2.Z'^ 

.'.  PI=  A^-  A  -{A^"  A)  --{A^-  A) 

d^A    hk  .    d^A     h?k        d^A     kk^ 


dxdy     1        dx^dy    1.2      dxdy^   1.2 

PI      d^A        d^A      h  d^A      _*_.<.         . 

•"  hk  "  dxdy  ^  dx^dy' 1.2^  dx.dy^' 1. 2^ 

which,  at  the  limit  when  A  =  0  and  k  =  0,  reduces  to 

pj,^^ ^^^• 

Now  this  quotient,  which  results  fix>m  dividing  the  elementary 
surface  PI  by  its  projection  P^/,  on  the  plane  of  xy,  is  equal  to 

,  where  v  denotes  the  angle  formed  by  the  tangent  plane  at  the 

cosv  °       ^ 

point  P  with  the  plane  of  xy. 
But  from  the  theory  of  surfaces  (Diff.  GaL,  Art  177),  we  have 

1 


cosv  = 


\A+-^+ 


dg^        ds^ 
dafi       dy^ 


=  s/ 


d^A  A    .  ifl  .    ^^ 


2 


dxdy       V  dx^        dy 

d^A 
Now,  since  the  second  differential  coefficient  -^-j-  is  obtained  by 
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di6*erentiating  the  functioi 
alone  variable,  and  then  a 


I  A  of  X  and  y,  Srat  u  though  x  vera 
s  though  y  onl/  varied,  we  shall  obUun 
the  value  of  A  hy  multipljring  the  value  of  -j^-r-  hj  dxdy,  and  then 
performing  two  aucceasive  integrations  with  reapect  to  x  and  y,  the 
order  of  these  integrations  being  inunaterial,  since  that  of  the 
differentiations  is  arbitrary. 

This  double  integration  is  indicated  by  the  symbol  //,  and  the 
result  is  called  a  double  integral.     Thus 

A  =ffh  +  ^  +  Ti)  '^^ t  W'a).   the  required  formula. 

The  limits  of  these  integrations,  in  the  case  represented  in  the 
diagram,  are  y  =  0  and  y  =  OB^  =  6,  «  =  0  and  x  =  OA^  =  a. 
But  if  the  surface  were  t«rminnted  laterally  by  s  cylinder  (instead 
of  by  planes  parallel  to  xz  and  yz),  the  elements  of  this  cylinder 
being  parallel  to  the  axis  of  z,  and  its  base  in  the  plane  of  xy  repre- 
sented by  the  equation  y,  ^/x,  then  the  superior  limit  of  the  first 
integration  would  be  y  =  yi  =/*,  the  inferior  limit  being  still  zero. 
Hiis  will  be  rendered  plain  by  an  example. 

110.  1.  Required  the  surface  of  the  tri-rectangular  triangle  .^^C, 
From  the  equation  of  the   sur&co  (. 

**  +  y*  +  «'  =  ''i  we  obtain 


: and 


dz 


=  rf^n-^{-J=)dx. 

The  limits  of  this  first  integration  with  respect  to  y  are  y  =  0 
and  y  =  ■y/r' —  x''  =:  DR 
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But  when 


y  =  o, 


•j/r*-*" 


=  0, 


and  when    y  =  yV^  —  z\ 


y/f^^ 


=  1,    and    8in-i(l)  =5*'. 


between  the  limits  :r  =  0,  and  x  =zr, 

2.  The  axes  of  two  equal 
eircular  semi-cylinders  in- 
tersect at  right  angles,  form- 
ing the  figure  called  the 
groin.  Required  the  entire 
surface  intercepted  upon  the 
two  cylinders. 

Assuming  the  axes  of  the 
cylinders  as  those  of  x  and 

y  respectively,  the  equation  of  the  cylinder  whose  axis  coincides 
with  X  will  be  y^  +  2^  =  r^  and  that  of  the  cylinder  whose  axis 
coincides  with  y  will  be  x^  +  z^  =:  r^. 

The  entire  surface  to  be  estimated  is  projected  upon  xy  in  the  rec- 
tangle ABCF,  and  the  triangle  OGF  is  the  projection  of  one-eighth 

of  this  surface.     To  compute  this  portion  to  which  the  equation 

/•  /•/        dz^      dz^  \1 
«*  +  z*  =  r*  applies,  we  have  A  =  /  /  1 1  +  ;r2  +  ^"2  )   ^^y>  ^ 

which  the  limits  of  integration  are  y  =  0  and  y  =  a;,  x  =  0  and  x  =  r. 

_»                -                                                           dz           x  dz 
But  from  the  equation    «*  +  2*  =  r*,  we  get    -7-  = —  =  0. 

/»     ydx  /»     xdx 

=  r  /  'y±:==z  =  *•  /  between  the  given  limits. 

•/yr^^  x^        •^yf^  —  x^ 

or  A=.  r-^r^—  x^  +  C  :=r^  between  the  limits  a?  =  0  and  «  =  r. 
.  * .  8^  =  8r^,    the  entire  surface  of  the  groin. 
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OUBATURE  OF  VOLUMSS. 

111.  Prop.  To  obtain  a  general  formula  for  the  volume  generated 
by  the  revolution  of  a  plane  figure  about  a  fixed  axis. 

Let  OX,  the  axis  of  x^  be  the  axis 
of  revolution,  ABCF  the  generating 
area.    Put 


B 


O    F 


0  D, 


■X 


ODz=ix,  DP=y,  DD^=h,  2>iPi=yi, 

and  let  y  =  jP'^  be  the  equation  of  the 
bounding  curve  AB. 

The  volume  generated  by  the  revolution  of  the  small  quadrilateral 
DPP^D^  is  intermediate  in  magnitude  between  the  cylinders  gene- 
rated by  the  rectangles  PD^  and  ED-^.    But 

dy  h      d^y     h^ 
cylinder  jri>^  _  €y^  «.  ^L  _  ^^"^  ^' 1  "*"  ^'172  "^  "^^^ 
cylinder  PD^  ""  €y^h  ""  y^  "~  y* 


A* 


=  1+2^.^  +  2^. 

^    dz  y^     dx^  1.2. y  '  dx^    y^ 


=  1     when     A  =  0. 

Therefore  at  the  limit  the  volume  generated  by  DPP^D^  =  cyl- 
inder PDiy  or  dV  =z  *y^dx,  and  consequently  V  =  ^fy^dx . . .  ( JT), 
the  required  formula. 

To  apply  {X)y  we  substitute  for  y*  its  value  in  terms  of  x  derived 
from  the  equation  of  the  bounding  curve  AB,  and  then  integrate  be- 
tween the  given  limits. 
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112.  1.  The  sphere. 

Here  the  equation  of  the  circle  which  bounds  the  generating 
area  is  «*  +  y^  =  r*. 

o 

Put       F  =  0    when    «  =  —  r, 

then       C=-irQr3-r3)=|cfa. 

.-.  F=«'(r»«--«3)  +  o«''^    and  when    «  z=  +  r,  r=|«'r». 

2.  The  ellipsoid  of  revolution,  generated  by  the  revolution  of  the 
semi-ellipse  about  its  greater  axis  2a. 

Here  y»=  ^,(a»-«»).   .  •.  r=^/(a>-ir2>&=  ^(a^- 1««)+  (7, 

which  gives  between  the  limits  d;  =  —  a  and  a;  =  +  a. 

4  2  2 

F  ==  X  «'6^a  =  -  (2a .  •'J^)  =  -  circumscribing  cylinder. 


8.  The  paraboloid  of  revolution 

y*  =  2pa?.     V  =  2^pfxdx  =  «y«a  +  (7. 
If      F  =  Owhen  a:  =  0;   then    (7=0  and  F=«ye»; 
which  becomes,  when  x  =  x^  and  y  =  y|, 

F  =  «JMri'  =  -  a?i .  •'yj*  =  -  circumscribing  cylinder. 

4.  The  parabolic  spindle  generated  by  the  revolution  of  the  para- 
bolic area  AQB  about  the  double  ordinate  AB, 

Put  OQ  =  a,  0A  =  b,  OD  =  ar,  J)P  =  y.    Then  QO^a-^y. 
«»=  2p(a— y)  and  V^^^fla-^  |- J  (&=  £^4ay — 4apa?»+a?*)d6r. 


.-.  F  =  «'^aaa?-. 


aa:^ 


+ 


3p       20p2 


)  +  (7. 
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But  if  F  =  0  when  a;  =  0,  then  (7=0;   and  when  x  =  OA  =  h. 

Q 


V  3d  ^20»7' 


or  since 


6» 


=  a. 


2p 
2      1 


F  =  -ra^i  /l  - 1  + 1\  =  ~  ^a^h  =  volume  ^C^. 

1 A 

.  • .  volume  AQB  =  -—  ira^i. 

15 

5.  The  volume  generated  by  the  revolution  of  the  cjcloid  about 
its  base. 

Put     0F=2r,     OD^x,    BP^y,    IV  =z  z  =  2r -^  ff. 

Then  from  the  equation  of  the  cycloid, 


dx      /2r  —  z\i 

1  J    and  since    (fe  =  —  <fy. 


dx_/i 
dz  ""V 


'   '  dy  \      z      J 

\^r  -  y) 

. • .  r=*fi/^dx=  -«fy-^i-^-^dy=  -9fy\2r-y)^dy. 
But  by  formula  {A)., 

fy\2r-yf^dy=  _  ly*(2r-y)*+|r/y*(2r-y)'*iy 

/y V-y)"*<^y= -iy V-y)*+  I'-ZyV-yf^rfy 

fy\2r-y)'^dy=  -y\2r-y)^+rfy~\2r-y)^dy. 

Also       /y     (2r  —  y)     rfy  =  /- — =  vcrsin-*  -• 

''y/iry  -  y2  »• 


.  •.  F=*(2r-y)*gy*+^y*r+  ^y^*)-  |*r3. 


1-1?+ a 


versin-*  -  + 

r 
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5 

Put  F=  0  and  y  =  2r.    Th^n  C  =  ^r^*',  and  when  y  =  0. 

5 

F  =  -  rV»  =  volume  B  VO. 

5  5 

•  •  •  volume  BVA  =  5rM  =  2«rr-irr*  =  -  circumscribing  cjlinder. 

«  o 

0.  The  volume  generated  by  the  revolution  of  the  cycloid  about 
its  axis.     (See  last  Fig.). 

Put  VI  =  Xj  IP  =  y,  VO  =  2r,  and  to  facilitate  the  integration, 
introduce  the  variable  angle  VCB  =  6. 

Then    x  =  r(l  —  cos  d),  y  =  r(sin  ^  +  ^),  dx  =:r,  sin  dcW. 

.  • .  F  =  ir/y2(fi;  =  irr^  /(sin^^  +  24 .  sin^d  +  4* .  sin  6)dA. 

1  2  4 

But  /sin^^  .flW  =  —  5  sin^d .  cosd  —  -  cos  ^  =  «,  from  d  =  0  to  d  =  «". 

2/Q.ain^Ldd  =/B.d6  '-^/B.cos2Ad6 

=  5^*—  o  ^ ^*^  ^+  o  f^^^ 2A.d6hj  integrating  by  parts. 

=  s^*- i4sin24-  ^cos24  =  ^•«'^  from  a  =  0  to  ^s*", 

and  y82,8in4.cia  =  — fl^cosd  4-2/d.cos4rfd 

=  —  ^costf  +  24  sintf  —  2/8inddd 
=  —  42cos4  +  24  sin4  +  2cosd 
=  flr^  —  4,  from  4  =  0  to  4  =  w*. 

/3  8\ 

.  • .  Entire  volume  =  ^r^  is *^  ""  o  1' 

\Z  Of 

113.  Prop.  To  obtain  a  general  formula  for  the  volume  of  all 
solids  which  are  symmetrical  with  respect  to  an  axis. 

Such  solids  may  be  generated  by  the  motion  of  a  plane  figure,  as 
ABCD,  of  variable  dimensions/and  of  any  form,  whose  centre  0 
remains  upon  the  axis  OX,  its  piano  being  always  perpendicular  to 
OX,  and  its  variable  area  X  being  a  function  of  x,  its  distance  from 
the  origin. 
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By  a  method  entirely  aimil&r  to 
that  applied  to  solids  of  revolu^on, 
we  may  show  that  dV  =i  Xdx, 

and     .•.y=:.fXdx (JT,), 

the  required  fonnuU. 

To  apply  (X,)  we  must  expresa  the 
value  of  the  area  X  in  terms  of  x,  and  then  integrate  between  the 
proper  limits. 

Cor,  The  same  formula  is  applicable  to  any  solid  generated  bj 
the  motion  of  a  section  of  variable  dimensions  parallel  to  a  given 
plane,  when  the  area  of  the  secljon  can  be  expressed  in  fimctaona  of 
ita  distance  from  the  fixed  plane. 

114.  1.  Hie  ellipsoid  with  three  unequal  axes. 

Here  we  have  T  +  m"  +  3  =  *> 

or  6Va:»  +  a»<»y»  +  o'iV  =  a>iV. 

Make  CC■^  =  x,  and  put  successively 
y  =  0   and    z  =  0. 
Then  when 

y  =  0,  z  =  -^a? - x^  =  B^C^i 
and  when 

«  =  0,  y  =  V"'  -  **  =  ACi- 

.  ■ .  area  A^i^t^i  =  X  =  ^  (a"  -  i»)  ; 
and  this  value  substituted  in  (X,)  gives 

Put  r  =  0  when  a 


V  =  =*&:a  =  entire  ellipsoid  =  5  circumscribing  cylinder. 


017BA.TUBI  OF  TOLUKIS. 
a.  The  elliptical  parabol(rid  ez^  +  6y*  =  a>s. 
Put  sucoeonTdy  y  =  0  and  <  =:  0 ; 


CB 


="©*■ 


and    CD  = 


<t 


=  I  x.dx  - 


+  0. 


If    F  =0   when   X  =  0,    then    £7=0,   and 


.When  «=  0.<l  =  ic,  r  =  s 


=  sXi«,=^ciwnmBcribh)g 


Cflinder. 

8.  The  groin  or  solid  formed  by  the  interseotion  of  two  cy linden 
whose  axes  are  perpendicular  to  each  other. 

lat.  I^t  the  bases  of  the  oylindera  be 
equal  semi-circles. 

Then  the  generating  section  A^B^Cj^D^ 
will  be  a  square. 

Pot    O0=GS  =  SA=r,  0&,  =  x, 
GjEj  =  y  =  SiAy 

Then    ^i5i(7,Z),  =  4y»,    and  from  the 

equation  of  the  circle  SOF,  * 

y"  =  3ra-*».  .-.  F=:/Jifa=/(8Ta;-4«»)«fa=4fz*-g«»+G 

But  r  =  0  when  z  =  0,  . ' .  (7  =  0,  and  when  «  =:  r, 
F=  ^  r'^  ^  r.2t',2r=  —    dreumscribing  parallelopipedoo. 

2d,  Let  the  bases  be  unequal  parabolas. 
Then  the  generating  section  will  be  a  rectangle. 
Put  00^  a,  GE=b,  EA  =  A„  Off,  =  x,  G^Ej  =  y,  B,At  =  y, 
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Then      y»  =  2;m:,  y,' =  2;),*.  .-.  X  =  2y.2y,  =  feySpI- 
VssfXdx  =  8\/^/mte  =  4ir'y'ppi  =ar.yyi,  and  when  «  = 
V=2abbi  =  -a.^.2bi  =  =  circumscribitig  parallelopipedon. 

4.  The  Conoid,  with  a  circular  base.  ^       f 

Put    PA  =  a,  J>E  =  2r,   DS  =  x,  ffl=zf. 

Then  the  generating  triangle  IFM  =  X  =ay 

=  ay/'2rx  —  *'. 

.-.    r  =  fXdx  =  a  fyf-irx  -  ^.dx 

=  "  -  n  Begment  DOE. 
'=a-(flemi-circle  DHE). 
volume  circumscribing  cylinder. 


and  when      x  =  2r, 
or  volume  conoid  = 


Cor.  A  similar  result  will  be  obtained  if  we  suppose  the  base 
to  have  any  other  form,  the  generating  triangle  being  still  perpen- 
dicular to  the  base. 

116.  Prop.  To  obtain  a  general  formula  for  the  volume  of  a  solid 
'\  (■■  bounded  by  any  curved  surface,  whose  equation  \a  referred  to 
rectangular  co-ordinates. 

First  suppose  the  volume  bounded  by  the  co-ordinate  planes  of 
ary,  xz,  and  yz,  by  planes  parallel  to  xz  and  yi,  respectively,  and  by 
tho  curved  surface  Calb,  whoso  equation  is 

',  =  I't.'n)- 

Put  OA^  =  X,  OB^=^^Py  =  y, 
P,p,  =  ..P,P=,„ 

Let  the  volume  be  intersected  by 
planes  AG^  and  a/,,  parallel  toys, 
and  including  between  them  the 
lamina  or  slice  A^!:  let  this  la- 
mina be  cut  by  planes  6/,  BDi,  &c.. 
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dividing  it  into  prisms  such  as  P/„  &c. ;  and,  finally,  let  each  prism 
be  subdivided  into  elementary  parallelopipedons,  such  as  z^d  by 
planes  parallel  to  xy,  the  successive  planes  being  at  distanoes  from 
each  other  denoted  by  dx,  dy^  and.  cfe,  respectively.  Then  the 
volume  of  one  of  these  elementary  parallelopipedons  will  be 
expressed  by  dxdydz ;  and  if  this  be  integrated  with  respect  to  «, 
regarding  x  and  y  as  constant  between  the  limits  2  =  0  and 
«  =  ^1  =  P^P  =  F{x,y),  the  result  obtained  will  represent  the  sum 
of  all  the  parallelopipedons  contained  in  the  prism  PI^.  A  second 
integration,  with  respect  to  y,  between  the  limits  y=0  and  y=AiOiy 
will  give  the  sum  of  the  prisms  contained  in  the  lamina  AI^ ;  and  a 
third  integration,  with  respect  to  x,  between  the  limits  ar  =  0  and 
X  =  Oa^,  will  give  the  sum  of  the  lamina^  which  constitute  the  entire 
volume. 

Hence  the  required  formula  is 

V^fffdxdydz (1). 

The  symbol  ///denotes  three  successive  integrations,  with  respect 
to  the  variables  x^  y,  and  z,  and  the  result  is  called  the  triple  integral 
of  dxdydz. 

Cor.  If  the  volume  were  bounded  on  every  side  by  the  curved 
surface,  the  same  formula  (1)  would  apply,  but  the  limits  of  inte- 
gration would  be  different,  those  of  the  first  integration  being 
z  =  Zi  and  z  =.  Z2  where  z^  and  Z2  are  the  two  extreme  values 
of  z  corresponding  to  the  same  values  of  x  and  y,  and  derived  from 
the  equation  of  the  surface ;  those  of  the  second  integration  being 
y  =  yj  and  y  =  ^2*  t^®  extreme  values  of  y  corresponding  to  the 
same  value  of  ar,  and  46rived  from  the  equation  of  the  section  per- 
pendicular to  OX ;  and,  finally,  those  of  the  third  integration  being 
Xi  and  X2,  the  extreme  values  of  x. 
^  'lt6.  1.  The  tri-rcctangular  spherical  sector. 
^ -^^Herc  the  limits  of  the  integration  are  5r=0  and  PiP=^  -/r^— a:*— y*, 
y=rO  and  y:=zD^E=i')/r'^'-'x\  ar=0,  and  2;=0-4=r. 
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V=fffitdydz  =  ffzdxdy 


=  ffV^- 


y* .  dxdy.      Bat 


between  the  limits. 

2.  The  volume  cut  from  a  paraboloid  of  revolution,  the  equation 
of  whose  generating  curve  is  y'  =  2p«,  b;  a  right  cylinder  with  a 
circular  base,  its  axis  passing  through  the  focus,  and  the  diameter  ^ 
itB  base  being  equal  to  p. 

The  equation  of  the  paraboloid  being  y^  +  2'  =  2pi,  and  that  of 
the  cylinder  y*  =  px  —  x^,  the  limits  of  integration  in  the  present 


e  will  h 


r  =  +  t/ipx- 


and     B=  - 


y  =  +  -^px  —  z*    and    y  =  —  -^px  —  «*, 
X  =  0    and   «  =  ^. 
.-.  r=Jf/dxdydx=ffzdxdy^ff^2px~y^^dxdy.    '^ 

But  /(2jM:-y«)*rfy=.Jy(2f*-y»)*+j«:  /•_fg_ 


=  -y(2p3:-y»)*+p«.> 


v^ 


-  between  the  limits. 
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.•.F=a/[.v5^ 


=  -JO.'-'')'+ 


-4^Z 


*)  between  the  limits  x  =  0  and  x  =  p. 


117.  Prop.  To  obtain  a  general  formula  for  the  volume  of  a  solid 
bounded  by  a  eurfitce  whose  equation  is  referred  to  polar  co-ordinates. 

Let  the  Tolume  be  divided 
into  elementarj'  wedges  sudi 
as  Oi-Dj  CO  by  planes  drawn 
through  the  axis  00,  Let 
each  wedge  lie  sulxiivided 
into  elementarj  pyramids, 
such  as  FGDEO,  by  coni- 
cal surfaces  generated  by 
the  revolution,  about  the 
axis  00,  of  lines  OD,  OE, 
&C.,  inclined  to  OC  in  con- 
stant angles.  Finally,  let  each  pyramid  be  subdivided  into  elemen- 
tary parallelopipedona,  such  as  /tf,  by  concentric  spherical  surfices 
with  their  centres  at  the  origin  0, 

The  co-ordinates  of  a  point  if  are  0d  =  r,  dOD^  =  t,  and 
AODj  =  V ;  and  the  three  edges  of  the  elementary  parailelopipedon 
Jd,  are  diti  ■=  dr,  de  =.  rdi,  and  dt  ^r cos i.dv,  the  last  expres- 
sion being  obtained  by  observing  that  when  the  line  OD  revolves 
around  the  axis  OC,  the  point  d  desoribea  a  small  arc  dt  whose 
28 
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centre  lies  upon  the  axis  OC^  and  whose  radius  is  the  perpra- 
dicular  diatance  of  d  from  that  axis,  and  therefore  expressed  by 
r.  sin  ZOd  =  r  cos  S. 

Hence  the  volume  of  the  parallelopipedon  vill  be  expressed  by 

r'cosSdtr.dflir,     and    .-.  F"  = ///H  cos  Wo .  <fl .  Jr (1)* 

will  be  the  required  formula  for  the  entire  volume. 

The  first  integration,  if  performed  with  respect  to  r,  while  e  and  t 
remain  constant,  will  give  the  sum  of  the  parallelopipedons  con- 
tained in  the  pyramid  BEFOO,  the  limits  of  the  integration  being 
r  =  0  and  r  =  Oi>  =  F{v,i). 

A  second  integration  with  respect  to  6,  while  v  remains  constant, 
will  give  the  sum  of  the  pyramids  contained  in  the  wedge  Q^D^CO, 
and  the  third  integration^ with  respect  to  v  will  give  the  sum  of  the 
wedges  which  constitute  the  entire  volume, 

118.  1-  The  hemisphere  with  radius  equal  to  a. 

Here  the  limits  of  the  integrations  are 

r  =  0  and  r  =  a,    fl  =  0  and  S  =  ^,  f  =  0  and  »  =  2*. 
.'.  V=f//r^coaUv.<lidr=  ^ffr^cosUvdi  =:\a^//cosi.dv.di 


=  ~a?fami.dv= 


n-^Jdv 


^^a.H=^a\2n 


%  The  volume  cut  from  a  sphere  whdse  radius 
with  a  circular  base  whose  radius  =  b,  the 
centre  of  the  sphere  being  on  the  axiS  of  the 
cylinder. 

Here  we  shall  have  for  half  the  required 
Tolume  or  ABODE, 

i  V  =fffr*  cos  * .  dvdidr, 

the  liuuts  of  integration  being 


a,  by  a  cylinder 


[, 

( 

" 

£ 

'^ 

\ ' 

\ 

- 

y 
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let  r  =  0  and  r  =  0/  =  6  sec  d, 

4=0  and  4=cosri-»    v  =  0  and  v  =  S^r. 

a 

2d.   r=0  and  r=a,    4=ooari-  and  6  =  -«',    v  =  0  and  tr  =  2r. 

a  2 

The  first  set  of  limits  give 

1  1 

f//r^cosAdv,d6drz=  -//r^Q086dv.<U=:-^/fb^  sec^d  cos  6dv.<ilB 

=  1  b^ff  sec^d .  dvdd  =  i^Vtan  d .  (^v 


=  -J^tan  (coar^  -I  A^f 
3  \         ay 


=  |63 tan(tan-i^i^!^-^)t;  =  ^ftb^-y/a' -^  i^. 


And  the  second  set  of  limits  give 

fffr^86dv.d6dr=  -  ffr^,  coaA.dv.dA  =  -  a^ff  oos  6dv .  d6 

o  o 

3    -^ 


=  -a^Bm-^fdv  —  -a'smism""* l/dv 

=r-('-^)-=i'-('-^^- 

.♦.  I  F=  |*Ea3-(o»-6*)v/^=:^  and  F=|*ra3-(a»-6»)*]- 


PART  III. 

INTEGRATION  OF  FUNCTIONS  OF  TWO  OR  MORE 

VARIABLES. 


CHAPTER  I. 

IHTSORATION   OF   BXPRE8SI0NB   OONTAININO   SBVSRAL   INDEPENDENT 

VARIABLES. 

119.  When  a  difTerential  expression,  containing  two  or  more 
independent  variables,  can  be  obtained  directly  by  differentiating 
some  function  of  those  variables,  it  is  said  to  be  an  exact  differential. 

Thus  xdi/  +  ydx  is  an  exact  differential,  being  equal  to  d(xi/) ;  so 
also  is  Sx^dy  —  Si/dx  +  Qxydx  —  Sxdy,  being  equal  to  d{Sx^y—Sxy) ; 
but  x^dy  —  Sydx  is  not  an  exact  differential,  there  being  no  expression 
which,  when  differentiated,  will  produce  that  proposed. 

120.  If  a  differential  be  exact,  its  integral  can  be  determined  in 
all  cases  by  methods  which  will  be  explained,  but  we  shall  first 
establish  whereby  to  distinguish  exact  differentials. 

121.  Prop.  To  determine  the  conditions  which  indicate  that  any 
proposed  differential  is  exact. 

Let  the  proposed  expression  be  Pdx  +  Qdy,  in  which  P  and  Q 
may  be  functions  of  one  or  both  variables. 

If  this  expression  be  the  exact  differential  of  some  function  u  of 
X  and  y,  we  shall  have 

du  =  Pdx  +  Qdy (1). 
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But  by  the  general  process  for  differentiating  a  fiinction  of  two 
independent  variables,  we  have 

du  du 

And  since  (1)  and  (2)  must,  from  the  nature  of  the  supposition,  be 
identical,  the  following  conditions  will  exist,  viz. : 

^=^ (3).     «  =  | W. 

Now  differentiate  (3)  with  respect  to  y,  and  (4)  with  respect  to  «, 
and  there  will  result 

dP       dhi        ^    dQ       dH 

— .  z=:, and    — —  = • 

dy       dxdy  dx       dydx 

But  it  has  been  shown  that  the  result  of  differentiating  u^  with 
respect  to  x  and  y,  successively,  is  the  same,  without  reference  to 
the  order  of  the  differentiations,  or  that 


dhA 


dhA  dP      dO  .^. 


dxdy      dydx  dy        dx 

Hence,  when  the  proposed  differential  Pdx  +  Qdy  is  exact,  the 
condition  (5)  will  be  fulfilled.  The  converse  is  equally  true,  as  will 
appear  fully  when  we  attempt  to  integrate  such  expressions,  and 
hence  the  condition  (5)  is  called  the  test  of  integrability, 

122.  Now  let  the  proposed  expression  be  Pdx  +  Qdy  +  Bdz^ 
involving  three  independent  variables. 

If  this  be  an  exact  differential  of  some  function  u  of  «,  y,  and  «,  then 

du  du  du  _ 

duz=z^dx  +  ^dy  +  -fdz=:Pdx+  Qdy  +  BdBi 
dx  dy  ^      dz  ^  ^  ' 

whence         P  =  -r-,     §  =  -=-,    jR  =  -r-,  or  by  differentiation, 

ax  ay  az 

dP^     d^u      dP  _  d^u      dQ^dPu^     dQ  _  dhi 
dy  ""  dxdy*     dz  ""  dxdn^     dx  ""  dydJ     dz  ""  dydz^ 

dR  _  dhi      4R_  dhi 
dx  ~"  dzdx*     dy  ~~  dzdy 
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and  this  is  equal  to  zero  by  the  condition  of  integrability,  which  is 
supposed  to  be  satisfied.  Hence  the  coefficient  of  dy  in  (2)  cannot 
contain  x. 

126.  This  proof  also  establishes  the  truth  of  the  converse  of  the 
first  proposition,  viz. :  that  when  the  condition  -7-  =  -3^  is  satis- 
fied, the  integration  is  possible. 

127.  By  a  similar  process  we  obtain  a  second  formula 

«  =  /Ciy  +  /[p-^^>^ (3). 

in  which  the  coefficient  of  dx  does  not  contain  y. 

Cor.  If  there  were  given  du  =  Pdx  +  Qdy  +  ItdZy  we  would 
write 

in  which  F  is  a  function  of  y  and  z. 

Then  differentiating  with  respect  to  y,  we  obtain 

dV  _  du      dfPdx  _  dfPdx 

dy  "^  dy  dy      ^  ^  dy    ^ 

and  by  integrating  with  respect  to  y  and  adding  a  function  Z  of  e^ 
we  get 

Now  differentiating  with  reference  to  2,  we  obtain 

dZ  _  du      dfPdx      df  Qdy       d  f  PdfPdx     "I 
dz  ~'  dz  dz  dz  dzXj       dy         J 

in  which  the  coefficient  of  dz  is  independent  of  x  and  y. 
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128.  In  practice  it  will  be  found  usually  more  convenient,  and 
always  more  instructive,  to  apply  the  method,  rather  than  the  form- 
ula e3q)lained  above ;  especially  where  there  are  three  variables. 


SXAICPLSS. 

129.  1.  Int^[rate    du  =  {Sz^  +  2axy)dx  +  (aa;»  +  Zy^)dy. 
Here  P  =  3«^  +  2aay,         Q  =  tjufi  +  3y». 

■^  =  2«?  =  -~,  and  the  expression  is  integrable. 
But  /Fdx  =  /(ac2  +  2axy)dx  =  ar^  ^  ax^y^ 

.-.  f^^^^  =  aa^,    and     Q -^H^ ^^Hix»+Si/^^ax^=^Sy\ 

These  values  reduce  (2)  to  the  form, 

tt  =  ar3  +  ax^y  +  fStj^dy  =  x^  +  ax^y  +  y3  +  C7. 
2.  Integrate    du  =  {Sxy^—z^)dz  —  {l+^^Sx^y)dy. 

dV  •  du 

.-.  —  rfy= -(fy-6y2(fy,    and     F=-y~2y3+C: 
.-.     u  =  -icV-ga:^-y-2y3+  a 
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3.  du  =  (sill  y  +  y  cos  x)dx  +  (sin  x  +  x  oos  y)dy. 

dP  ^  dQ 

-T-  =  cosy  +  co8«  =  — T' 
dy  "  dx 

u  =  /(sin  y  +  y  cos  «)<&  =  a:  sin  y  +  y  sin  a;  +  JT, 

• .  -r-  =:  -5 a?  COS  y  —  sin  a;  =  0,    •  • .  r  =  c7, 

dy       dy  ^ 

and  w  =  a;  sin  y  +  y  sin  a:  +  (7. 

4.  d«  =  j:^+_f^+  ^-^ 


~  a  —  z      a  —  z      (a  —  2)* 

dP  _      1     _  ^  '  rfP  _        y       _dR     dQ_        x        _  cf iK 
dy~^  a  ^  z^  d£     dz  "^  (a  ^  zY '^  dx^     dz  "  {a  —  ar)*  "~  dy 

/ydx  ary      .  .^  dV      du  x         ^         ^^     « 

a  —  z      a  —-  z  dy  .    dy      a  —  z 

--,  dZ      du  xy  ^  rw       ^ 

^^'^    ^  =  ^'-(^»  =  <>'   •••  ^  =  ^- 

a  —  z 

130.  In  practice  the  preceding  process  may  be  abridged  by  first 
integrating  Pdx^  then  integrating  the  terms  in  Qdy^  which  do  not 
contain  ar,  and  finally  integrating  those  terms  in  Rdz  which  do  not 
contain  cither  x  or  y,  and  adding  the  results.  That  the  complete 
integral  will  be  given  by  this  process,  appears  immediately,  from  the 
consideration  that  the  integration  of  Pdx  necessarily  gives  all  the 
terms  in  the  integral  sought  except  such  as  contain  y  and  z  without  x. 
Hence  in  integrating  Qdy  we  must  not  consider  any  terra  -^hich  con- 
tains a:,  as  otherwise  we  would  introduce  into  the  integral  new  terms 
containing  a*.  Similarly  the  integration  of  the  selected  terms  in 
Qdy  gives  all  the  remaining  terms  except  such  as  contain  z  only,  and 
therefore  in  integrating  Rdz  we  must  neglect  all  terms  involving 
both  X  and  y. 
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_  -        xdx  +  ydy  +  zdz  .  zdx  -—  xdz    ,      ,     .     „ , 

This  satisfies  the  conditions  of  integrability,  and  by  taking  the 
terms  in  Pdz  we  get 

fPdx  ^  f — — — .  +/-^; = (^'  +  y'  +  ^')*+  ^^^"'  -• 

Now  taking  the  terms  in  Qdy  which  do  not  contain  x,  we  get 

fQdy  =  /yVy  =  -  y», 
and  finally  taking  the  terms  in  R  which  do  not  contain  x  nor  y, 

/Rdz  =fzdz  =^\z\ 

,  •.  u  =  (x2  +  y2  +  ^2)*  +  tan-1-  +  ^y'  +  5«2  +  C7. 

2  <S  At 


Homogeneous  Exact  DifferefniiaU. 

131.  Although  the  methods  of  integration  just  explained  apply  to 
all  exact  differentials,  yet  another  and  simpler  process  can  be  used 
when  the  expression  belongs  to  the  class  called  homogeneous.  A 
differential  expression  is  said  to  be  homogeneous  when  the  sum  of 
the  exponents  of  the  variables  is  the  same  in  the  coefficient  of  every 
term.    Thus 

^dy  +  ydx^    xHdx  +  xz^dx  —  xyzdy^     and    v tt"' 

are  homogeneous  differentials.    The  degree  of  the  terms  is  estimated 
by  this  sum  of  the  exponents  ;  thus  in  the  first  expression  it  is  1,  in 

123  97 

the  second  it  is  3,  and  in  the  third  it  is  2  — ^  =  —  — • 
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132.  Prop,  If  an  exact  differential  be  homogeneous,  and  the  terms 
of  any  degree  except  —  1,  its  integral  may  be  obtained  by  simply 
replacing  dx^  dy^  and  dz^  &c,  by  x^  y,  z,  &c.,  respectively,  and  di- 
viding the  result  by  n  +  l*  when  n  denotes  the  degree  of  the  terms. 

Proof,  Let  du  =  Pdx  +  Qdy  +  Rdz  +  &c.,  be  homogeneous  and 
exact,  in  which  P,  Q,  J?,  dsc.,  are  algebraic  functions  of  ^,  y,  2,  ^ca, 
of  the  degree  n. 

This  must  have  resulted  from  the  differentiation  of  a  homogeneous 
algebrtdc  function 

tt  =r  Pi*  +  Ciy  +  ^i«  +  &0. (1), 

of  the  degree  n  +  1)  since  differentiation  diminishes  by  unity  one 
of  the  exponents  in  the  term  differentiated  at  every  step. 

Put  y  =  y^x^  z  =  z^Xy  6ec.,  and  substitute  in  P^,  Q^,  jRj,  &c, 
which  quantities  contain  ar,  y,  ar,  &c.,  involved  to  the  n**  degree. 
•    Eeplace  also  y  by  y^x^  z  by  ^^ar,  &c.,  in  (1)  ;  then  each  term  in  the 
value  of  u  will  contain  the  &ctor 

ar^+i,    and    .  • .  w  =  P^x^+i (2), 

in  which  P^  is  a  function  of  y^,  ^j,  &c.,  but  does  not  contain  x. 
Differentiating  (2)  with  respect  to  a;  we  get 

^  =  {»  +  \)P^*  . .,. .  (3). 

A  similar  substitution  in  the  value  of  du  gives 

c^M  =  Pflb  +  C^^Cyi^f)  +  iW(^ia;)  +  <fec. (4) ; 

and  therefore  the  partial  differential  coefficient  —  derived  from  (4) 

by  differentiating  the  products  y^x^  z^x,  &c.,  with  respect  to  x  only,  is 

du 

-^  =  P+Qyi  +  Pz,,6ic....  (5). 

Multiplying  (3)  and  (5)  by  x  and  equating  the  results,  we  get 
{n  +  l)Pjja;*+i  =  Pz  +  Qy^x  +  Rz^c  =z  Px  +  Qy  +  Rz  +  ^(^ 
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I*  4"  * 
as  stated  in  the  enunciation. 

133.  When  n  =  —  1,  this  formula  would  make  u  =  go  .  In  this 
case  it  is  easily  seen  that  the  formula  ought  not  to  be  applicable, 
because  it  is  not  then  true  that  the  desired  integral  is  an  algebraic 
function  of  the  degree  n  +  1^  but  on  the  contrary  it  is  tran- 
scendental. 

1.  To  integrate  du  =  (2y«x  +  ^y^)dx  +  {2x^y  +  9xy^  +  Sy^)dff. 

.  * .  the  differential  is  exact ;  it  is  also  homogeneous,  and  since 

n  =  3orn  +  l=4,    u  =  ^^-^  +  C  =  y^x^  +  Sy^x  +  2t^  +  C. 

n  +  1 

z  z  «* 

^-1-^     ^__y_(fii     dq  ^^y-x  _dR 
dy  "^  z  "^  dx       dz  "^      z^>^  dx       dz  "^       s^  dy 

.  * .  The  differential  is  exact ;  and  being  also  homogeneous  and  of  the 
order  0,  we  have  n  +  1  =  1. 

^  Px+Qy  +  Rz  .  yx      ay  -  2y«      yH  -  xyz       ^ 

z 

134.  When  there  are  three  or  more  variables,  the  application  of 
the  test  of  integrability  will  oflen  be  very  troublesome.  In  such 
cases,  if  the  differential  be  homogeneous,  it  will  be  found  more  con- 
venient to  apply  the  preceding  process  as  though  the  differential 
were  known  to  be  exact,  and  then  to  ascertain,  by  actual  trial, 
whether  the  given  expression  can  be  reproduced  by  differentiation. 
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This  being  homogeneous  and  of  the  degree  —  ^,  its  integral,  if 
possible,  must  be 

2«2y^5~      2«2y^  «^  «*  ' 

— 2ary  +^J;  — ary*+4j;y"— 4ara;"+2zar"  .  ^    ary*— ««*  ,  ^ 
or  tt  = ^-I- ^--^—^ +  0=-^—^ +  0. 

This,  differentiated,  gives 

8^  "*"        2«2  «3  ^2    ' 

which  is  identical  with  the  proposed  expression  (1). 

It  must  be  distinctly  understood  that  in  the  difierential  expressiom 
here  considered,  the  variables  rr,  y,  g,  &c,,  are  wholly  independent 
of  each  other.  If,  then,  the  conditions  of  integrability  be  not  ful- 
filled, the  integration  must  be  impossible,  since  there  is  no  relation 
between  the  variables,  by  the  aid  of  which  we  might  hope  to  trans- 
form the  given  differential  into  another  of  an  integrable  form. 

It  would  be  otherwise  if  a  relation  between  the  variables  were 
given  in  the  form  of  a  differential  equation,  such  Pdx  +  Qdy  =  0. 

Here  the  form  of  the  first  member  may  be  greatly  modified  by 
the  introduction  of  a  variable  factor  (or  by  other  methods),  and  thus 
the  integration  may  be  facilitated. 


r. 


dy  d^y  d^y 

dx  dx^  da?       '* 


CHAPTER    II. 

DIF7EBENTIAL   EQUATIONS. 

135.  A  differential  equation  between  two  yariables  x  and  y  is  a 

•  

relation  involving  one  or  more  of  the  differential  coefficients  such  as 

their  powers  (|)',  (|)'.  (g)'.  &c. 

Such  equations  are  arranged  in  classes  dependent  upon  the  order 

and  degree  of  the  differential  coefficient     Thus,  when  the  equation 

^  dy   d^y  d^y 

involves  only  the  first  powers  of  ^,  -^-^  •  •  •  •  -r-^,  it  is  said  to  be 

of  the  n**  order  and  let  degree. 

When  it  contains  only  the  powers  of  the  1st  differential  coefficient, 

dy    /dv\^         idy\* 
^•*  ^»  XT') ' ' ' '  [ir)  '  ^*  ^®  ^^  ^^  ^*^  order  and  n*^  degred 

And  when  it  contains  the  n**  powers  of  one  or  more  differential  co- 
efficients, and  a  coefficient  of  the  m^^  order,  the  equation  is  of  the 
n*^  degree  and  m*^  order. 

136.  The  resolution  of  a  differential  equation  consists  in  finding 
a  relation  between  x  and  y  and  constants.  This  relation,  called  the 
primitive,  must  be  such,  that  the  given  differential  equation  can  be 

•  deduced  from  it,  either  by  the  direct  process  of  differentiation,  or  by 
the  elimination  of  a  constant  between  the  primitive  and  the  direct 
differential  equation.  Hence  the  same  primitive  may  have  several 
differential  equations  of  th&  same  order.    Thus  the  equation 

ay  +  bx  +  e  =  0..,.  (1) 
gives  by  differentiation  a  ^  +  6  =  0  . . .  •  (2), 
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and  hj  eliminatiou  between  (1)  and  (2)  we  get  the  indirect  differen- 
tial equations 

bx  -^  +  c  J-  —  6y  =  0  . . . .  (3),  when  a  is  eliminated ; 

dy 
and        at/  +  e— ax-j-siO..,.  (4),  when  b  is  eliminated. 

In  each  of  the  equations  (2),  (3),  and  (4),  the  variables  are  con- 
nected by  the  same  relation  as  in  (1),  which  latter  is  their  common 
primitive. 

137.  As  the  int^ation  of  differential  equations  can  be  effected 
in  comparatively  few  cases,  it  is  found  convenient  to  arrange  them 
in  the  order  of  the  difficulties  presented,  commencing  with  the  sim- 
plest case. 

Differential  Equations  of  the  First  Order  cmd  Degree. 

138.  These  are  of  the  general  form  F+  Q-^=:Oor  Pdx+  ©rfy =0, 

in  which  P  and  Q  may  be  functions  of  both  x  and  y.  The  integra- 
tion will  obviously  be  possible,  by  the  method  applied  to  differential 
expressions,  whenever  Pdx  +  Qdy  is  an  exact  differential,  and  the 
required  solution  will  be  of  the  form 

F(x,y)  =  C, 

where  Cis  an  arbitrary  constant. 

139.  Again,  the  integration  can  be  effected  whenever  the  separa- 
tion of  the  variables  is  possible,  that  is,  when  the  equation  can  be 

reduced  to  the  form 

Xdx  +  Ydy  =  0, 

where  X  is  a  function  of  x  only,  and  Y  a  function  of  y  only. 
The  form  of  the  solution  will  then  be 

Fx  +  (^y^  C, 

which  requires  only  the  integration  of  functions  of  a  single  variable. 
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The  separation  of  the  variables  is  possible  in  several  cases. 

140.  Case  \it  Let  the  form  be 

Ydx  +  Xdy  =  0, 

in  which  the  coefficient  ofdx  contains  only  y^  and  that  o{dy  contains 
only  a?. 

Divide  by  XY^  the  product  of  the  two  coefficients,  and  there  will 
result 

-=  +  r^  =  0,  in  which  the  variables  are  separated. 

141.  Ex.  Given    (1  +  y^)dx  —  ardy  =  0,   to  find  the  primitive 
relation  between  x  and  y. 

Divide  by  (1  +  y^yr,  then 

^-r|7  =  0.        .-.  2x*- tan-iy  =  (7, 

X 

which  is  the  required  relation. 

142.  Case  2d,  Let  the  form  be 

XTdx  +  X^Y^^dy  z=  0, 

in  which  each  coefficient  is  the  product  of  a  function  of  x  by  another 
function  of  y. 
Divide  by  X^  F, 

.  * .  -T=-  H — ^  =  0,  and  the  variables  are  separated. 

143.  Ex,  Determine  the  primitive  of 

(1  -  x)hfdx  -  (1  +  yydy  =  0. 
Divide  by  «^, 

(1—  a:)«_        1+y,        ^  dx     2Ja?.,      dy      .       ^ 

.*. 21og  +  a?  —  logy  --y  z=l  C. 

24: 


•       • 
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144.  Case  Bd,  Let  the  proposed  equation  be  homogeoeoos,  or  of 
the  form 

+  (ez^y"*  +/j?*+iy'»-i  +  ya;*+2y«-» 5'jj*+»y'»-»)rfy  =  0. 

Put  y  =  sez,        then        dy  =  ^(2?  +  zdx^ 

and  by  substitution 

«*+^(z*  4-  asf^^  +  bsi'^^  .  .  .  .  +  ps^*'^)dx 
+  a?'»+"(f2«  +fif^^  +  gt^^  . .  .  .  +  qif^*)(xdz  +  zdx)  =  0. 

dx (ez**  +/2f^'  +  gsf^  .  .  .  .  +  q:f^»)dz 

=  0  and  the  variables  are  separated. 

145.  Ex.  To  find  the  primitive  of 

x^dy  —  y^dx  —  xydx  =  0. 

Put  y  =  xz^        then        c^y  =  xdz  +  «^- 

.  • .  x^{xdz  +  z<i!r)  —  x^z^dz  — -  oj^^ctc  =  0, 

dx      dz  1 

.•.—-—  =  0,        and        loga:  +  -=C7; 


z 


or,  by  restoring  the  value  of  «  =  -» 


log  a:  +  -  =  C, 


2.  a?(iy  —  ydx  =  dx^x"^  —  y*. 

y  =  ocz,         then         a;(xcfe  +  zd!r)  —  ar^cfe  =  a:(l  —  z^)  dx, 

dx            dz 
.  • .   —  = Y,         . ' .  log  «  =  sin-i^  +  C, 

'    (1  -  z^)* 

146.  The  same  method  of  transformation  may  be  extended  to 
such  differential  equations  as  involve  any  function  of-  unmixed  with 
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the  variables,  provided  the  equation  would  be  otherwise  homo- 
geneous, 

_f 
JSx.  zydy  —  y^dx  =i{x  +  yye  'dx. 

Put  y  =  ««,         or,         ^=:«, 

.  .  • .   xhs{xdz  +  zdx)  —  xH^dx  =  a;*(l  +  zyr^dx, 
dx        e'zdz  _       ,  «*      .    ^ 

1+y        *+y 

147*  Case  4/A.  Let  the  form  be 

{a  +  bx  +  ey)dx  +  (a^  +  b^x  +  Cjy)dy  =  0. 
Put      a  +  bx  +  cy  =  v,        and        Oj  +  b^x  +  c^y  =  u. 

Then      (iv  =  bdx  +  cdy^        and        du  =  d^cir  +  c^c^, 

and  by  elimination 

,        Crdv  —  cdu          ,     .    .,    1         .         Wtt  —  bydv 
dx  =  -J ; — ,    and  similarly     dy  =  —; r — • 

.  • .    By  substitution    v{cidv  —  cdftt)  +  u{bdu  —  ftjcfv)  =  0, 

which  is  a  homogeneous  equation. 

148.  This  method  fails  when  be^  —  biC  =  0,  because  the  attempt 
to    eliminate    either  dx    or    dy  causes    the    other    to  disappear 

also.      But  since  we  then  have  e^  =  -^,  the  proposed  equatioii 
reduces  to 

b  c 
{a  +  bx  +  cy)dx  +  (a^  +  b^x  +  -^y)dy  =  0 (1). 

— .                                ,               z  —  ey                    dz '—  cdy 
Put    oa:  +  cy  =  ar,  then  x  =  — j— ^,  and  dx  = r — - ; 

0  0 


h 

'  1 
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and,  by  substitution  in  (1), 

ca  +  c«  —  ^1^  —  ^i«' 
an  equation  in  wbich  the  variables  are  separated. 

149.  Ex,  Find  the  primitive  of 

(1  +  «  +  y>fo  +  (1  +  2ar  +  8y)rfy  =  0. 
Put  1  +  a;  +  y  =  V,  1  +  2a;  +  8y  =  tt ;  then 

'  d!r  +  <fy  =  <^v,   and  ^tdx  +  Sd^y  =  du^ 

,•.(&  =  Sdfv  —  dfw,  and  dy  =  dfw  —  2dv.  * 

.  • .  v{Zdv  —  dfw)  +  i*(dfM  —  Uv)  =  0. 

Now  put  I*  =  rv,  then  df«  =  rdv+vdr^  and,  consequently, 

v(3(fy  —  rdv  —  vdfr)  +  rv(r(ft;  +  vdr  —  2(^v)  =  0, 

,        iw  ^  J(2r~3>?r  \dr 

-+^_3,  +  3=-"    .   +(,_|)V|+(,_|jV|='>• 
...,,.,.,^[(,_|)V|].J_.„-,[^^(,_|)]=,.. 
„        llog[«.-3.,  +  3..]  +  ittn-.[-^^i^)]  =  C 

or  log(l+,+.>+!>«y+3y')*+;^t«,-[-L(&±i=^)]=  C 

150.  Ca«e  5 /A.  Let  the  form  be  dy  +  Xydx  =  JTida: (1)»  ^^ 

which  X  and  -X\  are  functions  of  x» 

The  peculiarity  of  this  form  is  that  no  power  of  y  except  the  first 
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enters  into  it,  and  for  this  reason  it  is  usually  called  a  linear 
equation.     Its  solution  is  always  possible. 

Put  y  =  X^  where  X^  is  an  arbitrary  function  of  «,  which  may 
be  so  assumed  as  to  facilitate  the  integration;  and  2  a  new  and 
undetermined  variable.     Then 

dy  =  X2cbs  +  ^dXzi  and  (1)  can  be  reduced  to  the  form 

X^dz  +  zdX^  +  XX^dx  =  X^dx (2). 

Now  let  X2  be  determined  by  the  condition 

zdX^  =  X^dx (3), 

and  (2)  will  become      X^dz  +  XX^dz  =  0. 

.  • .  —  =  —  Xdx    and    log«  =  —  fXdx^  .  • .  «  =  «~^^"*. 

z 

This  value,  substituted  in  (3),  gives 

e^^^X^^X^dx    or    dX^  =  ef^^X^dx. 

.• .  Xa  =  fef^X^dx,  and  y  =  zX^  =  r-f^'fe/^X^dx  . . .  (4), 

which  is  the  required  relation  between  x  and  y. 

151.  Let  there  be  now  taken  the  more  general  form 

dy  +  Xydx  =  X^dx (5). 

This  is  easily  reduced  to  the  linear  form  (1).     For  put 

m  =  n  +  1     and    z  =  y*. 

Then  <fe  =  —  ny^*-^dy  or  dfy  =  —  =^— • 

fi 

Substituting  this  value  of  dy  in  the  equation  (5),  and  redudng, 
we  get 

dz      Xdx 
h  -—  =  X^dXy  or  <fe  —  nXzdx  =  —  nXidx  ....  (6), 

which  becomes  identical  with  (1)  when  we  replace 

«  by  y,  —  nX  by  JT    and     —  nX^  by  -Tj. 
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.  •.  «  =  -i-  =  - neVaaxy jT^e-VXdx^ (7). 

Cor,  In  forming  the  integral  fXdx,  it  will  be  unnecessary  to  add  a 
constant  C.  For  if  we  replace  fXdx  by  X^  +  (7,  the  formula  (4) 
will  become 

in  which  the  constant  C  has  disappeared. 

152.  1.  To  determine  the  primitive  of  (1  +  x^)dtf  —  tfxdx  =  adx. 

Here  dy^^^^  ^dx,  which,  compared  with  the  linear 
form,  gives 


!  +  «»  '       l  +  «a 

^SXdx  _  e  io»  [a-N«)-*]=  (1  +  a;2)"iand  e-/^^*  =  (1  +  ar»)*. 

. '.  y  =  (1  +  a;»)*r      *"        +  cl  =  ox  +  C7(l  +  *»)* 

2.  dy  +  yrfa:  =  xy^dx. 

Here     JT  =  1,  X^  =  ar,   y**  =  y^,   or  w  =  3,   and  n  =  2, 
and,  by  substitution  in  (7), 

^    =  -  2e2/rfx.  /ar^2/rfx .  ^  _,  e2»[;rr-2»  +  1^-2*+  C7]. 


.    • 


or  i  =  [Ce^x^x  +  ^y\ 

3.  <i'y  —  ; yds  =  6(£r. 

1  —  « 


Here 
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4.  Find  an  expression  for  the  sum  of  the  series 

^~I"*"lT3"*"l.3.5"^1.3.5.7"^^^ 

Differentiating,  we  obtain 

c&  ^1  ^1.3      1.3.5^  ^^  ^1.3^1.3.5^       ^ 

=:\  +  xy,    ,\  dtf  —  xydx  =r  c2r,  a  linear  equation. 

Also  fXdx  =  —  fxdx  =  —  -«». 

la:*        -lz> 

.  • .  y  =  c'    (/«  "    dx)^  the  desired  expression. 

163.  CcLse  Qth.  Let  the  form  be 

rfy  +  iy*fl?«  =  aa^dx (1). 

This  form,  which  is  called  lUeccUVs  equation^  involves  only  the 
second  power  of  y.  Its  integration  has  been  effected  for  certain 
values  of  the  exponent  m,  but  a  solution  applicable  to  all  values  of 
m  has  not  been  discovered. 

164.  It  is  obvious  that  when  m  =  0  the  equation  (1)  will  be  inte- 

grable,  for  then 

dy 
dy  +  by'^dx  =  adx,     . ' . ^"TTi  =  ^9 

and  the  variables  are  separated. 
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Thus  we  have    2a"6"<&=  ^  ^ 


h^y  +  a*      ^y  -  a* 

^  y  —  a* 

Next  suppose  m  to  have  some  value  other  than  0. 

1        z 

Assume  y  =  r — h  -^^  where  2;  is  an  undetermined  variable,  but 

ox       X* 

obviously  a  function  of  x.    Then 

Substituting  these  values  in  (1),  it  becomes 

-r-  A T—  =  €L3f^x    or    (fe  H — =■(!«  =  (u:*+*(i!r  .  •  •  .  (2). 

Now  this  equation  (2)  will  be  homogeneous,  and  therefore  inte- 
grable  when  m  =  —  2,  and  thus  a  new  integrable  case  is  found. 
Again,  if  wi  =  —  4,  the  variables  x  and  z  can  be  separated,  for  then 

z^  dz  dx 

dz  +  b-Ldz  =  ax-^dx.     .  • . j—  =  -j, 

x^  a  —  bz^      x* 

which  is  a  third  integrable  case. 

155,  To  obtain  others,  put 

-  =  Vi    and    af^^  =  ar,. 
z  ' 

Then  dz=d—  =  ^%    af^dx=-^. 

_  dx  I         ~;;rpi  , 

Hence  by  substitution  in  (2), 

yj^       (m  +  3)yi2  *      ^  -^.  3  v  / 
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and  (3)  will  become,  after  reduction, 

^Vi  +  ^iSfi^i  =  ai«r*<3^i .  .  .  •  (4), 

which  is  identical  t»  form  with  (1).    Hence  (4)  must  be  integrable   • 
when  the  exponent  m-^  has  either  of  the  three  values  0,  —  2,  or  —  4. 
Moreover  when  a  relation  has  been  obtained  by  integration  between 
d?i  and  y^,  a  simple  substitution  will  give  the  desired  relation  be- 
tween X  and  y.  i 

We  have  therefore  to  examine  whether  by  assigning  either  of  the 
values  0,  —  2,  or  —  4  to  fWj,  any  new  values  of  m  will  arise. 

m  +  ^  dmi+4 

But  i»i  = --^»    .•.mm,+3m,=:— m— 4,  and  m= .  -  ■ 

m  +  3  *         *  f?ij+ 1 

.  • ,  when        mj  =  0,  m  =  —  4,  a  case  before  considered ; 

and  when       fw^  =  —  2,  m  =  —  2,    "  "        ** 

but  when       mj  =  —  4,  m  =  —  -,  a  new  case. 

o 

g 

Hence  Kiccati's  equation  is  integrable  when  m  =  —  -  also. 

3 

166.  In  a  manner  entirely  similar  to  that  by  which  (1)  was  trans- 
formed into  (4),  may  we  transform  (4)  into  a  new  equation 

dy2  +  h^2^2  =  ^^t^^2  •  •  •  •  {5)> 
in  which  fw,  = ^        ,    and  therefore    m,  = ^         ■ 

IWj  -f-  3  fW2  +  1 

And  by  repeating  the  process,  a  series  of  such  equations  may  be 
formed ;  so  that  it  will  be  possible  to  find  a  relation  between  x  and 
y  when  any  one  of  the  following  quantities  or  exponents  shall 
be  =  —  4 ;  viz. : 

m  +  4  m, +4  w»«  +  4, 

m,  or  mj=-_-_,  or  ^3=--^-— ,  or  m3=--^i— -,&c 
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But 


i»  =  —  5,    when    fw,  =  -—  4 
o 


8 
8 


(( 


it 


m2=  —  4 


«»3=  -4 


^EO. 


Hence  by  successive  substitutions, 

12 


m  =  — --,   when    nij  =  —  4 


m  =  — 


16 

7' 


cc 


l»«5=  —  4 


'  &0. 


Thus  Riccatl's  equation  is  integrable  for  all  values  of  m  included  in 
the  series. 

8  12  16  20  24 


4, 


3' 


5' 


7' 


9' 


11 


,     &C. 


167.  The  general  formula  for  these  numbers  is  — 


4n 


in 


2n-  V 

which  n  is  any  positive  integer. 

To  prove  this,  suppose  one  of  the  numbers,  as  mg,  to  be  of  the 

4n 


form  required  —  - 


;  then  will  the  adjacent  terms  m^  and  m^ 


27i  —  1 

be  of  the  same  form,  with  the  number  n  increased  or  diminished  by 
unity.    For  we  shall  have, 

.      ^     4» 


3m8  +  4 

^8+  1 

2n  -  1           4n  +  4 

4(n+l) 

Jil'J  — 

4n      ""       2n  +  1  ■" 

2(»»+l)-l 

2»-l 

and 

4-     ^^ 

2n  -  1            4n  —  4 

nt     — 

mg  +  4_ 
^8  +  3 

4(n-l) 

^"9  — 

^          4^1"       2»  —  3  — 

2(»-l)-l 

2»-  1 

both  of  which  forms  are  similar  to  that  given  above  as  the  general 
form. 
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But  we  have  seen  that  one  integrable  case  is  that  in  which 

8  4.2 

m  =  —  -  =  —  —^ — T  which  being  of  the  required  form,  the 

12 
adjacent  numbers  —  4  and  — ^  are  also  of  that  form ;  and  thence 

the  same  reasoning  can  be  extended  to  the  other  numbers  in  the  series. 

158.  Second  Transformation  of  BiccatVa  Equation, — In  the  given 

equation 

dy  +  hy^dx  =  az^dx, (1). 

put  y  =  — ,    and    af^^  =  rr, 

m 

.  -  ctyi  ,  (&,  ,      ,        *i   *^^dx^ 

then      rfy  = ^,      «"d!r  =  — -^r,     and     c&c  =  -} — — -r** 

yi  m+y  (m+l) 

Also,   y^  =  — ,  and  therefore  by  substitution  in  (1), 


tn 


yi'    (^  +  iK*"»»  +  i    "^ 

a                         b           ^ 
or,  rfyi  +  — T-rr  yi^c&i  =  — j-^ari  "^^dfa^i (8). 

Now  make      — -— -  =  b^,     — ---  =  Oj, ^  =  m,, 

m-f-1  m-fl         "  m+  I         " 

and  the  equation  (8)  will  reduce  to 

dyi  +  KVxd^i  =  ciix^^dx^ (9). 

which  is  of  the  same  form  with  (1). 

The  equation  (8)  will  evidently  be  integrable  whenever  m^  has 
any  one  of  the  values  included  in  the  series  before  found,  that  is, 

tn  4^1 

when  m,  or  its  equal -— r  has  the  form  — r-    But  if 

^  f»+l  2n— I 

,  then  2mn  —  m  =  4mn  +  4n, 


m  +  1  2»  —  1 

An 


and  .  • .    f?i  =  — 


2n+\ 
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Hence  we  have  a  new  series  of  integrable  cases  corresponding  to 

4n 

all  values  of  m,  included  in  the  formula  —  - — —r-*  Thus  Riccati's 

2»  +  1 

equation  is  integrable  whenever  the  exponent  m  can  be  expressed  in 
the  form  —  - — — r,  the  quantity  n  being  a  positive  integer. 

It  appears  also,  that  whenever  the  given  value  of  m  is  found  in 

An 

the  second  series,  the  terms  of  which  have  the  form  —  ;r — — -r,  an 

2n  -|-  1 

application  of  the  second  transformation  will  transfer  m  to  the  first 
series,  and  then  the  repeated  application  of  the  first  transformation 
will  eventually  reduce  m  to  the  value  —  4. 

169.  1.  To  integrate  the  equation 

dy  +  y^dx  =  a?x     dx (1). 

„  4  4.1  4» 

Here  »»=—-=:  — 


8~"      2.1-1-1"*      2»+l' 
and  m  is  found  in  the  second  series. 

.  • .    Put         y  =  — ,       and       x         =  x     = «,, 

yi 

.  • .    X  =z  x{-^^    dx  =  —  Sx^^dx^^ 

X     dx  =  —  Sctr,,     and     c?y  = ^1- 

Hence  by  substitution  in  (1), 

^ -o  x{-^dx^  =  —  Sa^otej, 

or,  dyi  —  Za^yi^dxi  =  —  Sx^-^dx^  .  . .  (2). 

Now  put  —  3a2  =  ftj,    and     —  3  =  a^, 

then  dy^  +  h^Vxdx^  =  a^x^dx^ (3). 

4.1     _  4n 

2.1-1""      2n-l' 


Here  m-^  =  —4  =  — 


P"*   ^'=47,  +  $^' 
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Hence  bj  substitution 

or,  by  replacing  a^  and  5^  by  their  values 

—  adzt        — ndzt 
dz.             dx.              3a(£r,        2^2^ 
*         —  — i-     or     i  ^ 


8{a2«ia  -  1)  ■"  ari3»     "  »       a?!*    ""  (Wj  -  1      arj  +  1* 
...   ^  =  ^log(a.,+  l)-llog(az,-l)+C  =  log[cy/^±|] 
.     r      /^Wy\  +  «i  +  Sa"! 

.-.   c«"*^  c'  r3a'x"*+  y(3«  +  ^"*)1  _  ^,r8a'x~*+y(l+8ax*)n 
'-3<i2*"*+  y(«~*  -  3a)-'         '-3a«*"*+y(l  -802*)  -' 


or. 


1        ^       _^    1  r3a«a:~*  +  y(l  +  3cF«*)n 


2.  Jy  +  y^dx  =  Az'^dx.  . .  (1). 

Here    «=--=-g_-^.    ...  Put  y  =  _  + ^= -+-i. 

Then  efej  +  z^x-^dx  =  4«    <£r. 

Now  make  «,  =  — ,    and     x         =x   =  a?,.    Then 

yi       yi      *i 

Repeating  the  process  of  substitution  as  in  the  last  example,  we 

get 

Sdxi  dz^ 


dz2  +  \2z^x^-^dxy=z  Zxf'^dx^    or, 


425,3  -  1 


882 


INTEGRAL  CALCULUa 


the  integral  of  which  is 


12 


logc' 


+ 


-!] 


or,    e 


i2,-*r?v±ii- 


or. 


c  =  «"»"* 


=  ei2«- 


or. 


_  i.wry(^  "^*) "  1  +  ^^"*  -  ^^g"*' 


c  =  e 


6/*  -  12x' 


» 


160,  If  the  proposed  form  be  dy  +  byH^dx  =  ca?'(&,  which  differs 
from  the  form  just  considered,  in  having  a  power  of  z  in  the  second 
term  of  the  first  member,  it  may  be  readily  reduced  to  the  simpler 
form  by  making  x^dx  =z'dz.     For  then 

x'-^^  =  (r  +  1>,  and  a:'+i  =  (r  +  1)^^  z'^K 
.  • .  x'dx  =  [(r  +  l)2Y^^dz,  and  di/  +  hy^dz 

s—r 

the  form  in  which  Riccati  equation  has  been  integrated. 


Of  the  Factors  necessary  to  render  Differential  Equations 

exact. 

161.  The  cases  examined  above  embrace  the  principal  forms  in 
which  the  integration  is  possible  by  a  separation  of  the  variables. 
We  now  proceed  to  consider  those  in  which  the  first  member  of  an 
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equation  Pdx  +  Qdy  =  0  can  "be  rendered  an  exact  differential  by 
the  introduction  of  a  suitable  factor. 

162.  If  the  equation  Pdx  +  Qdy  =  0  has  been  obtained  by  direct 
differentiation,  it  will  satisfy  the  test  of  integrability,  viz. : 

dP        dQ 

-^—  — »  . 

dy         dx  ^ 

but  if  it  has  resulted  from  the  elimination  of  a  constant  between  the 
direct  differential|  and  its  primitive,  that  condition  will  not  be 
satisfied,  although  the  same  relation  between  ^.and  y  will  be  implied 
by  the  two  differential  equations. 

163.  Prop,  To  show  that  an  indirect  differential  equation  can 
always  be  rendered  exact  by  the  introduction  of  a  suitable  factor. 

Let  Pdx+  Qdyz:zO *(1) 

be  the  given  ipquation  which  has  resulted  from  the  elimination  of  a 

constant  c  between  the  primitive  and  its  direct  differential ;  and  let 

the  primitive  be  solved  with  respect  to  c,  giving  a  result  of  the 

form 

e=zF{x,y) (2). 

Differentiating  (2),  c  will  disappear,  and  we  shall  obtain  an  equation 

of  the  form, 

P^dx  +  Q^dy  =  0 (3). 

Now,  since  (1)  and  (3)  contain  the  same  constants,  combined  with 
X  and  y,  and  since  the  same  relation  connects  x  and  y  in  the  two 

equations,  the  differential  coefficient  -j-  must  be  the  same,  whether 
derived  from  (1)  or  (3). 

.    ^__:P-_A     or    l-^     and      •    ^  -  «» 

Hence,  if  we  multiply  (1),  the  first  member  of  which  is  not  an 

P       Q 
exact  differential  by  •—  =  ^,  we  shall  convert  it  into  (3),  which  is 

exact 
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Cor.  If  it  were  possible  to  determine  this  factor,  the  int^ration 
of  every  differential  equation  of  the  first  order  and  d^ree,  could  be 
effected  without  serious  difficulty,  but,  unfortunately,  the  difficulty 
of  discovering  this  &ctor  is  usually  insuperable. 

164.  Prop,  To  exhibit  the  condition  or  equation,  the  solution  of 
which  would  give  the  factor  necessary  to  render  any  proposed 
differential  equation  exact. 

Let  Pdx  +  Qdy  =0  be  the  given  equation,  and  z  the  required 
&ctor. 

Then  Pzdx  +  Qzdy  =  0,  and  the  first  member  will  be  exact. 

dPz       dOz 
•  • .  — ^ —  =  —J — ,  the  required  condition. 

No  general  method  of  resolving  this  equation  is  known.  There 
are,  however,  several  particular  cases  in  which  the  factor  can  be 
found. 

166*  Prop,  To  show  that  when  the  factor  which  renders  an 
equation  integrable  has  been  found,  an  indefinite  number  of  such 
factors  can  be  discovered. 

Let  z  be  the  factor  first  found.     Put 

Pzdx  +  Qzdy  z=  du. 

Multiply  by  Fu,  an  arbitrary  function  of  w,  and  there  will  result 

Fu,Pzdx  +  Fu,Qzdy  z=:Fu.du\ 

and,  since  the  second  member  is  exact,  (containing  u  only)  the  first 
member  must  be  exact  also. 

.  •.  z,Fu  =  z,F SiPzdx  +  Qzdy^  is  a  suitable  factor. 

166.  Prop.  To  explain  the  process  for  finding  the  required  factor, 
when  the  equation  can  be  separated  into  two  parts,  for  each  of  which 
a  separate  factor  can  be  found.     Let 

Pdx  +  Qdy  =  0 (1)  ^^  divisible  into  the  two  parts. 
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{P^dx  +  Q^dy)  +  {P^dx  +  Q^y)  =  0 (2), 

and  let  z^  and  sr,  be  the  factors,  which  will  render 

Pidx  +  Qidy  and  P^dx  +  Q^y  separately  integrable. 

Put  Zi{Pidx  +  Qidy)  =  df«i    and    z^P^^  +  Qa^y)  =  ^2 

Then  z^FjU^  and  z^F^u^  will  also  be  suitable  factors  to  render  the 
two  parts  separately  integrable.  If  therefore  we  can  so  select  FiUi 
and  F2t*2^  ^  ^"^^  ^^  condition 

either  of  those  factors  will  render  the  entire  equation  integrable. 
167.  1.  To  find  the  primitive  of 

<zdx      bdv      cz^dx       ^  ^.v 

riz  -f  1_L  -« iLr:  =:  0 (1). 

X         y  y''  ^  ' 

This  can  be  resolved  into  the  two  parts 

adx  .  hdy         .         cx^dx 

h— ^    and r-; 

X  y  y*    ' 

the  first  of  which  is  an  exact  differential,  and  therefore  ir^  =  1 ;  and 
the  second  can  be  rendered  exact  by  the  factor  y^  =  is^ 

••-=/['.(?+ f)]=/(^+f) 

=  a  log  a;  +  6  log  y  =  log  (««.y*). 

^  =/['«  (-  ^)]  =/(-  -^^^  =  ^'- 

Hence  we  must  endeavor  to  satisfy  the  condition  z^F^u-^  =  2;2'^3^>  ^' 


1  X  F,  pog  (:r-y*)]  =  y*.  ^,(-  ^). 

tt)  =  ^ 

in  which  it  and  k^  are  undetermined  constants.    Then 

25 


886  ''^      INTEGRAL    CALCULUS. 

a  condition  which  will  be  satisfied  by  making 

kb  =z  b    and    ka  =z  k^n,    or    k  =:!     and    k^sz^ 

Hence  x^^  is  the  required  factor. 

Now  multiply  (1)  by  a;«y*,  and  there  will  result 

a««-i  y^dx  +  bx^y^^^  dy  —  <»•+»  dx  =s  0, 

which  is  exact,  since 

dfy  dd;        ' 

and  the  required  solution  is 

2.  5  «(fy  —  ycZr  —  -  adx  =  0. 

This  can  be  resolved  into  -  xdy  —  y<&,  and  —  -  cwfo,  of  which  the 

first  will  be  rendered  exact  by  the  factor  z,  =  — ,  and  the  second 

«y 

is  already  exact,  giving  ^r,  =  1. 

W3  =  /(--a(&)  =  --or, 
and  we  must  satisfy  the  conditions 

Assume      ^.(log^)=^    ...lj.,(,og^)  =^. 
and  • '  •  -^2  (  -"  o  ^^)  =  JT  *^^^- 
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Hence  —  is  the  proper  factor. 


«3 


1   xdy      ydx      1   adx  ^ 


mrhich  is  exact,  and  the  solution  is 

168.  Prop,  To  determine  the  factor  necessary  to  render  a  differ- 
ential equation  exact,  when  that  factor  is  a  function  of  one  variable 
only. 

Let  Pdx  +  Qdy  =  0  ....  (1)  be  the  given  equation,  and  z^Fx 
the  required  &ctor. 

.  * .  zPdx  +  zQdy  =  0  will  be  exact,  and  therefore 

dlzP)      dizQ)  dz 

,      =    V,      :  or  since  z  does  not  contain  y,  and  therefore  -;-  =  0, 
dy  dx    ^  ^'  dy        ^ 

dP         dQ  ,    .    dz  dz        irdP       dQ-\, 

*-^=*-^+^-^-  •■•T  =  c-L"^-"^r*- 

Here,  by  hypothesis,  the  first  member  does  not  contain  y,  and 
therefore  the  second  member  must  be  independent  of  y  also.  Con- 
sequently 

log  z  =  /  I  -z --jz  I  o"  ~  ^*  *^^  ^  ~  *^'  *^®  required  value. 

169.  1.  Given        ydx  —  aSy  =  0 (1). 

Suppose  z  to  contain  x  only. 

dy       dy         ^      dx  dx  ' 

2dx 


'Idy       dxJQ" 


...log2=-/?^  =  logl    and     «  =  !. 


n    j" 
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Multiplying  (1)  by  —  we  get 

y^9^  =  0    and    y  =  C    or    y  ^  Cx. 

2.  The  linear  equation  dy  +  Xydx  —  X-fix  =  0. 

Suppose  .  = /-x.    ...^  =  lt?3^1^=X,   and-^  =  0. 

. ' .  log  2  =  JXdx    and    «;  =  e^^^,    the  &otor  aought. 
Multiplying  (1)  by  this  factor,  we  have 

ef^*^.dy  -f  ef^**Xydx  —  ef^^X^dx  =  0,  wMch  is  exact. 

Remark,  The  value  of  z  found  by  the  method  just  explained,  was 
obtained  by  assuming  that  a  factor  containing  x  only  can  be  dis- 
covered ;  but  since  such  factor  may  not  exist,  it  will  be  proper  to 
apply  the  test  of  integrability  to  the  transformed  equation. 

170.  Prop.  To  determine  the  factor  necessary  to  render  a  homo- 
geneous differential  equation  exact. 

Let  Pdx  +  Qdy  =  0 (1) 

be  a  homogeneous  differential  equation,  the  coefficients  P  and  Q 

being  each  of  the  n**  degree ;  and  let  the  factor  2  be  of  the  m** 

degree.     Then 

zPdx  +  zQdy  =  0 

will  be  exact,  homogeneous,  and  of  the  {m  +  n)**  degree. 

Hence,  by  the  rule  for  integrating  homogeneous  exact  differential 

expressions,  we  have 

zPx  +  zQy 


J{zPdx  +  zQdy)  = 


m  +  n  +  \ 


•   •  m  +  n+l-^'    '^'^    '-     Px+Qy     ' 
or,  since  C  is  arbitrary,  we  may  put  (m  +  n  +  l)(7=l. 


Vy- 


OEOMBTBICAL  APPLICATIONS. 


889 


.*.  «  = 


1 


is  a  suitable  &ctor. 


Ex. 
Here 


{xy  +  y^)dx  -  {x^  -  xy)dy  =  0 (1). 

« 

xy  +  y^  =z  P    and     — «*  +  ay=§. 

1  1 


.•.  «  = 


Px+  qy       2xy^ 


««pi„.,b,....f+^-$+f=». 

1  rp        1  1  « 


=:C7,. 


Oeometricdl  Applications  of  DiffererUial  Equations  of  the 

f/rst  order  <md  degree, 

171.  ]•  Determine  the  curve  mrhose  tangent  PT  is  a  mean  pro- 
portional between  the  parts  ^2^  and  BT 
of  its  axis,  intercepted  between  the  tan- 
gent and  two  fixed  points  A  and  B, 

Place  the  origin  at  B^  and  put 


D    A 


BD^x,    DP=:y,    BA  =  a. 


The  equation  of  the  tangent  is  y  —  y^  =  -J^  •  {x  —  x^)^ 
in  which  when        y  =  0,    a?  —  «i  =  —  y^  -7-^  =  DT^ 


and 


^fi..^^  =  BD  +  DT=:BT. 


*i-yi 


dy^ 


dxi 


.  •.  AT^  x^  —  yi  -j-i  —  a. 


And 


PT^=PD^+DT^  =  yi^+yi^ 
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Hence,  hy  the  conditions  of  the  problem, 

PT^  z=BTy.AT,    or    y,«  +  y,« ^ 

Reducing,  and  omitting  accents,  we  get 

y^dy  =  x^dy  —  2jydl];  —  cucdy  +  aycf z, 

which  is  the  differential  equation  of  the  required  curre. 
This  may  be  written 

-        2xydx  —  z^dy         ydx  —  xdy 
dy  -I =  a r ; 

y'  y' 

and,  since  both  members  are  exact,  we  get  by  integration 

af*         X 
y  -\ =za-+  Cy    or    ofl  +  y*  —  ax  ^  C7y =0 ;  or,  finally, 

which  is  the  equation  of  a  circle  whose  radius  is  -  ^^a^  +  C^ ;  and 

the  co-ordinates  of  whose  centre  are  -  a  and  ^  C,  the  latter  co-ordi- 

nate  being  arbitrary. 

2.  Find  the  curve  in  which  the  subtangent  is  constant. 
Let  ar^y  I  be  the  co-ordinates  of  the  point  of  contact. 

dx-,  dy      dx 

Then,  subtangent  =  —  y^  -z-^  =  —  a,     or     —  =  — • 

y  1  •' 

% 
.'.  logcy  =  — ,       cy  =  6". 

This  is  the  equation  of  the  logarithmic  curve. 

3.  To  find  the  curve  in  which  the  subtangent  is  equal  to  the  sum 
of  the  abscissa  and  co-ordinate. 

The  difTerential  equation  of  the  curve  will  be 

dx 
—  y  -J-  =z  X  +  y,     or    xdv  +  ydx  +  ydy  =  0. 
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.  • .  y*  +  2ary  =  (7,  a  hyperbola. 
4.  The  curve  in  which  the  subnormal  is  constant  ^ 

Subnormal         zny^^a.    .  • .  ydy  =  adlr. 

cLx 

.  • .  y*  =  2aa:  +  C7,  a  parabola. 

172.  Prop.  To  find  the  equation  of  a  trajectory  or  curve  which 
shall  intersect  all  the  curves  of  a  given  family  in  the  same  angle. 

Let  9(a^,yj«)  =  0 (1) 

be  the  equation  of  a  class  of  curves,  in  which  the  parameter  a  may  take 


Y  /     ^R 


0    L 


any  value ;  and  let  t  =  tang  /S, 
where  /3  represents  the  con- 
stant angle  of  intersection. 

Suppose  a  to  take  a  parti- 
cular value,  a^  and  let  AyB-^ 
be  the  particular  curve  in  the 
general  class  resulting  from  this  supposition.    Then,  if  x-^^  denote 
its  general  co-ordinates,  its  equation  will  be 

9(a?i,yi,  ^i)  =  0 (2), 

and  the  differential  coefficient  -3^,  derived  therefrom,  will,  when  ap- 

plied  to  the  point  P,  express  the  trigonometrical  tangent  of  the  angle 
FTX  or  Vj,  included  between  the  tangent  PTand  the  axis  of  x. 

Also,  if  X  and  y  denote  the  general  co-ordinates  of  the  required 

dy 
trajectory  CPD^  the  differential  coefficient  -p,  given  by  its  equation, 

will,  when  applied  to  P,  give  the  tangent  of  PLX  or  v. 

o  ,  o  ^     ^       tan  V,  —  tan  V 

But  /S  =  r,  —  V.    .'.  tanff  =  ,   .    * > 

1  +tanvitanv 

or  by  substitution, 

^Vi      dy 

dxi      dx  ^  ^ 

dx^    dx 
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Now  at  the  point  P,  where  the  curves  A^B^^  and  CPD  interseoti 
rTj  =  X  and  If  I  =  y.  Henoe  ^  can  be  expressed  in  functions  of 
Xy  y,  and  a^,  and  therefore  (8)  may  be  written  thus 

^(«,  y,  J,  «i)  =  0 . . . .  (4). 

But  (2),  when  applied  to  P,  gives 

9(*>y>«i)  =0  . . .  .  (5). 

If  then  O]  be  eliminated  between  (4)  and  (5),  the  resulting  equa- 
tion, being  independent  of  the  position  of  the  particular  curve  AiBi^ 
will  apply  to  all  points  in  the  required  curve  CPD, 

173.  1.  Determine  the  curve  which  cuts  at  right  angles  all  straight 
lines  drawn  through  a  given  point. 

Let  x^2  ^^  ^®  co-ordinates  of  the  given  point 

The  equation  of  one  of  the  straight  lines  passing  through  that 
point  will  be  of  the  form 

yi-ya  =  «i(^i-«2)- 

.••9(a?iyi«i)  =  yi-y2-«i(*i-*2)=^   and    ^  =  «i- 

dyi      dy 

Also    /  =  tan  -AT  =  (30.    .  • . ^- =  (».    and  consequently 

dx-^    dx 

1  +  ^.J  =  0    or    ^.«,=  -l....(l). 
dx^    dx  *        dx  ' 

Also  at  the  point  of  intersection 

y  -  y2  -  «i(«  -  ^2)  =  0 (^)- 

Now  eliminating  a^  between  (1)  and  (2),  we  get 

a?  —  flTj  -f  ^  (y  —  ya)  =  ^>     or    ^x  —  x^dx  +  ydy  —  y^dy  =  0, 
which  is  the  differential  equation  of  the  curve. 
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And  by  integration  5  *'  ""  *a*  +  0  J'*  ~  y^  ~  ^» 
or  (ar  -  a^^  +  (y  -  y,)3  =  2C7+  ar,«  +  y^. 

Hence  the  curve  sought  is  a  circle  mrhose  centre  is  at  the  point  x^  y^ 
and  the  radius  arbitrary. 

2.  The  curve  which  cuts  at  an  angle  of  45^  all  straight  lines 
drawn  through  the  origin. 

Here  9(^1,  y^,  a^  =  yi  —  «ia?i  =  0. 

r.-p-=:a.    also    <  =  tan45**  =  l. 


(2). 


Eliminating  a,,    l+-«-r-  =  - r-    or   ardic  +  ydV  =  ydx  —  rcrfy. 

*  z   ax      X      ax 

This  being  a  homogeneous  equation,  it  will  be  rendered  exact  by 
multiplying  by  ^-1-^  =  ^^^. 


xdx  +  ydy  _ydx  -  xdy  f^^  +  vHi  .^^iV 


Put  y  =  r  sin  tf,  a?  =  r  cos  (*  —  ^)  =  —  r  cos  tf.    .  • .  r  =  (a;^  +  y*) 

y  ^  B 

and  -  =  —  tan  tf.     .  • .  log-  =  tf    and    r  =  c«  , 

•T  C 

the  equation  of  the  logarithmic  spiral. 

3.  The  curve  which  cuts  at  right  angles 
all  parabolas  having  a  common  vertex  and 
coincident  axes. 

Here   (^{x^,  yj,  a,)  =  y^*  —  2a^x^  =  0. 


\ 


.Jyji 

'  dxi 


yi     y 


Also  <  =  00.    .-.  l+?^.^  =  0 (1), 

y    ax  ^  ' 
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and  y«  —  ^^x  =  0 (2). 

Eliminating  a^,     1  +  ^  •  ~  =  0    or    2xdx  +*  y(fy  =:  0, 

1  «2         V*  '^ 

•••^  +  2^'  =  ^'   '^^  F  +  fe-»- 

This  is  the  equation  of  an  ellipse  whose  axes  have  the  ratio  1 :  y^ 


CHAPTER    III. 

DIFFERENTIAL   EQUATIONS   OF   THE   FIRST   ORDER  AND   OF   THX 

HIGHER   DEGREES. 

174.  These  equations  contain  the  several  powers  of  the  coefficient 

dy 

-J-  to  the  n'*  power  inclusive  where  n  denotes  the  degree  of  the 

dx 

equation.     The  most  general  form  of  such  an  equation  is 

£+pg3+«g;:+*'. +4+^=0... .(.), 

which  equation  can  be  derived  from  its  primitive  only  in  attempting 

to  eliminate  the  n'*  power  of  a  constant  c  between  the  primitive 

and  its  direct  differential.     For  the  direct  differential  contains  only 

dy 
the  first  power  of -^,  and  therefore  cannot  be  identical  with  (1)  ;  but 

if  we  suppose  the  primitive  to  contain  several  powers  of  the  same  con- 
stant c,  as  c^,  c^,  c^  •  •  •  •  c",  and  resolve  with  respect  to  c,  there  will 
result  n  values  of  c,  from  each  of  which  c  will  disappear  by  differen- 
tiation ;  and  each  of  the  resulting  differential  equations  will  contain 

dy 
only  the  first  power  of  -^^  each  being  a  factor  of  ( 1 ).   Hence  by  multiply- 
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ing  together  these  n  equations,  we  shall  produce  (1).  If  therefore 
we  resolve  (1)  with  respect  to  -^,  thereby  ascertaining  its  n  con- 
stituent frctors  of  the  first  degree,  then  integrate  each,  annexing  the 
same  constant  c  to  every  result,  and  finally  multiply  the  results  to- 
gether^  the  complete  primitive,  which  includes  all  these  separate 
results,  will  be  obtained.  It  will  be  obvious,  that  in  order  to  render 
this  method  applicable  to  all  equations  of  the  first  order,  it  would 
be  necessary  to  have  a  process  for  the  solution  of  equations  of  all 
degrees. 

Unfortunately  no  such  process  is  known. 

175.  1.  To  find  the  complete  primitive  of  the  equation 


dx^ 


—  n2 


«» (1). 


Resolving  with  respect  to  -7=-,  we  get 

^=+a....(2),     and     ^  =  -  a  .  .  . .  (3). 

Integrating  (2)  and  (3),  and  annexing  the  same  constant  to  each, 
we  have 

y  =  cur  +  c.  .  .  .  (4),     and    y  =  —  oa?  +  c  .  .  .  .  (5), 

either  of  which  satisfies  the  given  equation  (1).     It  is  also  satisfied 
by  their  product. 

(y  —  cue  —  c)  (y  +  oa?  —  c)  =  0, 

or  ya  —  2fy  —  aH'^  +  c^  =  Q (6). 

For,  by  differentiating  (6), 

2y(fy— 2c(fy— 2a2ar(ir=0,  and  c=zy 


a^x,. 


dy 

dx 
This  value,  substituted  in  (6),  gives 

dx  dx  dafi 
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JEx,  To  find  the  primitive  of  the  differential  equation 

rfy2 


dx^ 


+  «  -  1  =  0. 


1 
Here  x  =  jq— i  =  9i>i (!)• 

•••™-^-"*-r^.-7r^ 

-     ^'       -tan-^i+C (2). 


But  from  (1),      ^,  =  (l^J*     and     1+|,,»  =  1 
and  these  values  reduce  (2)  to 

178.  When  the  equation  (still  supposed  to  contain  z  only),  cannot 
be  resolved  cither  for  x  or  p^^  we  may  substitute  xz  for  |?i,  and  we 
can  then  divide  every  term  by  a  power  of  rr,  thereby  depressing  the 
.degree  of  the  equation,  except  in  the  case  where  there  is  an  absolute 
term.  If  then  the  depressed  equation  can  be  solved  for  x  or  «,  we 
shall  have  either 

.  =  ,.  „a  ,.  =  !=.., 

.  • .  </y  =  z,(pz.d{(p2)y    and    y  =  / z.(pz.d{(pz), ....  (5). 

or,  z  =  <px,    and    jo^  =  —  =  x(px, 

.  • .  c/y  =  x.ox.dx,     and    y  =  fx,(px,dx (6). 

In  the  first  case  we  eliminate  z  between  (5)  and  x  =  (pz.     In  the 
Second,  the  desired  relation  is  found  in  (6). 

jKp.  0:3 +  fl      ax%  =  0. 

dz^  dx 

Put    /?,  =  xz.     then     x;^  +  xV  —  aar^z  =  0,     and     x  z=z -, 

-^^  '  »  1  +  «3> 


1^1  = 


^       1  +  ;s3    Ll  -f  zd         (1  +  z3)^ 


(fa:       1  +  23'       :^        i  +  ^^     Ll  -f  z^J  ""     (1  +  z^) 
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This  relation,  together  with  z  =  ~ ^  expresses  the  relation  be» 

tween  x  and  y. 

179.  Case  2d.  When  the  equation  is  homogeneous  with  respect 
to  X  and  y. 

Let  n  denote  the  degree  of  the  equation  in  x  and  y,  and  put 
y  =  xz^  then  the  equation  will  be  divisible  by  «",  and  if  the  trans- 
formed equation  can  bo  solved  for  z^  we  shall  have  a  result  of  the 
form 

z  =  ^1,      .  • .  cfe  =  c^(9Pi).      But    y  =:ocz,    .' ,  dy  =z  xdz  +  «<&, 

or,  dy  z=  xd{(^p^)  +  (^p^dx,     or,    /Ji^rc  =  arcf ((p;>i)  +  ^pjrfar, 

...  ^  =  A^^,    and     log^=/^^?^  =  J^;,, 

4 

This  combined  with  y  =  or^p^,  gives  the  desired  relation  between 
«  and  y. 

jSi?.  y  ^  xpi  =  yT+  ^1* .  «. 

Put  y  =  xz,     substitute  and  divide  by  a;,  then 


p^dx  =:dy  =  axh  +  zdx  =  x(dpj  + •^^^L=]+(pi+  Vl+P^)dx, 


\     (fiC  dpi  P\dpi 


.  • .    log  ar  =  —  log(pi  +  -/I  +i>i*)—  log(l  +  i?!^)  +  logc. 

c  c 

.  • .  «  =  — r~  ,  But    y  =.xz=.  — ,    «» 

* 

...    p,  =  ^^'  -  y',    and    ^(c+V?^r^)^y2, 

y 
the  desired  relation. 
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180.  Case  3d,  Let  the  form  be 


»='i+'(i>  •••('> 


"■*  »(s) 


in  which    9(3^)  does  not  contain  x  or  y. 

This  is  satisfied  either  by  making 

.+^  =  0.....(2),     or.     |>=0. (8). 

d(pP't 
Now  the  differential  coefficient  -^-^  in  (2),  contains  only  Pi,  smce 

^Pi  does  not  contain  a;  or  y,  and  therefore  (2)  contains  only  x  add 

2?i.  If  then,  we  eliminate  jdj  between  (1)  and  (2),  rtie  result  will  be 
a  relation  between  x  and  y.  But  this  relation  cannot  be  the  com- 
plete primitive,  because  it  contains  no  arbitrary  constant.  We 
must  then  refer  to  the  condition  (3),  which  gives  by  integration 

jPi  =  (7,  a  constant. 

It  appears  then,  that  in  the  proposed  equation,  which  is  known  as 
Clair aulCs  form,  the  complete  primitive  is  obtained  by  simply  re- 
efy 
placing    -J-  by  an  arbitrary  constant 

Ex.  1.  To  find  the  primitive  of 

Replacing  the  differential  coefficient  -~  by  (7,  we  have. 

y-Cx  =  a{l  +  C«) (2). 
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The  correctness  of  this  solution  is  easily  verified ;  for  by  differen- 
tiating (2)  we  get 

|-C  =  «.....(3). 

and  by  eliminating  (7  between  (2)  and  (3),  we  obtain  (1). 

2.    ydx  -xdyz=:  a{dx^  +  df)^,  or,  y  =  or^  +(l  +  ^\K.  . 

Substituting    C   for  ^  we  get  y  =  (7a?  +  (1  +  C^ya. 

181.   Case  ^th.  Let    y  =  Px  +  Q, (1). 

when  P  and  Q  are  functions  of  Pi, 

By  differentiation,    dy  =zp^dx  =  Pdx  +  xdP  +  dQ, 

.-.    {p^ -•  P)dx -^  xdP  =  dQ,    and   dx+  ^^      dP  =  ^    ^^ 


,^r^^J    rf^^   ^Q 


This  being  a  linear  equation,  its  solution  is  of  the  form 

Hence  if  ^^  be  eliminated  between  this  and  (1),  the  result  will  be 
a  relation  between  x  and  y. 

182.  1.  y=p^^x+p^^ (1). 

dy  =  pydx  =  p^dx  +  ^P\dpy^  +  ^Pidp^. 

.  • .  (1  —  Pi)cte  —  2a?c5pi  =  2dpi. 
i?i  -  1  p^-l 


-2^  f.9dpx 


But 


/^  =  21og  (Px  -  1)  =  log  (P>  -  1)».  •  i 


Mr 

•     f?^  r^Pl  ft    ' 

.•.>-'=*'''^"-'^'=te-l)'    and    e"''"-^=  ^^^,. 

26 
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.'.  Pi  =  l  +    /— — ;    and  from  (1),    j>i  =r     Xl_. 

y  1  +  a:  y  1  +  « 

2.  y  =  (l +i>x> +;>!*....  (1). 

jPi(&  =  (1  +  ;?i)(&  +  ordpi  +  2picf;?i. 

.  • .  (fa?  +  arrfpi  =  -  2piefpi,    and    a;  =  r-^''''*  [--/2e-^''*  .JPi<^f>i]. 

But        /''^rzer'*,    and    /e^i>id!Pi  =  e'*!;)!  -  1)  +  Ci. 

.-.  «  =  2(1  — I?,)  +  C7e-i»i    where    C7=  —  (7^; 

1         1    ^ 

and  from  (1),      jp^  =  ~  s *  ^  o  V^y  —  4«  +  «*. 

•  - .  By  eliminating  p^  we  get 

3.  y  =  ^(i>i-V^T7?)....(i). 

In  this  example  Q  =  0,  and  by  difFcrentiation 

. -1 

^^dx  =:p^dx  +  a;(fpi  —  ^l  +p^dx  —  Pix{\  4-  ^j')    'efpi, 

dx         t/ 1  *4~  29  '^  "*  f) 

•   —  —  — — —  dp^y  the  integral  of  which  is 


•   • 


X  I  +Pi 


and  ^1  +  (<^  ""  ar)y^l  —  l>i^  =  0  .  .  .  .  (2). 

But  from  (1),  p^x  -  ar-v/n^  =  y-     •  *  •  -Pi=  ^^^Zfly 


ar(2c-a;)    '  '^^       a;2(2c-ar)2  ■"  ar2(2<;-zf 
.  • .  y2(a;2  —  2cx)  =  —  a;2(2c  —  xf,    or  finally    a:^  +  y2  =  2«r. 


CHAPTER   IV. 

SINGULAR  SOLUnOHS  07  DDTXBXHTIAL  IQUATIOHS. 

183.  Differential  equations  may  be  regarded  as  resulting  in  all 
cases  either  from  the  immediate  differentiation  of  their  primitives  or 
from  the  elimination  of  constants  between  the  primitives  and  their 
direct  differentials. 

184.  Taking  the  latter  and  more  common  case,  let 

i^(ar,y,c)  =  0....(l) 
be  the  complete  primitive  of  the  differential  equation 

where  (2)  has  arisen  from  an  elimination  of  the  constant  c  between 
(1)  and  its  immediate  differential 


[^3^]=o....(.). 


No'w  if  the  constant  e  were  replaced  in  (1)  and  (3)  hj  any  func- 
tion of  X  and  y,  the  elimination  of  this  function  would  necessarily 
lead  to  the  same  equation  (2). 

If  then  it  be  possible  to  replace  e  by  such  a  function  of  x  and  y, 
in  equation  (I)  as  shall  give  by  differentiation  a  result  entirely  simi- 
to  (3),  after  it  has  been  modified  by  a  like  substitution  of  this  func- 
tion of  X  and  y  for  c ;  then  the  elimination  of  that  function  would 
necessarily  lead  to  (2)  the  proposed  differentiaL  Hence  equation 
(1)  with  the  value  of  c  so  replaced  may  be  properly  considered  an 
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integral  of  (2)  ;  although  it  is  essentially  different  in  form  from  the 
ordinary  integral  (1),  in  which  c  is  an  arbitrary  constant. 

Such  a  solution  of  a  differential  equation  is  called  a  lingular  solu' 
Hon  or  a  singular  integral,  while  the  term  particular  integral  is  ap- 
plied to  each  of  the  results  obtained  by  substituting  various  constant 
values  for  c,  in  the  general  integral. 

185.  Prop,  To  determine  the  conditions  necessary  to  render  pos- 
sible a  singular  solution  of  a  differential  equation. 
Let  the  ordinary  primitive 

F{x,y,e)  =  0 (1) 

be  differentiated  regarding  e  as  variable,  and  there  will  result 

\-dF{x,y,c)-]  .  dF{x,y,c)    (dc\ 

L — n — J + — s —  \di)  =  '*' 

and  to  render  this  equation  identical  with 

[^^^]=« ('^ 

which  is  obtained  by  supposing  c  constant,  the  necessary  condition 

will  be 

dF[x^  y,  c)    (dc 


(£)=» w- 


dc 

Now  (rt)  is  satisfied  either  by  making 
dF{x,y,c) 


dc 


=  0, (4),         or        {j-)=  ^» (^)- 


The  condition  (5)  gives  c  =  constant,  and  therefore  (4)  can  alone 
supply  the  suitable  variable  value  of  c. 

The  equation  (4)  may  give  several  values  of  c,  and  then  there 
will  be  as  many  singular  solutions. 

186.  It  must  be  oliscrvcd  that  the  value  of  c  derived  from  (4), 
is  not  necessarily  a  function  of  x  and  y,  or  of  either :  for  if  c  be 
connected  with  x  and  y  only  by  the  signs  +  anc/  — ,  those  variables 
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will  not  appear  in  (4),  and  consequently  the  values  of  c  derived 
from  (4),  will  be  constants  corresponding  to  particular  integrals,  and 
not  singular  solutions. 

187.  And  again,  the  derived  values  of  c  may  be  functions  of  x 
and  y,  and  yet  not  variable.  For  if  the  primitive  (1)  be  solved 
with  respect  to  any  constant,  as  a,  appearing  in  it,  the  result  will 
assume  the  form 

and  if  by  assigning  any  particular  value  to  c,  this  value  of  a  should 
become  either  identical  with  that  of  c  given  by  (4)  ;  or  if  the  latter 
be  a  function  of  the  former,  then  c  will  be  invariable,  and  therefore 
will  not  correspond  to  a  singular  solution. 

188.  If  we  solve  the  complete  primitive  (1)  for  x  and  y  succes- 
sively, the  results  may  be  written  in  the  forms 

^  =/(y,  c) (7).  y  =/,{x,  c) (8). 

Which  differentiated  witlf  respect  to  c,  give  (since  the  first  members 
do  not  contain  c) 

&1>  =  «.    %1>=0,    .■.!=«,.. (9),  «.d|  =  0,.(.0). 

That  is,  if  the  primitive  can  be  solved  with  respect  to  x  or  y,  we 
may  differentiate  either  of  those  values  with  respect  to  c,  placing  the 
result  equal  to  zero.  Thus  (9)  or  (10)  may  be  employed  instead 
of  (4),  when  more  convenient,  in  obtaining  those  values  of  c  which 
give  singular  solutions. 

189.  It  may  be  observed  that  no  differential  equation  of  the  first 
order  and  first  degree  can  have  a  singular  solution ;  for  such  equa- 
tions have  complete  primitives  containing  only  the  first  powers  of  c, 
and  these  primitives,  when  differentiated  with  respect  to  c,  give  a 
result  (4)  independent  of  c,  which  result  cannot  furnish  a  value  of  c. 

190.  The  relation  connecting  the  complete  primitive  with  the 
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certain  function  of  x  and  y  \  viz.,  the  value  of  c  (expressed  in  terms 
of  :r  and  y),  derived  from  the  condition 

dF{x,y,e)  _ 
do       ""    ' 

between  (4)  and  (5),  the  result  will  be  (2)  or  its  equivalent 

Let  (3)  be  solved  with  reference  to  c,  giving  a  result  of  the  form 

c  =  (p(ar,y,;?i) (6), 

and  let  this  value  be  substituted  in  (1)  ;  we  shall  thus  have  (2)  or 
its  equivalent  under  the  form 

t*  =  i^(^,y,9)  =  0. (7), 

where  9  is  put  for  ^(ar,  y^p^ ;  for,  by  hypothesis,  (2)  is  the  result  of 
the  elimination  of  the  constant  c  between  (1)  and  (3). 

Now,  since  (2)  and  (7)  are  equivalent,  the  elimination  of  py^ 
between  them  must  lead  to  an  identical  equation  in  x  and  y ;  that 
is,  an  equation,  which,  being  true  for  all  values  of  x  and  y,  does  not 
imply  a  relation  between  them. 

Let  i>i=/(^,y) (8) 

be  the  result  obtained  by  solving  (2)  with  respect  to  p^. 

This  value  substituted  in  (7)  gives  the  identical  equation  before 
referred  to,  which  can  be  differentiated  with  respect  to  x  and  y, 
successively,  as  though  they  were  independent  variables,  since  the 
equation  does  not  imply  any  relation  or  mutual  dependence  between 
thein. 

Tlicn,  differentiating  (7),  and  observing  that  9  contains  a;,y,  and  j9|, 
while;?!  =/(x,y),  wo  get 

du       du   d(p       du    d(p    dp^ 

dx      d:p   dz      d^   dp^    dx  ' 

and  —^^.i^.jL.^^.^.^-0 

dy      d^   dy      d^   dp^    dy 
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dpi  fdu      du  <f j)\   ^   idu    d^  \ 

*'(&'""       \dx      dp   dxf  '    \dp    dpi/ 

But  when  the  solution  is  singular,  we  have  the  condition 

du      du      r^  dp.  _  dp  J 

—  =  — -  =  0.  .  * .  -^  =  00 .  and  -^  =  00  • 

dp      dc         '         dx       ^'  ^""^  dt/  ' 

dx       ^        .  dy 
OP  -7— =0  and  -~  =0. 

dp^  dpi 

If  Pi  be  eliminated  between  either  of  the  last  two  equations  and 
(2),  the  result  will  be  a  singular  solution,  provided  it  satisfies  (2). 
Thus  we  can  find  the  singular  solution  without  previously  finding ' 
the  general  solution. 

Or,  again,  from  (2),  we  have 

r^l  _du^^du^dy_^du^  /dp^  ,   ^i   M  _  ^ 
Ldx  J      dx        dy     dx      dp^  \dx        dy     dx) 

dpi  \dx        dy     dx)  '    \dx        dy     dx) ' 

and,  since  the  divisor  is  infinite,  when  the  solution  is  singular,  we 
shall  have  the  condition 

dpi 

which  will  give  suitable  values  of  pi  to  be  substituted  in  (2),  in  order 
to  obtain  singular  solutions. 

194.  1.  Find  the  singular  solution  of  the  differential  equation 

«2  =  xpi^  —ypi  +  b  =  0 (1), 

without  previously  finding  the  general  integral. 

Difierentiating  t/g  with  respect  to  p^  and  placing  the  result  equal 
to  zero,  we  get 

dUf,      ^  ^  V 
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this  substituted  in  (1)  gives 

2  2 

-| -^  +  6  =  0,     or    y^-Ux  =  0 (2). 

This  equation  satisfies  (1),  as  will  be  seen  bj  substituting  for 
X  and  Pi^  their  values  derived  from  (2). 

an  identical  equation.     Hence /2)  is  a  singular  solution. 
2.  «,  =  y+(y-^)|+(«_,)(D'=0, 

or  tijj  =  y  +  (y  —  ar);?i  +  (o  —  x)pi^  =  0 (1), 

^  =  y  -  a;  +  2(a  -  x)p^  =  0,  .  •.  ;?i  =  -*  ""  ^ 


^i>i       "^  '  '^'         '      ^'  -  2(a-«) 

This  value,  substituted  in  (1),  gives 

This  satisfies  (1),  and  is  therefore  a  singular  solution. 


CHAPTER  V. 

nrrxoRATioN  of  diffkrkntial  xquatioms  of  thk  skcond  ordib. 

196.  Differential  equations  of  the  second  order,  when  presented 
in  their  most  general  form,  include 

dy  d^ 

Xy  y,  ^     and     ^^,  and  may  therefore  be  written 


H-  %  g) = «•  ■ 


Of  these  comparatively  few  admit  of  being  integrated,  and  there- 
fore only  such  particular  varieties  of  the  general  form  as  admit  of 
integration  or  reduction  to  a  lower  order  will  be  examined. 

196.  Case  Ist,  Let  the  equation  involve  only  x  and  t4,  the  form 

dx* 

being 

dhf 
Then  resolving  the  equation,  if  possible,  with  respect  to  -j-^,  we 

oar 

d^y  d*y 

-7^  =  F^x  =  X      .  • .  -r^  dx  =  Xdx^  and  by  integration, 

^  =  fXdx  =  Xi+  Ci,      . •.  ^dx  =  X^dx  +  C^dx, 

and,  y^=  fX^dx  +  fC^dxz=X^+  CyX  +  C^ 

The  constants  C-^  and  C,  being  arbitrary. 
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197.  IIx.         g-a^3  =  o,      or,     '^  =  ax^. 

^^^=(^+C^iy-»^,    and     y=:^+C7ia?+  Ci. 

198.  CcLse  2d,  Let  the  equation  involve  only  y  and  j^,  the  form 
being 

Resolving  the  equation,  if  possible,  with  respect  to  -t4, 

dx^         *'  rfz*       fl(x       dy    dx     ^^  dy^ 

.'.    Px^^=y,    and    p,iP^dy=Tdy, 

and     dx  =  —  ,  stnd  the  variables  are  separated. 

m,E..    ^^-^  =  0,     or     %yPl  =  ^. 
dz-       y^  ctr^       dx       y^ 

or,  T-2  =  4-^^    ^   ,   by  making  (7,  =  4  -^. 

i/a .  dy 
.  • .    dx  z=z  — l!__2-z=' 

To  integrate  this,  put     yy"+  V^=  ^»     . ' .    y  =  (2?  —  V^r* 


(fy  =  2(s  —  '^)dz^     and      . ' .   c/o;  = 
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ci'u  cPv 

200.  Cote  3d,  Let  the  equation  involve  -^    and    -r-^    on^Jt  the 

form  being 

Eesolving  with  respect  to  -t-|  if  possible,  we  have 

This  is  an  equation  of  the  first  order,  which  being  integrated  gives 
X  =  i^aPi,     and    y  =  fp^dx  =  fp^  -^=z  F^p^. 
Hence,  by  eliminating  j>„  we  obtain  a  relation  between  x  and  y, 

...„^=_(n.j;\iand<ir  =  -:^^. 


and  y  = ^^ -.  +  Cj. 

(1  +  Px^Y 
Hence,  by  eliminating  p^^  we  get 

202.   Case  4th.  Let  the  equation  involve 

a?,  -~    and    -t~  only,  being  of  the  form 


H-%  S)=»- 
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Replacing  -^  and  ^  ^y  P\    and    ^,  the  proposed  equation 


reduces  to 


^  ('.i*!.  5)  =  0  .  .  .  .  (l)r 


which  is  of  the  first  order  between  x  and  pi,  and  must  therefore  be 
resolved,  if  possible,  by  some  one  of  the  methods  applicable  to  suoh 
equations. 

Thus,  if  the  equation  (1)  can  be  solved  with  respect  to  or,  giving 

'  =  F,p, (2),      ' 

we  shall  have,  since    y  =  /Pi^  =Pi^  ""  f^^Pit 

if  =  PiX-  fF^pydpy^ (3)  ; 

and,  by  eliminating  p^  between  (2)  and  (3),  the  desired  relation 
between  x  and  y  will  be  obtained. 

Or,  again,  if  (1)  can  be  solved  for  jd,  giving 

Pi^Fi'^ (4), 

then  y  =  fp^dx  =  fF-^x .  dx^  the  integral  sought. 

If  neither  of  these  suppositions  be  true,  we  can  only  resort  to 
some  one  of  the  expedients  exhibited  in  the  foregoing  chapters. 


T^        ,     .      .                       dp.                  2x 
By  substitution  -j--       = ^, 


and  by  integration 


(1  +  p^4 


\_  __  O* g*   -  (62  -  x'^Y  ^ 
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dy  6*  —  «* 

.  • .  J?!  =  J-  =        J 

dx       y^a*  -  (62  -  «*)» 

,  the  desired  relation, 
-y/a*  -  (62  -  «2)2 

204.  Case  hth.  Let  thQ  equation  involve  y,  ^,  and    -r^  only, 
the  form  being 

By  a  substitution  similar  to  that  adopted  in  the  last  ease,  we  have 

But  -=r^  =  -^  •  -J-  =  »,  -^.  and  by  substitution 

(^ar        dy    <fc      "^^  dy '  ^  ouuowtuwuu 

which  is  an  equation  of  the  first  order  between  y  and  py 

205.  J^X.  g_y_«g  =  0. 

Bj  substitution  -~i  ""  y  —  ^^l^i*  =  0. 

or  by  making  p^  ==  2^,  and  consequently  P\dpi  =  d^r, 

d^ 
*  ^ 2mz  z=  y,    dz  ^  2rmdyz=z  ydy. 

This  is  a  linear  equation  of  the  first  order  and  first  degree,  and 
therefore  integrable. 

206 •  Case  6tk,  If  we  reckon  (as  usual)  d;  or  y  as  of  the  dimen- 
sion 1,  and  agree  to  reckon  -r-  of  the  dimension  0,  and  -r^  of  the 
^  dx  '  d«2 
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dimension  —  1,  then  every  equation  of  the  second  order  which,  upon 

this  supposition,  is  homogeneous,  may  be  reduced  to  an  equation  of 

d^ti       z 
the  first  order,  by  making  y  =  va?  and  -~  =  — 

For,  if  n  denote  the  degree  of  the  coefficients,  the  terms  contain- 

dhf 
ing  -~  must  have  a  factor  of  the  degree  n  +  I9  &nd  those  oontain- 

dy 
ing  -^  must  have  factors  of  the  degree  n.    Hence  afler  substituting 

d^y 

the  assumed  values  of  y  and  -ty»  ®vcry  term  of  the  equation  will 

necessarily  be  divisible  by  x^^  and  thus  x  will  disappear,  leaving  an 
equation  between  v,  z,  and  p^y  of  the  general  form 

^V,  z,p^)  =  0 (1). 

But  dy  ='pydx  c=  vdx  +  xdv»     ,',  —  = 


X      P\  —  v 


dp^ 


Also        ^  =|-     '•••  "7  =  "f^*     •'•  ^^^  =  (^1  ^  *')^^i' 

or  by  substituting  the  value  of  2,  obtained  by  resolving  (1),  an  equa- 
tion of  the  first  order  will  arise  between  v  and  p^^  from  which  p^^ 
may  be  found  in  terms  of  v.     Then  by  eliminating  p^  from  the 

'  equation 

dx         dv 

X    ^  Pi  —  V 

and  integrating,  we  shall  get  log  x  =  q>v> 

Lastly,  eliminating  v  between  this  result  and  y  =  vx^  the  desired 
relation  between  x  and  y  will  be  obtained. 

207.  Bx.  x^^^-x^  -  3y  =  0. 

Making  -^  =  -    and    y  =  ro?     we  get 

xz  —  rr/?j  —  2vx  =  0     or     2;  —  p,  —  Sv  =  0. 
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,\  zz=zp^  +  Zv    and     {pi  +  Zv)dv  =  {p^  —  v)dpi^ 

Pydv  +  vdp^  =  Pidpi  —  Svdv, 

1  3 

O  +  PjV  =:  ^Pi^  ^ ^v^,    or    p^^-2pjv  +  v^  =  4v^  +  2a 

Pi  —  »=:i/4v2  +  2(7.    Hence 

^  =  -^==.    ">d    log  «  =  1  log  [C,(2»  +  ■/4»«  +  2C]. 

.'.«»=  C7i  (2»  +  V4»»  +  20).    Butt»  =  ?^ 


^     ar*        4ry  ,  4y2^4y«         ^ 

^       2C7(7i          ,      *       .           1  J,    CC^       ^ 

•'•y^TTT 1 — ^=««^ when    -TTTsra  and    -—-i  =  6. 

4C/i       Ax                   X               4tCi  2 
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CHAPTER   VI. 

IKTBORATTON  OF   DIFFEB2KTIAL   EQUATIONS   OF  THE   HIGHER   ORDERS. 

208.  The  integration  of  differential  equations  of  an  order  higher 
than  the  second  is  attended  with  difficulties  still  greater  than  those 
which  have  been  overcome  hitherto,  and  in  consequence  the  number 
of  integrable  forms  is  very  restricted.  The  following  exhibit  a  few 
of  the  simplest  cases. 

1st.  Let  the  form  be    ^l^y    ^^)  ~  ^* 

_.  d^^y  ,  d^y      du 

Put       3 — r  =  u,    then     3-^  =  -=-,    and  by  substitution 
oa;*""*  cto*       ax 

du 


(".£=». 


which  is  an  equation  of  the  first  order  between  u  and  x.    This  being 
resolved,  gives 

u  =  FyX.     .  • .  ^— ^  =  F^x    and    y  =  f^-^FyX .  dx^\ 
209.  Next  let  the  form  be 

Put       -i — -^  =  w,     then    -7-^  =  -7—,    and  by  substitution 


•••'©-)=». 


an  integrable  form  of  the  second  order,  which  has  been  already 
examined* 
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du  1 

.  • .  t#-^-  =1,   or  d!r  =  udu.    and    «  =  ;rii*  +  C. 
dx  2  * 

.-.  t*= -/2«  — 2C7i    or    -7;^'/2«  — 2"^. 


2. 


Put  — =^  =  ti      then        — =^  =  — • 

da^  ds^      ix^ 

dhi  dht  du  ^  du . 

• .   —  =  tt.    —  •  — dx  =  tt— — or. 

. '.  :7^=tt»+ C7i    and     <&  = 


^*  *  Vt*^+Ci 


Now       p^  =  ^  =  fudx=f-^==V^^+C,+C, 
and  y  =  fp^dx  =  /[(u»  +  (7,)*+  CJ      *'" 


=  M+CVr+  C; (2). 
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Then,  to  eliminate  u  between  (1)  and  (2),  we  get  from  (1) 
C^t*  =u  +  ^/^F^^C^^     C^t^*  -  2w C^e'  +  u^  =  ti*  +  C^. 

'   •**■"      2(7,.'      ' 

which,  substituted  in  (2)^ves  a  result  which  may  be  written  in  the 

form  ^^ 

y  =  c,e»  +  Cj^*  +  03*  +  C4. 


CHAPTER  VII. 

INTEGRATION   OF   SniULTANSOUB^blFFBRBNTIAL   EQUATIONS. 

211.  In  the  applications  of  the  Calculus  to  Physical  Astronomy, 
it  occurs,  not  unfrequently,  that  several  variables,  as  ar,  y,  /,  &c. 
are  connected  by  co-existent  relations,  the  number  of  such  relations 
being  one  less  than  the  number  of  variables ;  and  the  object  pro- 
posed is,  to  deduce  equations  which  shall  express  the  values  of  ar,  y, 
dec.  in  terms  of  the  remaining  variable  t.  The  following  solution  of 
some  of  tlie  simplest  cases  of  such  equations  was  first  given  by 
D'Alembert. 

212.  Projp,  To  resolve  the  system  of  equations, 

in  which  A^  B^  C,  Z>,  A^^  B^,  Cj,  and  D^,  are  constants,  and  Tand  !7\ 
functions  of  t;  so  as  to  express  a?  and  y  in  terms  of  /. 
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Of/  dx 

Eliminating  first  -—,  and  then  — ,  we  can  reduce  the  proposed 

equations  to  the  forms 

—  +ax  +  by  =  T^....{\\    and     ^+a^x+h^z=.T^. .  .{2\ 

in  which  T2  and  T^  are  also  functions  of  t^  and  a,  6,  a^  5^  are  constants. 
Multiply  (2)  by  an  undetermined  constant  m,  and  add  the  resulting 
product  to  (1). 

b  +  m5. 


Now  determme  m  by  the  condition   m  = 


a  4-  *^M*] ' 


or  wia  +  m?a^  —  6  —  m6j  =  0, 

and  suppose  m^  and  ^2  to  be  the  two  values  of  m  given  by  this 
quadratic. 

to 

Also  put    a  +  myCL^  =  r^     and    a  -f  wija^  =  rg.    Then 

■^(a:  +  wiiy)  +  r^{x+  m^)  =  T^  +  m^T^j, 

(^ 
-^(<r  +  w^y)  +  r2(a:  +  m^)  =  Tlj  +  mj^g. 

These  being  linear  equations  of  the  first  order,  their  solutions  will  be 

x+m^yz=ze'^i^  [/«''*'  (^2+"*! ^3)^^]  )  ^^^oia  which  z  and  y  may  be 

213.  Ex.  Let  ^  +  4y  +  5a;  =  eS  and  ^+  «  +  2y  =  c2*  be  the 
proposed  equations. 

As  these  have  the  forms  (1)  and  (2)  of  the  last  article,  we  mul- 
tiply the  second  by  m,  and  add. 

d  /        4  4-  2m  \ 

.-.   ^{x^-my)+(b  +  m)ix+  —-—y\=:e^  +riM^*. 


4 
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T»  ^  4  +  2m  «       « 

Put  m  =  --— ,    or    m^  +  3m  =  4. 

.  • .  mi  =  1,    and    mj  =  —  4,  r^  =  5  +  1  =  6,  r,  =  5  —  4  =  1. 

X  -  4y=  f-*[/<f'(e'-  4e2*)rf/]  =  <r-*  [1«2»  -  le^*  +  6\] 
1  4 

from  which  x  and  y  are  readily  found. 
214.  Prop,  To  integrate  the  system  of  equations, 

^^  +  (4«  +  5j^cfe)=r....(i). 

dy 


dt 


+  (A^x  +  B,y  +  Ci«)  =  r, (2). 


^  +  {A^z  +  B:a+  0^)=T, (3), 

in  which  A,  B,  C,  &c.  are  constants,  and  T,  T^T^  functions  of  t. 
Multiply  (2)  by  m,  and  (3)  by  n,  and  add. 

d 

.  • .  J- (^x  +  my  -\- m)  +  {A  +  A^m  +  Ajh) 

r  "*"  A  +  A,m+A^n^  +  ^  +  A,m  +  A,n  7  -  ^+  ^.^^  +  ^2«- 
Hence,  if  we  put 

X  4-  my  +  TMf  =  V,    and    ^  +  A^m  +  ^^n  =  if, 
and  determine  m  and  n  by  the  conditions 

^  4-  B,m  +  B^n  C  +  C.m  +  C^n  ,^. 

fji  ziz —     n  = ^^  •  .  .  •  (4 1 

A  +  Aytn  +  A^n'  A  +  A^m  4-  ^jn  ^  '' 

the  equation  will  assume  the  form 

dv 

— — h  Mv  =  T  +  T^rn  +  ^2"?  which  is  a  linear  equation. 
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This,  being  integrated,  will  give  a  relation  between  v  and  t.  Also, 
in  finding  the  values  of  m  and  n  from  equations  (4),  two  cubic  equa- 
tions will  arise,  and  therefore  each  of  these  quantities  will  have  three 
values.  Denoting  them  by  m^^tn^y  and  mj,  n^ffij,  and  113,  and  represent- 
ing the  three  values  of  the  second  member,  afler  integration  by 
Uij  2/2,  and  U^j  there  will  result  three  equations  of  the  form 

from  which  x^  y,  and  2r,  can  be  found  in  terms  of  U 
216.  Pr(yp,  To  integrate  the  system  of  equations. 

-^  +  «w  +  6y  +  c|H)....(l). 

•    ^  +  a,«  +  ft^  +  Ci  =  0 (2). 

Multiply  (2)  by  m,  and  add.    Then 

-T^{x  +  wy  +  C7)  +  (a  +  maMx  +  „T_     '  y  +  ^7"      '  )  =0. 

_  6  +  m6,  ^ 

Put   m  =  — ; K    t*  =  a?  +  my  +  C7, 

a  +  ma^ 

and  C7  =  — ; ^:    and    a  +  ma,  =  —  n*, 

and  the  equation  will  reduce  to 

n*tt  =  0. 

The  integral  of  this  equation  is 

Hence  if  m^  and  m,  be  the  values  of  m,  deduced  from  the  assumed 
relation  of  m  and  the  constants,  then 


'w*      Jft 
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a  -f-  wijttj 

a  +  mjaj        ^ 
216.  Ex.     ^  =  3a:  +  4y-3,  ^  =  8y-a?-6. 

Here        — ; ^  = jr— ; =  w.    .  • .  m^  +  5m  =  —  4. 

a  4-  mcj       —  3  +  m 

.  •.  fill  =  —  1,    and    fiia  =  —  4.    , '.  n^  =  2    and    n^  =  V^ 

a,  _  4y  +  y  =  (7,e«V?+  C^e-'A 
.  ••  *  =  i  +  4Ci«"  +  4l!ir-«  -  C,««>A  -  CW-*A 
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CHAPTER   I. 

FIB8T  PRINCIPLB8. 

1.  In  the  general  expression  u  =  9(^1,  ara,  arg , . , .  a:  J,  which  signi- 
fies that  t<  is  a  function  of  several  independent  variables  ar^,  ar,,  2:3 .  .ar,, 
the  value  of  u  obviously  depends  upon  two  essentially  difierent  con- 
siderations, viz. :     1st.  The  values  of  the  variables  x^^  arj,  a-g j?„ 

and  2d.,  the  form  of  the  function  9. 

2.  The  consideration  of  the  changes  imparted  to  u  by  changes  in 
the  values  of  the  independent  variables,  while  the  function  9  is  sup- 
posed to  retain  the  same  form,  is  the  chief  object  of  the  Differential 
Calculus,  and  then  the  form  of  the  function  is  supposed  to  be 
known.  But  there  are  many  cases,  especially  in  questions  relating 
to  maxima  and  minima,  in  which  the  form  of  the  function  necessary 
to  fulfil  some  specified  condition,  is  the  principle  object  of  inquiry. 
For  the  resolution  of  such  questions,  the  ordinary  methods  of  the 
Differential  Calculus  do  not  suffice,  and  their  consideration  is 
reserved  for  the  Calculus  of  Variations, 

3.  There  are,  it  is  true,  some  cases  in  which  it  becomes  necessary 
to  consider  the  change  in  u  due  to  both  these  causes,  namely,  a  change 
in  the  values  of  the  independent  variables,  and  a  change  in  the  form 
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« 

of  the  function,  but  it  is  with  the  latter  that  the  Calculus  of  Variations 
is  more  inimediately  concerned. 

4.  The  form  of  a  function  may  be  so  connected  with  the  form  or 
forms  of  one  or  more  other  functions,  that  when  the  latter  are  given, 
the  former  will  become  known.  For  example,  a  differential  coefficient 
has, a  certain  form  always  deducible  from  that  of  the  function  itself. 
This  connection  between  Amotions  is  expressed  by  calling  the  original 
function,  whose  form  is  arbitrary,  the  primitive,  and  that  whose  form 
is  dependent  upon  it,  the  derived  function. 

Now  if  the  form  of  one  or  more  of  the  primitive  functions  be 
supposed  to  change,  the  form  of  the  derived  function  will  undergo  a 
corresponding  change,  and  if  the  relation  connecting  the  forms  of 
the  primitive  and  derived  functions  be  invariable,  the  change  in  the 
form  of  the  latter  will  not  be  arbitrary,  but  will  be  connected  with 
the  change  in  the  form  of  the  former  by  a  fixed  relation. 

6.  To  trace  this  dependence,  or  to  investigate  the  change  in  a 
derived  function  resulting  from  an  arbitrary  change  in  the  form  of  its 
primitive,  is  the  design  of  the  Calculus  of  Variations. 

6.  In  this,  as  in  the  Differential  Calculus,  it  is  usually  necessary 
that  the  increments  of  the  function  shall  admit  of  being  indefinitely 
diminished,  and  also  that  such  increments  shall  continue  indefinitely 
small,  when  any  values,  consistent  with  the  conditions  of  the  ques- 
tion, are  assigned  to  the  variables  x^,  Xg,  <kc. 

Hence  the  necessity  of  the  following  proposition. 

7.  Prop,  To  investigate  a  general  method  of  giving  to  a  fimction 
such*  a  change  of  form  as  shall  impart  to  it  an  increment  of  any  pro- 
posed order  of  magnitude,  without  reference  to  the  values  of  the 
independent  variables  ar^,  arg,  ^Tg  . .  .  .  x^  whiclj  enter  into  it. 

Let     u  =  9(^1,  ^2»  ^3  •  •  •  •  ^n)  he  the  original  function,  and 

Mj  =  <Pi(^n  ^2»  ^3  •  •  •  •  ^n)j  after  it  has  undergone  the  required 
change  of  form  ;  and  suppose  i  to  represent  a  small  quantity  of  the 
same  order  of  magnitude  as  that  which  we  desire  to  impart  to  the 
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difference  Wj  —  u,  so  that  if  u^  —  u=z  ni,  the  quantity  n  shall  be 
neither  excessively  great  or  extremely  small.     Then 

Ui  —  u  _  9i(3gi,  aTg.  2:3 . . .  x^)  —  q>{x^,  x^^  a?3 . . .  a:,) 

must  be  finite  for  all  values  of  arj,  x^,  x^.. ,  «„  consistent  with  the 
conditions  of  the  question.     Assume 

9x(^i,^2,^3  >  -  ■  ^0  7 9(^1.^2. ^3  > » .  ^>)  ^  ^(^^^  ^^  ..^ ^  ^  ^  ^^)^     Then 

«i  —  tt  =  «.4'(^i»^2>^3  •  •  •  ^•)     ^'^     Wi  =  w  +  » .  4' (0^1,3:2,3:3 . . .  a:,) ; 

in  which  the  function  >}/  is  subjected  to  no  condition  but  that 
of  not  becoming  infinite  for  any  values  of  ar^,  arg,  arg  . , .  ar,  within  the 
restriction  of  the  problem. 

Hence,  in  order  to  impart  to  a  given  primitive  function  such  a 
change  of  form  as  shall  cause  it  to  receive  an  increment  susceptible 
of  indefinite  diminution,  we  must  add  to  it  another  arbitrary  function 
of  the  variables  (subject  to  the  above  restriction),  multiplied  by  a 
constant  t,  which  constant  is  to  be  assumed  of  the  same  order  of 
magnitude  as  that  proposed  to  be  given  to  the  increment  of  the 
function. 

8.  Ex,  Suppose  u  =  sin  x,  where  a:  can  take  any  value  between 
0  and  AT,  and  let  the  increment  Wj  —  u^  proposed  to  be  given  to  u  by 
a  change  of  form,  be  required  of  the  same  order  of  magnitude 
with  dx. 

Then  making  i  =  adc,  when  a  is  nearly  equal  to  unity,  we  may 
write 

Ui  =  w  +  »  cos  a;,  oj  Wj  =  w  +  t  sin  2a;,  or  w^  =  t*  +  i  sin  4ar,  &o. ; 
but  it  would  not  be  admissible  to  assume 

«j  =  w  4-  t  tan  a:, 
because  tan  x  would  become  infinite  for  one  of  the  admissible  values 
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we  might  denote  that  change  by  either  character.     Unless  the  ocHi- 
traiy  is  specified  this  change  will  be  indicated  by  d. 

15.  The  distinction  between  differentiation  and  variation  admits 
of  a  simple  geometrical  illustration. 

Thus  let  y  =  9«  (1)  be  the  equation  of 
a  curve  A0£  and  y^  =  ^^x  (2),  that  of  a 
second  curve  A^CiB^^  the  form  and  posi- 
tion of  the  second  curve  being  supposed 
to  differ  very  slightly  from  those  of  the  I 
first. 


V 

Ay 

c 

1\ 

^ 

N 

B, 

./ 

0    D, 


Put  OD  =  x,  DD^  =  dx,  DC  =  y,  and  DC^  =  y^.  Then  the 
change  NE  imparted  to  y  by  an  addition  DD^  =  dx  to  x,  while  the 
point  referred  remains  on  the  same  curve  A  CB,  will  represent  dy ; 
the  change  00^  =  y^  —  y,  imparted  to  y  by  passing  from  C  to  a 
point  Ci  on  the  second  curve,  (while  x  remains  unchanged,)  will 
represent  6y  ;  and  the  change  NB^  due  to  both  causes  will  represent 
i>y. 

16.  Prop,  Given  u  =f{x^, X2^x^,, .,  x^)  a  determinate  function  of 
several  variables,  to  determine  its  total  increment. 

Since  the  form  of  the  function  is  supposed  invariable,  we  have 


du 


du 


Du  z^  du  =  -r-  dx^  +  , 
ax^  ax 


•  ^**2  "t"  •  •  •  •  t"  7    •  ax. 


\A\. 


17.  Prop,  Given  u  =  ^(x^^x^^x^ . . . .  iP^)  an  indeterminate  function 
of  several  variables,  to  determine  its  total  increment. 

Here  the  form  of  the  function  and  the  magnitudes  of  the  independ- 
ent variables  must  be  supposed  susceptible  of  change,  and  therefore 


But 


Du  =  cf  w  +  Su. 

du  du 

du  z=  —  •  dxi  -\ •  dxn  -!-••• 

dx^     ^  ^  dx^     ^  ^ 


+  —..dXn] 
dXn 


and 


Su  =  i"^  (aTj,  arg,  ajg  •  •  •  •  x^).     Hence, 
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_         du  .  du     ^ 

Du  z=-rdxi  +  -T-^  dx2  +  •  .  •  • 
dxi  dx^ 

+  -j-'dXn  +  i"\'{Xi,X2,X^..\Xn)  ..  .  (B). 

axn 

18.  Prop,  Given  t*  =  i^«  9  (arj,  arj,  arg,  .  . .  .  a?,),  where  F  is  the 
symbol  of  a  derived  function  which  fulfils  the  condition  JP  (9  +  9') 
=  /]p  +  F(^\  and  9  is  the  symbol  of  an  indeterminate  function,  to 
determine  the  total  increment  of  u. 

Here  Bu  =  ^^[t  •  4^  (^i»  ^2»  ^3 ^.Mj 

=  F'S'Cp  {XiyX2,  x^,.,.  xj). 

du     Y         du  du 

.'.  Dtt  =  -T-  'dx.  +  -J-  'dx2  +  .  •  .>  +  ^-'dx^ 
dx^  «^  aar, 

10.  iVop.  Given   F  =  /  (arj,  ar^,  0:3, a:.,  «i,  «2»  «3, ^J, 

where  /  is  a  determinate  function  of  the  quantities  within  the  (  )  ; 
a?!,  arj,  2:3, .  .  .  .  x^  being  independent  variables,  and  Uy^  «,,  Wg,  .  .  .  w. 
indeterminate  functions  of  one  or  more  of  these  variables,  to  find  the 
total  increment  of  F. 

Here  V  varies  in  consequence  of  changes  in  the  values  of  arj,  a^y. 
^3j  •  •  ^m?  and  also  from  the  changes  in  the  forms  of  w„  «2»  ^3*  •  •  ««• 

Now  V  is  directly  a  function  of  x^^  and  indirectly  a  function  of  x^ 
through  t/j,  1/29  ^3f  ••••«»•  Hence,  if  x^  be  supposed  alone  variable, 
the  change  in  V  will  be 

dV        i^X-.^.dx^—^d     4-        —^d 
dx^     ^       (fwj    liTi        ^      rfwg    ^^1       ^      " '  ^'^n    ^1     ^ ' 

and  similarly,  where  a?,  alone  varies,  the  change  in  V  will  be 

\dx2       dui  dx2        du2  dx2       '  '  '  '        du^    ^-^2 J 
and  the  other  variables  will  furnish  like  expressions. 
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Now  let  the  form  of  the  function  Uj  change,  other  tlungs  being  the 
same,  and  the  corresponding  change  in  V  will  be 

since  F  is  a  function  of  u^,  and  the  change  produced  in  F  by  a 
change  in  u^  depends  only  upon  the  amount  of  change  in  u^,  not  on 
the  manner  in  which  it  is  received. 

Introducing  similar  terms  for  the  variations  of  i^,  t^3, .  •  .  •  ti,,  and 
adding,  the  total  change  in  F  will  be  thus  expressed 

Ijlxi       dui    dxi       du2    dx^        •  •  •  •       ^^^    ^^  j     i 

.    VdV    .  dV   du,  .  dV    dtu    .  .  dV    rfu.l^ 

\jdx2       dui    dx2       du2     dx^        '    '  '       du^  '  dx^J 

u  a  cc  cc     . 

[dV       dV  du^         dV  du^^,  ,    <fF    </«,"[ 

Lflfcr,       rf«j   dx^        du2   dx^        •  •  •  •         ^^^  ^^  j 

the  quantity  in  the  last  line  being  the  variation  proper  or  S  F. 

20.  Given  U  =  FV,  when  V  =  f  (arj,  arj,  aig, .  .  .  .  ar„  «i,  Wji 
t^3»  •  •  •  •  w»)>  where/  is  a  determinate  function  of  the  quantities 
within  the  (  ),  and  F  a  derived  function  which  satisfies  the  condition 
F  {(p  +  9')  =z  F(p  +  Fq>\  to  find  the  increment  of  U, 

First,  let  ar^  alone  vary,  and  since  F  is  a  determinate  function  of 

Xi,  Xj,  arg, a:,,  w^,  Wjj  Wg,  .  .  .  .  «.,  it  follows  that  so  long  as  the 

forms  of  u^,  Wj,  Wg,  .  .  .  .  w,  remain  unchanged,  the  quantity  F  will 
be  a  determinate  function  of  the  independent  variables  Zj,  x^^ 
^3>  •  •  •  •  ^nj  ^^^  therefore  the  corresponding  change  in  U  will  be 

denotes  the  total  differential  coefficient  of  U  with  respect  to  x^. 
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And  similarly  when  X2  alone  varies,  the  corresponding  change 

in    CT  is    I  - —  I  ctrj ;    and   the  other  variables   will  furnish  like 

expressions. 

Now  to  find  the  change  in  U  duo  to  a  change  in  the  form  of  t^^, 
we  observe  that  the  change  in  27,  resulting  from  a  change  of  any- 
kind  in  u^j  might,  at  first,  appear  to  be  properly  expressed,  (as  in  the 

last  proposition,)  by  - —  •  Su^,     Now  this  would  be  true  if  U  were 

properly  a  function  of  1/^,  that  is,  a  quantity  whose  magnitude  is 
fixed  by  that  of  i/^, ;  but  such  is  not  the  case,  their  relation  being 
one  of  form,  not  of  magnitude ;  and  therefore  the  desired  increment 

is  not  3 —  •  ^Mj.     But  although  U  is  not  a  function  of  Mj,  it  is  derived 

from  Wj,  the  form  of  U  being  dependent  upon  that  of  F,  which  latter 
depends  upon  the  form  of  u^.     And  since  U  =  FVy  .  • .  ^  CT  =  Fd  V, 
But,  by  the  last  proposition, 

S  V  =  -1 — Sui  +  -;—  Su^  +  &c. 

dV 
,'.  F-z—  -  Su^,  is  the  part  of  SU  which  results  from  a  variation  in 

the  form  of  Wj. 

Hence,  the  entire  increment 
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APPUCATIONS  OF   GENERAL   FORMULiB   TO  FUNCTIONS  OF  ONE  VARIABLE. 

21.  Prop,  To  find  the  total  increment  of  the  difTcrential  coefficient 
-7-^,  y  being  an  indeterminate  function  of  the  single  variable  x. 

Here  the  quantity  proposed  can  vary  only  in  two  ways,  viz :  by  a 
change  in  the  magnitude  of  the  independent  variable  x^  and  by  a 
change  in  the  form  of  the  function  y,  the  case  corresponding  to  that 
of  formula  (C),  with  the  number  of  variables  reduced  to  one.  We 
therefore  estimate  the  two  changes  separately  and  add  the  results. 

Now  when  x  takes  the  increment  dx^ 

u  =  -7-  becomes  u  +  du  •=:  — -  +  -; — —dz 

the  corresponding  change  in  t/ being  -7-jp^j(/j;:  and   hence  the   total 
increment  of  u  will  be 

Duz:zdu  +  du  =  ^^x  +  $^. 

(ic"+i  dx"" 

d*y 
But  the  symbol  j—  satisfies  the  condition  F((p  +  (p')  =  Fq>  +  F(p\ 

and  therefore 

^  (f"y  __  ^^"(y+^.y)       d^y       d^y      d^^y      d^y      d^6y 
dx^  ""       dx^  dx^  ~~  dx^       dx*       dx* "~  dz* 
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22.  It  IS  to  be  observed  that  ^y  requires  a  certain  restriction ; 
for  it  was  shown  that  when 

it  is  necessary  to  assume  the  function  ^  of  such  form  as  not  to 
become  infinite  for  any  values  of  or^,  ^Tj  &c.,  within  the  limits  of  the 
question.  This  condition  is  sufficient  when  we  consider  only  the 
primitive  function ;  but  when  it  is  necessary  to  take  account  of  a 
function  derived  from  the  primitive,  it  becomes  also  necessary  ti^t 
the  function  similarly  derived  from  >)/  should  not  become  infinite  for 
any  admissible  values  of  the  variables. 

Thus  when  we  say  that  SF(^  =  iF-^^  it  is  to  be  understood  that 
F-^  remains  finite  for  all  suitable  values  of  d;„  arj,  &c  In  the  present 
example,  there  being  but  one  variable  x,  we  have 

and  we  must  so  select  -J/  that    ,     ■  shall  be  finite  for  all  admissible 

dz* 

values  ofx, 

23.  Prop,  To  find  the  total  increment  of 


^       -f         dy  d^  d*yl 


where  y  is  an  indeterminate  function  of  x. 

This  is  a  particular  case  of  the  general  investigation  which  resulted 
in  the  formula  [i>].  To  make  #at  formula  applicable  to  the  present 
case,  we  reduce  the  number  of  variables  to  one,  and  put 

Making  the  substitutions,  and  putting,  for  brevity, 

dV  dV  dV  dV  dV 

dx  dy  ^dy^  ^d^         »  ^d*y 

dx  dx^  dx* 

we  get 
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^^=[**4^^.^+aS +a£^> 

dy    ^  dhf 
or  by  substituting  for        *  ^>  °  33"  ^°* 

their  values  given  by  the  last  proposition, 

+  «,  +  P.§+i..a:.....  +  ^.0. 

24.  Here  By  is  to  be  expressed  as  hitherto  by  i .  -sj^ar,  and  therefore 
>{/  is  to  be  assumed  of  such  form  that  neither  it,  nor  any  of  its  first 
n  differential  coefficients  shall  become  infmite  for  any  value  of  x  con- 
sistent with  the  conditions  of  the  problem. 

25.  Prop.  To  find  the  total  increment  of  (7  =  /    *  Vdx      when 


•^0 


r_I         dy      d^  d-i\ 

-^u'^'  dx'   dx^ dx-y 


It  is  obvious  that  a  definite  integral  can  change  its  value  only  in 
three  ways,  viz. : 

\sL  By  a  change  of  the  superior  ^mit  ajj,  while  the  inferior  limit 
Xq  and  the  form  of  the  differential  coefficient  K  remain  the  sani(^ ;  2fl?. 
Dy  a  change  in  the  lower  limit  Xq,  while  the  superior  limit  and  the 
form  of  F  are  unchanged ;  and  3rf.  By  a  change  in  the  form  of  V 
while  the  limits  are  invariable. 

The  complete  variation  or  total  increment  is  the  algebraic  sum  of 
the  three  separate  changes  thus  produced.  Denote  by  F,  the  value 
of  V  when  X  =  a-j,  and  suppose  x-^  to  take  an  increment  dx^.  Then 
V-^dx-^  will  be  the  corresponding  increment  received  by  U\  for  when 
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Xi  takes  an  increment,  U,  which  consists  of  an  indefinite  number  of 
terms,  each  of  the  form  Vdx,  simply  receives  an  additional  term, 
expressed  by  V^dxy 

And  similarly,  when  Xq  takes  an  increment  dlrg,  the  correspond- 
ing increment  of  U  will  be  •—  VqcIxq,  since  U  will  thereby  be 
deprived  of  one  term  expressed  by  VqcIxq. 

.-.  DU=  V,dx,--  Vodxo  +  Sf^"^  Vdx, 

and  wo  must  now  find  an  expression  for  Sj   ^  Vdz,  the  change  in  U 

due  to  a  change  in  the  form  of  F.     But  the  operation  denoted  by  the 
symbol  /    ^  satisfies  the  condition  -^(9  +  9')  =  jp'9  +  ^^9'. 


Xo 


.-.  6r'vdx=r'(v+sv)dx-r'vdx 

^Xq  n/xQ  '  Jxq 

=z  f'''Vdx+  f''HV.dx--f''^Vdx^rHV.dx. 

^Xq  ^Xq  ^Xq  •ZiTo* 

Now  as  F  is  a  determined  function  of  a;,  y,  -7-,  -j-^,  &c.,  its  form 

ax    dx^ 

(considered  as  a  function  of  x),  can  vary  only  by  a  change  in  the 
form  of  the  function  y. 

Hence  the  variation  of  F,  found  as  in  the  last  proposition,  is 

Now,  by  applying  the  formula  for  the  integration  by  parts  to  the 
second  member,  we  get 

in  which  [Pfy]i  and  [Pfy^o  represent  the  values  of  Ffy  at  the 
superior  and  inferior  limits  respectively.     Similarly 
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or,  by  applying  a  similar  process  to  the  last  term, 

And  if  we  integrate  n  times  successively  the  term 

I      P« .  -7-^  dx,  there  will  result 
•^Zq  ox" 


Now  collecting  the  coefficients  of  oy,  -r^,  &c,  we  get 

dx 
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which  is  the  expression  required. 

26.  The  value  of  DJ    *  Vdx  found  in  the  above  propositions,  con- 

tains  three  parts  essentially  different  from  each  other,  viz. : 

1st.  The  terms  V^dx^  —  V^dx^^  which  are  independent  of  the 
change  in  the  form  of  F,  but  depend  exclusively  on  the  variations  of 
the  limits. 

2d.  The  terms  [Pj  —  &c.]i^y,  which  depend  upon  the  form  of  the 
function,  not  for  every  value  of  x ;  but  for  limiting  values  alone. 
,  3d.  The  terms  within  the  sign  of  integration 

which  depend  upon  the  general  change  in  the  form  of  the  function. 

27.  The  nature  of  this  difference  ^becomes  more  apparent  by 
observing  that  ^y  =  t .  '\>x.  For  it  is  plain  that  the  terms  in  the  first 
class  are  wholly  independent  of  the  form  of  the  function  -^ :  that 
those  in  the  second  class  do  not  require  for  their  determination  a 
knowledge  of  the  ybrm  of  the  function  >)^,  but  only  the  values  of  that 
function  and  its  first  n  —  \  differential  coefficients,  at  the  limits ; 
and  that  the  terms  of  the  third  class  depend  upon  the  form  of  the 
function  >)^,  and  cannot  be  determined  so  long  as  that  form  remains 
arbitrary. 

28.  Prop.  To  find  the  total  increment  of  U  =  I   ^  Vdx.  when 
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the  quantity   V  being  supposed  to  contain  explicitli/  the  limiting 

dy 
values  of  one  or  more  of  the  quantities,  x,  y,  -r-,  &c. 

Since  2;^,  y^  and  Xg,  yo  are  connected  by  the  same  general  relation 

as  z  and  y,  the  integral    /   *  Flfi?  can  be  varied  only  in  the  three 

methods  explained  in  the  last  proposition. 

Now  when  x^  receives  the  increment  dx^,  the  form  of  the  function 
y  remaining  unchanged,  the  increment  received  by  U  will  be 

Similarly,  when  Xq  receives  an  increment  dxQ^  the  change  in  IT 
will  be 

Now  let  the  form  of  the  function  y  change,  while  other  things 
remain  the  same,  and  the  coi-responding  change  in   U  will  be 

+(m.f''.Ji-i,+(i'>\.r'--iL.j, 

\dx/i  \dx/o 

,    /rf2M      rx^       dV  ^     .    /c/^oy\     fx.      dV      ^     .    , 
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r.  .     dV  dV  dV  dV 

Fut     -=—  =  m,,    -7—  =  n,,      — 77—  =  »i,     — -- —  =  g,,  &c. 

dV  dV  dV  dV 

Now  integrating  by  parts,  as  in  the  last  proposition,  and  collecting 
the  terms,  we  obtain  . 

i.cr=  [r. +X:"  {».  +  ».  (I) +  .,®), 


+ 


'<'(2)+*^°-!'^]'^« 


<'Ho-(§l 


&c.,  ^c,  &c.,  dsc. 


'0        ^  I**  M^^ 


29.  Prop.  To  find  the  total  increment  of  U  =  /    *  Fc/a?,  in  which 
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r         dy  dhj  d^y       dz  cPz  d^zl 

y  and  z  being  indeterminate  functions  of  x.  ■ 

_     dV       ,,    dV       ^^    dV       ^     dV       ^  dV       „ 

dx  dx^  etc* 

dV  dV  dV  dV 

dz  ydz  *         ,rf2w  »'  -dl^z         * 

dx  dz^  cbf^ 

Then,  since  the  value  of  U  can  change  only  in  four  ways,  viz. : 
1st.  By  a  change  in  the  value  of  x^ ;  2d,hy  &  change  in  the  value 
of  Xf ;  3d,  by  a  change  m  the  form  of  the  function  y ;  and  4th,  by  a 
change  in  the  form  of  the  function  z ;  we  shall  obtain  by  reasoning, 
as  in  a  preceding  proposition,  where  y  was  the  only  function, 

j)v-=  v,dx,  -  v^xo  +  [^1  -^  +  ^"^  *yi 

+  (-!)■ -C.-J*''^ 
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Jxq  L  dx  dx^ 

And  if  there  be  several  indeterminate  functions  of  x  in  the  value  of 
Uy  each  will  introduce  a  set  of  similar  terms  in  DU  or  SU, 

30.  Remark,  The  results  just  obtained  are  equally  true,  whether 
the  functions  x,  y,  z^  &c.,  are  entirely  independent  of  each  other,  or 
are  connected  by  one  or  more  equations  of  condition. 

31.  Prop,  To  find  the  total  increment  of  C7"  =  /    ^  Vdx^  in  which 

__     r         dy  d^y           d^y       dz    d^z  d^z "] 

V-^f\Xy  y^'2i'li^''''ll^'^'di'  di^' d^V 

the  functions  y  and  z  being  connected  by  the  relation  Z  =  0,  which 
relation  may,  or  may  not,  be  a  differential  equation. 

The  equation  (a)  of  the  last  proposition  is  immediately  applicable 
to  this  case,  but  since  z  and  y  are  connected  by  a  given  relation,  hz 
and  hy  are  not  both  arbitrary,  one  being  dependent  upon  the  other. 

32.  If  the  equation  X  =  0  can  be  resolved  with  respect  to  one  of 

the  variables  (as  sr),  giving  a  result  of  the  form  z  =  Fy^  the  several 

dz   d'^z 
differential  coefficients  j-,  -r-^i  ^^'j  ^^  ^®  formed  by  simple  differ- 

entiation,  and  these  values,  substituted  in  that  of  F,  will  render  it  a 
function  of  a:,  y,  and  their  differential  coefficients.  Thus,  the  case  will 
become  the  same  as.  that  considered  in  a  previous  proposition. 

But  since  the  equation  Z  =  0  is  often  a  differential  equation  which 
cannot  be  integrated,  this  method  is  frequently  inapplicable.  It  will 
now  be  shown  that  by  another  method  (due  to  Lagrange)  one  of  the 
variations  dy  or  $z  can  be  removed  from  under  the  sign  of  integration. 
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T,         dL  dL        .        dL  .  dL         , 

dx  dx* 

dL       _,    dL         ,  . 
o —       o  — 

Now,  since  the  equation  X  =  0  is  true  for  all  forms  of  y  and  z  con- 
sistent with  the  conditions  of  the  question,  we  must  have  ^L  =  0. 

^  dSz  cPSz 

When  this  equation  can  be  integrated  so  as  to  give  a  value  of 
either  Sy  or  Sz  in  terms  of  the  other,  (as  for  example  that  of  6z  in 

d$z  cPdz 
terms  o(Sy),  we  can  form  the  values  of  -7-,  -r-j  &c.,  bj  differ- 
entiation, and  then  substitute  them  in  the  value  of  ^  ^,  as  determined 
in  the  last  proposition,  thus  effecting  the  desired  transformation.  But 
as  this  integration  is  rarely  possible,  it  is  usually  necessary  to  adopt 
the  method  referred  to  above,  which  will  be  now  explained. 
33.  The  value  of  J  F  being 

6V=my  +  A  §+  A^  +  &0.  +  N'Sz 

d8z        ^  .  d^Sz 

we  can  (without  disturbing  the  equality  here  expressed)  add  to  the 

second  member  of  this  equation,  the  value  of  SL  multiplied  by  an 
arbitrary  quantity  X,  since  \.SL  =  0,     Hence  we  may  wTite 

fJoz  d/^oz 
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+  (P,'  +  X/  -  &c. ), .  (f  )^ 

-  (A'  +  ^r'  -  &c.),  ■  (^)  +  &c 

+  ^*i  [JV'  +  xa'  -  ''^^'^  ^'^  +  &c.]  &. (for. 

Now  let  it  be  required  to  determine  an  expression  for  SU  con- 
taining but  one  of  the  variations  5y,  &,  under  the  sign  of  integration. 
If  the  value  of  X  be  determined  by  the  condition 

dx 

the  variation  Sz  will  disappear  from  under  the  sign  of  integration, 
and  similarly,  if  X  be  determined  by  the  condition 

ax 

By  will  disappear  from  under  the  sign  of  integration. 

The  following  example  exhibits  an  application  of  this  method. 
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34.  Prop,  To  find  the  total  increment  of  C/"  =  /   ^  Vdx  in  which 

and  ,=/,[^,y,__....._J. 

rfr     ,,  dv    ^^dv    ^    dv     ^  , 
^  ^y        d^        d^ 

dx  dx* 

dv  dv  dv  dv  .       /*   ,  dV       __, 

dx  dx^ 

The  equation  Z  =  0  becomes  in  this  case 

V  — r-  =  0        since        /  vdx  =  «.    Hence 
dx  •f 

—  =.  --    or    a  =  n,    and  similarly     jS  =  ^j,  y  =  jOj?  ^« 

Also  -T-  =  -7-  or  a'  =  0  and  similarly  jS'  =  —  1,  7'=  0  &c. 

And  by  substituting  these  values  in  the  formula  of  the  last  pro- 
position, we  obtain 

+  [A  +  ^p»  -  &C.J, .  (^)  -  [A  +  xpj  -  &c-]o(2')<)+*5c. 


-  (x,J^,  -  x.i.„)  +  T^-"'  [jv'  +  ^]  ^2 .  <&. 
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Since  P/  =  0,  Pj'  =  ^  ^^^  t^ere  will  be  no  terms  containing 

fS)  (?)  ^- 

By  adding  Vidx^  —  l^o^^o  *<>  the  expression  for  ^CT  just  found,  we 
shall  obtain  the  total  increment  D  U,  and  in  order  to  reduce  D  CTto  a 
form  in  which  Sy  shall  be  the  only  variation  remaining  under  the 
sign  of  integration,  we  determine  X  by  the  condition 

irhich  gives  X  =  —  /  Jf'dx, 

Denoting  this  value  by  t  we  obtain 

-  [P.  +  ip,  -  ^^-^  +  &c].«y. 

+  [A  +  (Pa  -  &c], .  (^)^  -  [P,  +  .>,  -  &c.],.(^) +&a 


CHAPTER   III. 


BUOOSSSIVE  VARIATION. 


86.  Thus  far  no  condition  has  been  imposed  as  to  the  inYariabilit7 
of  form  of  the  function  -^^  or  Sy,  The  conclusions  arriyed  at  are 
equally  true,  whether  that  form  be  variable  or  invariable. 

Thus  if  the  symbol  F  satisfy  the  condition 

^(9  +  9')  =/V  +  ^9', 
it  is  equally  true  that 

whether  the  form  of  4^  be  constant  or  variable.  But  this  condition 
ceases  to  be  immaterial  when  it  is  necessary  to  take  account  of  the 
second  variation,  that  is,  the  variation  of  the  variation.  Thus  in  the 
case  just  referred  to,  we  should  always  have 

S'-F(p  =  F5^(p  =  FiS-].. 
But  this,  when  the  form  of  4^  is  supposed  invariable,  reduces  to 

S^F(p  =  FO. 

Now  FO  =  0,  since  by  the  nature  of  the  function  F,  we  have    • 

F{(p  ^0)=zF<p  +  FO 
.-.  F.O  =  F{(p  +  0)  -  F<p=zF(p'-F(p-0.        .-.  6^F(^z=zO. 

Hence  for  convenience  we  agree  that  the  variation  Su  of  any  func- 
tion u,  although  of  arbitrary  form,  shall  yet  preserve  that  form  inva- 
riable, so  as  in  all  cases  to  satisfy  the  condition 

6^u  =  0. 
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36.  We  may  notice  here  a  striking  analogy  between  a  primitive 
function  and  an  independent  variable,  the  first  increment  of  each 
being  arbitrary,  and  the  second  equal  to  zero. 

37.  Prop.  To  find  the  second  variation  of  the  differential  coefiicient 
-T~.     It  has  been  already  shown  that 

Sp=^,    and    .'.S^p-=:S\sp'\=S^^=.t^. 
dx*        etc"'  (ir»         L  <^*J         c&*         dx^ 

But  since  ^  is  a  primitive  function        S^y  =  0. 

.  • .        ^  =  0,    and  consequently     o^  -— i  =  0. 
*  (tjc  cue 

38.  Prop.  To  find  the  second  variation  of 


.  r         dy  rf«y"| 


We  have  already  found 


._      dV,         dV  d$y  ,  dV    d^Sy 

dy  ^         dy    dx  d*y    dx^ 

dx  da^ 


o  — 
dx 


But  5«y  =  0,     ^  =  P,  &C. 

cue 


•.-.  s 


[^jy]  =  V^; 


dV 
and,  by  determining  the  value  of  ^  -j-  in  a  manner  similar  to  that 

f  dy 

in  which  o  F  was  foimd,  we  get 

^dV      rf27             ^27  ^y                   ePF  rf«^y 
0  —  = 6y  A •  — ^ A •  — -• 

^y        ^^'  dyd^^    ^  dyd^^  ^" 

^   dx  ^  dx^ 

29 
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Similarly  S  I  — -. r—  I  =  -i-  •  ^  — r-i  and 

dx  dx 

dx  dx  L    rflr  J 

&c  &;c.  &c. 

Hence,  by  substitution,  we  at  length  fmd 

39.  Prop.  To  find  the  second  variation  of  /  Fefor,  when 

It  has  been  shown  that  5  f  Vdx  =  /5  F(fj?,  and  similarly  we  get 
5--^  /  Vile  =z  0  [6  f  Vdx'\  =  5/5  Vdx  =  f8^  Vdx. 

Substituting  for  8"  K,  its  value  found  in  the  last  proposition,  we 

obtain 

r  (  (/2  V  d-  V      d'h/ 


dW      \'d6,,-\-'      „      )    , 


By  similar  methods,  the  third  and   higher  variations  could   be 
deduced,  but  the  results  are  of  little  practical  value. 


CHAPTER   IV. 

MAXIMA   AND   MIKIMA. 

40.  The  Calculus  of  Variations  is  applied  with  great  advantage  in 
resolving  questions  of  maxima  and  minima,  to  which  the  ordinary 
methods  of  the  Differential  Calculus  are  not  applicable. 

41.  A  maximum  value  of  a  function  is  one  which  exceeds  other 
values  of  that  function,  produced  by  infinitely  small  changes  in  any 
or  all  of  its  varymg  elements. 

In  the  Differential  Calculus,  these  changes  in  the  values  of  the 
function  are  produced  by  changes  in  the  values  of  the  independent 
variables,  while  the  form  of  the  function  remains  the  same ;  but  in 
the  Calculus  of  Variations  the  change  in  the  value  of  the  function  is 
due  to  a  change  in  its  form. 

42.  The  problem  of  maxima  and  minima,  as  resolved  in  the 
Differential  Calculus,  is  the  following : 

Given  u  =/r,  where  x  is  an  independent  variable,  and  /  a  func- 
tion of  determinate  form,  to  fmd  what  values  of  x  will  render  u  a 
maximum  or  minimum. 

In  the  Calculus  of  Variations,  the  corresponding  problem  is  this : 
Let  (p  denote  a  function  of  indeterminate  form,  and  w  =  i^  a 
function  derived  therefrom,  to  find  what  form  of  <p  will  render  u  a 
maximum  or  minimum. 

43.  The  mode  of  resolving  this  latter  problem  is  as  follows : 
Let  9  +  * .  4^  be  substituted  for  <p  in  the  derived  function,  and  let 

jP  (9  +  » .  4")  be  developed  in  terms  of  the  ascending  powers  of  i. 
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Then,  by  a  course  of  reasoning,  entirely  similar  to  that  employed  in 
the  DifTerential  Calculus,  it  will  appear  that  when  9  has  the  form 
proper  to  render  F(^  a  maximum  or  minimum,  the  coefficient  of 
the  first  power  of  i  must  reduce  to  zero,  and  that  of  the  second 
power  of  i  must  be  negative  for  a  maximum,  but  positive  for  a 
minimum.  In  other  words,  if  the  form  of  (p  alone  be  supposed  to 
change,  we  must  have  ^u  =  0.  But  when,  from  the  nature  of  the 
question,  both  the  form  of  9  and  the  value  of  x  are  liable  to  varia- 
tion, we  must  have 

Du  =  0. 

44.  The  application  of  this  theory  will  now  be  explained,  observing 
that  in  the  present  state  of  this  Calculus,  the  functions  to  which  it  is 
applied  are,  almost  exclusively,  those  having  the  form  of  a  definite 
integral,  such  as 


r^i 

•'^o 


'Vdx, 


45.  Prop,  Let  y  =  9a;  be  an  indeterminate  function  of  a  single 
variable  x,  and  let  it  be  proposed  to  find  the  form  of  9,  which  shall 
render 

a  maximum  or   minimum,  the  symbol  /  denoting   a   determinate 
function. 

Let        du,  =  Mdx  -hN^dx  +  P.^dx-{-  P.'^^dx  +  &c. 

dx  dx^  ^  dx^ 

Then     (Ju  =  iV(Jy  +  i>,^-f  P2^+<fec. 

and  if  the  form  of  9  be  such  as  will  render  u  a  maximum  or  mini- 
mum for  any  given  value  of  a*,  we  must  have 

5m  =  0,     or     my  +  p/-^+pJ^^-{-&c.z=0. 
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This  equation  cannot  in  general  be  satisfied  without  destroying  the 

» 

independent  character  assigned  to  the  form  of  the  function  4^  or  Sy. 
For,  unless  the  coefficients  iV,  Pj,  Pj,  &c.,  be  separately  equal  to 
zero,  the  equation 

will  establish  a  relation  between  the  form  of  the  function  -^  or  ^y, 
and  that  of  9  or  y,  which  is  inadmissible.  Nor  is  it  possible  in  gen- 
eral to  satisfy  the  separate  conditions  iV  =  0,  P^  =  0,  Pj  =  0,  &c„ 
since  each  of  these  equations  establishes  a  relation  between  x  and  y, 
or  in  other  words,  determines  the  form  of  y. 

Hence  unless  all  these  equations  should  concur  in  giving  the  same 
form  to  y,  they  would  contradict  each  other :  and  since  this  concur- 
rence does  not  usually  take  place,  the  problem  does  not  ordinarily 
admit  of  a  solution. 

46.  If  in  the  last  proposition  the  value  of  u  should  contain  but  one 

du     dP"y 
of  the  quantities    y,     -^,     -7-^,     ice,  or  if  by  the  nature  of  the  pro- 
posed question,  the  value  of  all  but  one  of  these  be  fixed  for  each 
value  of  X,  the  equation 

will  be  reduced  to  a  single  term,  and  can  therefore  be  satisfied. 

47.  Example,  Let  t^  =/iar,  y,  -^1,  and  let  it  be  required  to  de- 
termine what  form  attributed  to  the  function  y  will  render  u  a  max- 
imum or  minimum,  it  being  understood  that  the  value  of  y  is  to  be 
given  for  each  value  of  x. 

In  this  case,  since  y  is  constant  for  the  same  value  of  x^  Sy  =  0, 
and  the  equation 

N$y  +  Py-^+J^z -t4  +  <Scc.  =  0    reduces  to 
ax  ax* 

Pi=0. 


454 
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C, 


The  following  geometrical  application  will  render  this  example 
more  intelligible. 

Prop.  To  determine  a  curve  such  that,  if  at  each  point  P  a  tangent 
be  drawn  and  produced  to  cut  two  ^ 
given  lines,  i>(7  and  2>iC|,  parallel  to 
the  axis  of  y,  the  rectangle  DC  X  D^C^ 
of  the  parts  intercepted  between  the 
tangent  and  the  axis  of  x  shall  be  a 
maximum  or  minimum ;  it  being  un- 
derstood that  the  curve  is  to  be  compared  only  with  such  other 
curves  as  pass  through  that  point. 

Let  0  bo  the  origin,  OX  and  0  Y  the  axes. 

Put  OB  — a,  OD^  =  a^  00  =  x,  GP:=y. 

Then  we  shall  have 

i)(7=y-(a:-a)g,     and     D,C,^y+(a,^x)^=y^{x^a,)^y 


D. 


dx 


dx 


.-.  07=  i\ov  4- -Pi -r-,     w^hcre    iy=  — -     and    P,  =  — i- 

dx  dy  dy 

dx 

or  ^r  =  [2y  +  (a  +  a,  -  2^)g]^y  +  \2{x  -  a,)  (^  -  a)  | 


+y  (a  +  ai  -  2^)] 


ddy 
dx' 


But  since  it  is  proposed  that  the  curve  shall  at  each  point  be  com- 
pared \vith  such  curves  only  as  pass  through  the  same  point,  we 

must  have 

5y  =  0 

and  therefore  the  condition  6V  =  0,  which  is  necessary  for  a  maxi- 
mum or  minimum,  becomes 
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2  (a?  —  a)  (a;  —  a^)^  +  y  (a  +  a^  —  2a?)  =  0 

^dy         dz  dx 

.'.  2-^ =  0, 

y       X  —  a      a:  —  Cj 

whence  by  integration, 

2logy  —  log  {x  —  a)  —  log  (a?  —  a^)  =  logc. 
or  log  (y2)  =  log  [c  {x  ^a){X'^  a^)] 

.  • ,  yJ»  =  c(a;  —  a)  (a;  —  a^), 

the  quantity  c  being  an  arbitrary  constant. 

This  equation  obviously  represents  an  ellipse  or  hyperbola  accord- 
ing as  c  is  negative  or  positive. 

Passing  now  to  the  second  variation,  we  have 

and  since  in  the  present  case     F  =  /[ar,  y,  -  -  J     and    Sy  =i  0 


we  shall  have  6^V  =  -,=—^^^  '17 


[4] 


2 


or  ^F  =  2(a: -«)(:.- a,)  [^]' 

or  by  putting  for  {x  —  a)  {x  —  a^)    its  value     ~ 

c  Lax  J 

The  sign  of  this  quantity  is  the  same  as  that  of  e.  Hence  the 
curve  is  an  ellipse  when  F  is  a  maximum,  and  a  hyperbola  when  F 
is  a  minimum.  In  the  first  case  the  curve  lies  entirely  within  the 
lines  CD  and  C^D^ ;  and  in  the  second  entirely  exterior  to  those 
lines. 
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48.  Prop.  To  find  the  form  of  the  function  y,  and  the  yalues  of 
the    limits    Xq  and  x^^    which    shall   render  the  definite  integral 

U  =  /      Vdx  a  maximum  or  minimum,  when 


«o 


the  character  /  denoting,  as  usual,  a  determinate  function. 
Here,  we  have 


<■  [--  S+ IS--  -  • 


+  (-^)''^]^^-'^  =  ^'""^^)- 


Two  cases  may  occur  in  the  attempt  to  satisfy  this  equation,  viz. : 

1st.  The  variation  ^y,  or  the  form  of  the  function  >}/,  may  be 
wholly  unrestricted  (except  by  the  general  condition  always  appli- 
cable  to  this  function)  ;  or, 

2d.  It  may  be  necessary  to  assume  the  function  4'  of  such  form  as 
will  satisfy  some  given  condition  or  conditions. 

In  the  first  case,  the  object  proposed  is  to  determine  among  all 
possible  functions,  that  one  which  shall  render  u  a  maximum  or  mini- 
mum. In  the  second  case,  the  derived  function  is  required  to  belong 
to  a  particular  class,  each  individual  of  which  fulfils  certain  given 
conditions. 

Maxima  and  minima  belonging  to  the  first  of  these  divisions  are 
called  absolute,  and  those  belonging  to  the  second  division  are  termed 
relative.     Taking  the  first  of  these  divisions,  put  for  brevity 
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I,  =  V,dx,+  [P,  -^  +  &c.]  . Sy, 


+ 


[a-S+-],[?]+- 


ao  =  Fo<&o  +  [^1  -  ^  +  *<*•]  •  ^'J< 


0 
0 


-["'-'i^-^mh^ 


»=^-S+5J-^+(-.)-''-'' 


and  equation  {A)  will  reduce  to  the  form 

^1  "•  ^0  +  /    ^  6  •  ^y  •  (&  =  0  •  •  •  •  {B). 

This  equation  cannot  be  satisfied  so  long  as  the  form  of  8y  or  4* 
remains  unrestricted,  unless  we  have  the  two  independent  conditions : 

fli  —  Oq  =  0,    and  6  =  0. 
For,  if  a^  —  a  be  not  equal  to  zero,  we  must  have 

a,  —  fffl  =  —  /    ^  h^y  •  dx^ 

*f  Xq 

a  condition  manifestly  impossible,  since  the  value  of  the  definite 
integral  in  the  second  member  cannot  possibly  remain  invariable ; 
while  we  are  at  liberty  to  change  arbitrarily  the  form  of  the  quan- 
tity to  be  integrated ;  but  the  value  of  a^  —  Aq,  which  depends  only 
upon  the  values  which  certain  quantities  have  at  the  limits,  will  not 
necessarily  vary  with  a  change  in  the  form  of  (Jy.  Hence,  we  must 
have 

ttj  —  Cq  =  0,     and      /    ^  b^y  ,dx  =  0. 

Now  this   last  equation  cannot  be  true  for  every  form  of  ^y, 
unless  6  =  0,  or 

dP,      d^P  ,^J''^n      ^ 

N  — J-  +  -r-5 —  <»c +  (—  1)"  — i —  =  0, 

dx        dx^  ^        ^     fltr"  • 
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a  difTercntial  equation  which  serves  to  determine  the  form  of  the 
function  y. 

49.  The  two  equations,  q^  —  a^  =  0,  and  6  =  0,  differ  essentially 
in  their  signification,  the  latter  establishing  a  general  relation  between 
the  variables  x  and  y,  while  the  former  connects  the  particular  values 
which  these  quantities  have  at  the  limits  of  integration. 

50.  Without  this  distinction,  the  solution  of  the  problem  would 
be  impossible,  since  there  could  not  be  two  general  relations  between 
X  and  y. 

51.  The  coefficients  of  the  increments  in  the  equation  a^  —  Oo  =  ^ 
being  constant,  and  the  increments  themselves  either  entirely  arbi- 
trary, or  restricted  by  a  limited  number  of  conditions,  that  equation 
will  be  equivalent  to  as  many  distinct  equations  as  can  be  formed  by 
placing  equal  to  zero  each  of  the  coefficients  of  those  increments 
which  remain  arbitrary,  after  we  have  eliminated  all  such  increments 
as  are  restricted  by  the  given  conditions.  We  now  proceed  to  show 
that  the  equations  thus  formed,  together  with  that  obtained  by 
integrating  the  diflcrcntial  equation  6  =  0,  will  just  suffice  for  the 
complete  solution  of  the  problem  when  a  solution  is  possible. 

52.  The  differential  equation  6  =  0,  or 

^-'^  +  '^^-^- 4-(-i).^  =  o....(C), 

is  in  general  of  the  2n'*  order.     For   since   V  contains  -r-^, 

dy  (jiny 

the  quantity  Pn  =  — ; —  will  usually  contain  ~r^  also :  and  therefore 

d — - 

d^Pn  d!^^y 

— ^ —  will  usually  contain  -r—— 

dx*"  ^  c/x-" 

Hence   the  integral   of  ((7)  will   usually  contain   2n  arbitrary 
constants. 

But  if  the  limiting  values  of  j,  y,  —,  -^ ^_^  be  entirely 
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unrestricted,  the  equation  a^  —  ctj,  =  0  will  contain  2n  +  2  arbitrary 
increments,  viz. : 

in  which  case  that  equation  cannot  he  satisfied,  since  there  would  be 
formed,  by  placing  the  coefficient  of  each  arbitrary  increment  equal 
to  zero  2/1  4-  2  equations,  while  there  are  but  2n  constants  whose 
values  are  to  be  determined. 

This  result  might  have  been  anticipated,  for  it  is  evident  that  if 
the  form  of  the  function  y,  and  the  limits  of  integration  be  entirely 
unrestricted,  the  integral  may  have  any  value  from  0  to  oo ,  and, 
therefore,  cannot  admit  of  a  maximum  or  minimum. 

53t  The  nature  of  the  restriction  imposed  upon  the  limits  must 
depend  in  each  case  upon  the  conditions  of  the  proposed  problem. 

1st.  Let  the  limiting  values  of  a?,  viz.,  Xq  and  x^  be  given  ;  that  is, 
let  it  be  proposed  to  find  such  a  form  of  the  function  y  as  will 
render  fVdx,  when  taken  between  fixed  limits,  a  maxipium  or 
minimum. 

Here  we  have  dx^  =  0,  and  dxQ  =  0,  and  the  equation  ajj  —  a  =  0 
is  now  equivalent  to  the  following  separates  equations : 

[P2-&c.]i=0,  [P2— &c.]o=0,  &c.  &c.  &c....[P«]i=0,  [P«]o=0. 

The  number  of  these  equations  is  2w,  the  same  as  that  of  the  con- 
stants remaining  to  be  detennined  ;  and  hence  the  solution  is  in  this 
case  complete. 

2d.  Let  the  limiting  values  of  both  x  and  y  be  given. 

Then  dx^  =  0,  Si/^  =  0,  dxQ  =  0,  S^q  =  0,  and  the  equation 
flj  —  ^jj  =  0  is  equivalent  to  2n  —  2  separate  equations,  viz. :  those 
formed  by  placing  equal  to  zero  the  coefficients  of  the  following 
increments : 
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UxJ;     LrfxJo,  LdxUi'     IdxUo  L(ie-»J,'     Ldi-Uo 

But  there  are  now  two  additional  equations  resulting  from  the 
substitution  of  the  given  limiting  values  of  x  and  y  in  the  general 
solution  of  the  differential  equation  6  =  0.  For  let  the  ihtegral  of 
that  equation  be 

fl^i  y>  Cj,  C2 . . . .  r2nj  =  0, 

where  c^,  Cj . . . .  Cgn  are  the  2»  arbitrary  constants.     Then  we  shall 
have  the  2n  equations 

y  L^i>  Vit  ^n  ^2  •  •  •  •  ^z*]  ^^  ^»    fi^Oi  t/oi  ^ij  ^2 ^2»«J  ^^  0, 

[P3  -  &c.]i=  0,  [P3  -  &o.]o=0,  &e.  &c. . . .  [P„]i  =  0,  [Pn]o  =  0, 
with  which  to  determine  the  2»  constants. 

3d.  Similarly,  if  the  limiting  values  of  a?,  y,  and  -^  were  given  the 

new  condition,  would  remove  two  of  the  preceding  equations,  viz. : 
[p,-§  +  <S.c.]^=0    and     [p,-'-^  +  6.o]=0, 

but  two  new  conditions  would  be  derived  from  the  substitution  of 

the  limiting  values  of    -  in  the  equation  obtained  by  differentiating 
the  general  solution. 

f[^y  y,  Cv  <^2» <^2n]   =  0. 

For  let  /j  [x,  y,  -£,  Cj,  Cg, c^n]  =  0 

be  the  result  of  a  diflerentiation  with  respect  to  or.     Then  we  shall 
have 

/i  [-f  11 1/v  yf-)  ,  Cj,  f2 c^n]  =  0, 

and  /i  [xo,  yo,  y£j  ,c^,c^ c^n]  =  0. 
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dhf 

54.  Similarly,  if  the  limiting  values  of  -7^  were  given,  two  more 

equations  would  disappear  from  the  group  obtained  by  making 

a,  —  Cq  =  0 ;  and,  on  the  other  hand,  two  new  equations  would 

dhf 
result  from  the  substitution  of  the  limiting  values  of  -r-^  in  the 

vLX 

equation  obtained  by  differentiating  the  general  solution  twice ;  thus 
preserving  the  total  number  of  equations  equal  to  2n,  the  same  as 
that  of  the  constants  to  be  determined.  And,  in  general,  whatever 
may  be  the  number  of  the  quantities  having  given  limits,  the  total 
number  of  equations  will  be  2n,  and  therefore  just  sufficient  for  the 

complete  solution  of  the  problem,  , 

cbf 

55.  When  the  limiting  values  of  a:,  y,  ^,  ice,  are  not  absolutely 

fixed,  but  simply  connected  by  one  or  more  equations  of  condition, 
the  variations  of  the  quantities  so  connected  are  not  independent, 
and  therefore  two  or  more  of  the  equations,  resulting  from  the  con- 
dition flj  —  a^,  =  0,  will  be  replaced  by  a  single  equation.  Thus 
the  total  number  of  equations  dcducible  from  a^  -—  czq  =  0  will  be 
diminished ;  but,  on  the  other  hand,  a  number  of  new  equations, 
just  sufficient  to  supply  the  deficiency,  will  arise  from  the  equations 
of  condition.     To  illustrate  this,  take  the  following 

JSxample,  Let  the  limiting  values  of  x  and  y  be  connected  by  the 
equations 

yi=/i^i     and    yo=/o^o- 

The  quantities  dx^,  Si/^y  dx^y  6i/q  will  be  connected  by  the  following 
relations : 

Now,  substituting  the  values  of  oi/^  and  Si/q^  derived  from  these  equa- 
tions in  Oj  —  cTo  =  ^1  fti^^l  placing  equal  to  zero  the  coefficient  of 
each  remaining  variation,  the  following  equations  will  result : 
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[ 


'■^ +*«■]=<>. 


Pa  -  -^  +  <Sec.  I  =0,  <Sec 


The  other  equations  being  the  s^me  as  heretofore. 

These  equations,  (2n  in  number,)  in  connection  with  the  four  fol- 
lowing, viz. : 

yi  =/i^o>  yi  =/o^o>  /(^n  yi>  <^i»  ^2»  —  cgn)  =  o 

/(•^0»  yo»  ^l>  ^2» ^2»)  =  ^ 

will  just  suffice  for  determining  the  2n  +  4  quantities 

^l»  yi»  ^01  y07  ^l»  <^2»  •  •  •  •  ^2n- 

56.  And  if  the  limitin;^  values  of  x  and  -r-  were  also  connected  by 

°  ax  '' 

tlie  relations 
we  should  have 


ITenco,  the  first  throe  terms  in  each  of  the  quantities,  a^  and  (/q, 
will  reduce  to  one,  and  the  number  of  equations  deducible  from 
«i  —  Wq  =  0  will  be  reduced  to  2/^  —  2.  But  we  shall  have  in  addi- 
tion six  other  equations,  viz. :  the  four  used  in  the  preceding  case, 
and  the  two  following  : 

/'  [-^1.  V\^  fi^\^  <^l,  ^2^  •  •  •  <^2n]  =  0»      /'  [-^O-  yo»  /o'-^O?  <^\,  ^2»  •  •  •  C^n\   =  0, 

which  are  obtained  by  diiferentiating  the  general  solution 
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/(a?,  y,  <^i,  C^, C2n)  =  0,  , 

and  substituting  in  the  result  the  limiting  values  of  x,  y,  and  -j-. 

Thus  the  total  number  of  equations  will  be  2n  +  4,  which  is  just 
sufficient. 

And  the  same  result  will  be  found  true  when  the  restrictions 
imposed  upon  the  limiting  values  of  the  several  variations  are  more 
numerous. 

57.  The  exceptions  to  the  preceding  theory  will  now  be  considered. 

58.  Case  1st.  Let   F  be  a  linear  function  of  the  highest  differ- 

ential  coefficient  -r^. 

Then  Pn  will  not  contain  this  coefficient,  and  therefore  —r-^  cannot 

or* 

be  of  an  order  higher  than  2n  —  1.     Hence,  the  equation 

cannot  be  of  an  order  higher  than  2w  —  1,  and  its  solution  will  con 
tain  2n  —  1  disposable  constants.     Thus  the  equation  a^  —  Qq  =  0, 
which  is  equivalent  to  2?*  equations,  cannot,  in  this  case,  be  satisfied. 

59.  It  may  even  be  proved  that  the  equation  b  =  0  cannot,  in  this 
case,  be  of  an  order  higher  than  2a  —  2. 

For,  put  xf  =  '^-        "^^^^  Vz=Sv  +  6\  / 

where  6  and  fl'  are  functions  of  x,y,-^,  -—-,  •  •  •  i — r* 

It  has  been  shown  already  that  the  equation  ^  =  0  does  not,  in 

tins  case,  contain  ;t-^,  and  therefore  it  is  only  necessary  to  prove 

d^^—^u 
that  it  does  not  contain  the  coefficient  ,  ^    , . 

Now,  this  coefficient  cannot  occur,  unless  it  be  in  one  of  two  terms, 
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VIZ :  — : r-      or 


n   .  TT       .      .    */  r>  dV         dV       ^  ,      d^Pn       c^d 

ButF=a.+«'     .../..=  =_  =  <,.    and    -^=^. 

d—^ 

d^*-^y       d^Pn 
Now  to  find  the  coefficient  of       ^^J^   in  --j-j^ ,  we  must  fonn  the 

values  of  (;t-),  yjlv  ' '  ' '  \T~nr  ^^  reject,  in  each,  every  term 

except  that  of  the  highest  order. 

d^^^y 
Making  l"i^  ~  **»    ^®  ^^^ 


/d6\  __^   ,   ^  dy^, 
\dx}  ~~  dx       dy   dz 


dA      d^y  ^   ^  dA    du 


+  iScc.  ••••-!-  — - 


,  dy  '  dx^  du  dx  * 

tt  — 


-_.  dA  *  du      dA    d*y 

Here,  the  last  term  -r-  •  -;-  =  -7-  *  ^    is   the  only  t^rm  to  be 

du    dx      du   dx*  '' 

retained,  because  all  the  others  are  of  an  order  less  than  n.     And 

similarly  the  only  term  in  \-r^  o^  the  order  n  +  1  is 

rfd    d^u  ___  dA    d^-^^y 
du   dx^  ~  du   dx*^^' 

-r-A  of  the 

order  2n  —  1  is 

dA     d^u  __  dA     d^^-hj 

du   dx**   ~  du    dx^^-^ ' 

Again,  smce  V z=:  Av  +  A',   .\Pn-i  =      ,,  ,     =  -7-  =  t'T"  +  -y 

jd'^-^y         du  du       du* 

d — 

dPn-     drPfi-  d^-^Pn- 

Hence,  by  forming  the  values  of  — ;^-,  — A-^  •  •  •  •  — ; — V^-, 

retaining  only  the  terms  of  the  highest  order  in  cacli  successive  differ- 
entiation, it  will  be  seen  that  the  only  term  of  the  order  2n  —  1,  in 
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dx"^^  du  '  dx""-^  ""  du  *  c^a;2n-i' 

and,  since  this  term  is  precisely  the  same  as  the  term  of  the  same 

d^Pn 
order  in  -r-~,  the  two  will  disappear  in 

Q)X 

d^^F^,         d-Pn 


dx*"^  dx^  ' 

.  • .  the  equation  ^  =  0  is  not  of  an  order  higher  than  2»  ~  2. 

60.  Case  2d.  Let  V=i/-fx+F  {x,  p^),  where  p^  =  ^. 
Here      N=  -—  =zfx,    and  P,  =  ^—  = i_L£iZ. 

and  since  V  is  in  this  case  a  function  of  x,  y,  and  -j-  only,  the  equa- 
tion 6  =  0  will  become  simply 

--      dP.      ^  ],       dP. 

and  is  immediately  integrable,  giving 

P^  =z  Jfx  -dx=zf^x  +  c. 

Substituting  the  value  of  Pj,  derived  from  the  proposed  equation, 
we  shall  have  an  equation  involving  arj,  j9j,  &C',  which,  solved  with 
respect  to  jp^,  will  give  a  result  of  the  form 

|?i  =  9(a:,  c)         or         •£=z(^{x,c) 

.•.  y  =  (pi («, c)  +  Ci  ....  (1). 

Now  suppose  the  limiting  values  of  x  given,  those  of  y  being  in- 
determinate : 

The  equation      a^  —  a  =  0    is  then  equivalent  to  the  two  equations 

[PJi  =  0,  and  [Pilo  =  0  or  f^x^  +  c  =  0,  (2)  and  f^x^+c  =  0  (3) 

The  two  equations,  (2)  and  (3)  contain  but  one  arbitrary  constant 
c,  and  therefore  cannot  usually  be  satisfied,  although  the  general 
30 
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solution  (1)  contains  the  proper  number  of  oons^ts.  Hence  the 
proposed  problem  does  not  admit  of  a  solution. 

61.  If  in  the  case  just  considered  fx  =z  0,  so  that  V  =  j^(ay>i) 
the  two  equations  (2)  and  (3)  become  identical,  and  the  solution  is 
then  possible:  but  it  l^elongs  to  the  indeterminate  class,  since  one  Oi 
the  constants  remains  entirely  arbitrary. 

62.  The  results  just  obtained  are  not  peculiar  to  functions  of  the 
first  order,  such  as  that  just  considered  for  if  F  be  supposed  of  such 
form  as  will  give 

and  if  the  limiting  values  of  x  only  be  given,  similar  reasoning  will 
apply.  The  equation  6  =  0  will,  in  this  instance,  as  in  the  preced- 
ing, be  immediately  integrable,  giving 

and  the  first  two  equations  resulting  from  the  equation  a^  —  a©  =  ^j 

are  f^x^  +  c  =  0,    and    /^Xq  +  c  =  0, 

These  two  equations  cannot  usually  be  satisfied  except  when 
f^x  =  0,  in  which  case  y  does  not  appear  in  the  value  of  F. 

And  in  general  if  -j~  be  the  lowest  differential  coefficient  appear- 

dV 
ing  in  F,  the  form  of  F  being  such  that  —zj-  =/fi,  and  if  the  lim- 

d— 
dx' 

itlting  values  of  a;  and  of  those  coefficients  which  are  higher  than  the 

s^^  be  alone  given,  we  may  prove,  in  like  manner,  that  the  problem 

will  not  admit  of  a  solution. 

Case  3c/.  Let  iV  =  0,  and  let  the  limiting  values  of  x  only  be 
given. 

In  this  case  the  equation  b  =  0  becomes 
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dx        dx^         da? 
and  is  integrable,  giving 

and  the  two  conditions  furnished  by  placing  equal  to  zero  the  coeffi- 
cients By^    and    ^yo?  '^^^ ' 


^^»4.&c],  =  0    and    [P,-^ 


[A  -  ^' +  &c.]i  =  0    and    [P,  _ -^  +  &o.]o=  0 


are  equivalent  to  the  single  condition  c  =  0. 

Hence  the  equation  a^  —  Cq  =  0  is  equivalent  to  but  2f»  —  1 
equations,  instead  of  2n,  and  the  problem  is  indeterminate.  This 
result  might  have  been  expected,  for  since  y  does  not  appear  in  F, 

nor  in  the  conditions  fulfilled  at  the  limits,  the  coefficient  -j-  might 

have  been  taken  as  the  principal  function,  instead  of  y,  and  then  the 

equations  given  by  2>  CT  =  0  would  have  been  just  sufficient  to  estab- 

dy 
lish  a  relation  between  x  and  -^,  without  arbitrary  constants,  which 

relation,  when  integrated,  must  give  an  equation  between  x  and  y, 
containing  one  arbitrary  constant. 

63.  If,  in  the  last  case,  one  of  the  limiting  values  of  y  were  given, 
the  ..problem  would  again  become  determinate.      Similarly,  when 

iV  =  0  and  P^  =  0,  and  both  limiting  values  of  y  and  -j-  are  in- 
determinate, the  solution  will  contain  tioo  arbitrary  constants,  and 
will  be  rendered  determinate  by  assigning  at  least  one  limiting  value 

to  y  and  -f- 
^         dx 

And  generally,  if  the  first  m  terms  of  the  equation 

m-..      dP*  ,   d^P^      ,  - 
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be  wanting,  and  if  there  be  no  conditions  fixing  the  limiting  values 

of  y,  -r,  '  *  *  '  <  "J"^>  the  solutionwillcontainm  arbitrary  constants. 
OjO  cue 

The  preceding  cases  afford  the  principal  examples  of  exception  to 

the  general  theory.     We  now  return  tQ  the  consideration  of  that 

theory. 

64.  As  it  will  sometimes  be  possible  to  integrate  the  equation 

one  or  more  times  without  determining  the  form  of  the  function  F, 
and  as  the  consideration  of  these  cases  will  greatly  facilitate  the 
application  of  the  theory  to  particular  examples,  we  proceed  to 
examine  some  of  these  cases,  arranging  them  in  two  classes. 

dv  d^v 

65.  \9t  Case,    Let  the  first  m  of  the  quantities  y,  -^,  -^^  &a  be 

ax  ax 

wanting  in  F,  or  let 

V=f\x,p ^1 

Then  the  first  ni  terms  of  the  equation 

dP 
dx 

will  be  wanting,  and  that  equation  will  reduce  to 

-1-^ ^    Z      +  &c.  =  0 

dx^  dx^^^ 

which  gives,  when  integrated,  m  times, 

dP 
P« -^  +  &c.  =  Co  +  Cjar  +  Cgor^  H f^^ior^i, 

a  differential  equation  of  the  order  2n  —  m, 

66.  Case  2d.  Let  the  independent  variable  x  be  wanting  in-  F, 
or  let 
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In  this  case,  we  hare 

dV  =  My  +  P.rf^  +  -P2<^§  +  «5<5- 

or,  by  substituting  for  iV,  its  value  derived  from  the  equation, 
L^dx^^dx    dxj      ^L^di^      dx    dx^A       ' 


+ 


L  "di»+'    ''^i  dx  dx-  r^- 


-  "=' V[''.g+l-a^+/[Ag4'^]^+^ 


+ 


/[-•£^-<-»-l-^^]- 


Pn  T-j^i  <^  gives,  by  an  integration  by  parts, 


+(-')-/S-^-^- 


.     rfpd'+^y     .     ,.Jy  d'Pn-],       „d'y      dP,  d-^y 

'  ■Jl^-'d^+--^-^^Tx--d^]'^=^'dP--dr-d^+^'' 

+  (-1)"  '-t-'-t;;^- 
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.-.  r  =  c+p 


+ 


^dx'^L  ^dx»      dx'  dxl 
r     <Py      dP^  d^y      d'P,  dfl 


„  c?»y       dPn   c?"-^v  ,  ch-^Pn    dy 

fltr»        dx     fltc"-^  •   \        /  ^n-\     fix        ^    -" 

which  is  a  differential  equation  of  an  order  not  higher  than  2»  —  1. 

Thus  it  appears  that  when  V  does  not  contain  the  independent 
variable  ar,  the  equation  6  =  0  can  be  reduced  at  least  one  order. 

67.  The  following  are  the  most  important  applications  of  for- 
mula {D) : 

1st.  Let  ^=/(|) W- 

Here  ^^  =  ^  +  A  ^  l>y  formula  (i>),  since  P^  =  0,  P3  =  0,  &c. 

But  r  is  a  function  of  -;^'     .  • .  P,  =  — — -  is  also  a  function  of  ~- 

ax  ay  ax 

dx 
Hence  by  substituting  for  V  and  Pj  their  values,  and  then  solving 


dx 


=  Cj.     .  • .  y  =  Cjo;  +  c. 


2 


Here  y  is  a  linear  function  of  2C,  and  this  result  shows  that  linear 
functions  have  the  property  of  giving  a  maximum  or  minimum  value 

to  every  function  of  -j-  which  admits  of  such  a  value. 

2d.  Let  ^  =  /(y'|) W- 

Then  F  =  c  -f  Pi  ^. 

dx 
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3d.  Let  r=/(y,§) (c). 

68.  Coat  Zd,  Let  the  function  F  belong  at  the  same  time  to  both 
of  the  preceding  classes,  that  is,  let  the  independent  variable  x^  and 

dxi      dP'Xt 
the  first  first  m  of  the  quantities  y,  -~,    j^,  &c.,  be  wanting  in  F. 

Qfju        UX 

The  equation  5  =  0  gives,  as  in  the  first  case  by  integration, 

Pm ^  +  &c  =  Co  +  c^x  +  c^^  +  6lc C^iSf^K 

dP 

This  value  substituted  in 

> 
the  differential  of  the  given  relation 

Ap    ^^'y   ^-^^2  ^"^vi^ 

+  [^Co+Cia:+C2x2+&c. . . . . c«-i . aj"^ij ^^i^» 
Integrating  by  parts,  we  get 
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r=c+p^, .  ^^^^+  |_p»«  ^^^ — ^-  ^-^j  +  && 

^_d^    dPn  <^-V,  .„,/     n,«^,   d'-^^P.  ch+^y 

+/[co  +  Cja;  +  Cj*"  +  &c . . . .  +  c«_i*»-»]^j^<fa . . . .  {JS). 
But  since  in  general 

+  (_l)..,(,_l)(,-2) 2.1^, 

if  we  put  successively  r  equal  to  (1, 2, 3, ....  m  —  1),  and  substitute 
the  resulting  values  of  the  integrals, 

in  equation  {E)  it  will   be   a  differential   equation   of   the   order 
2/1  —  w  —  1 ;    that  is,  the  original  differential  equation  will  have 
had  its  order  reduced  by  m  +  1  degrees. 
69,  Suppose  for  example  that 

Then  the  equation  6  =  0,  becomes 

. — i f  —  0 

dx         dz^   ""    ' 

dP 

whence  by  integration    ,P^  =  -^  -f  c. 

and  this  value  substituted  in  the  differential  of  (1)  viz. : 
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^'"     ^^=[<+SE-^+i'/^ 


.-.   7=c'  +  c^  +  P2 


a  diflTerential  equation  of  the  second  order  as  it  should  be,  since 

2n  —  m  —  1  =  2. 

HelcUive  Maxima  and  Minima  of  One  Variable. 

70.  Pr(^.  To  determine  the  foma  of  the  function  y  =  (px  which 

will  render  /  Vdx  (taken  between  certain  limits)  a  maximum  or  min- 

imum,  when  y  is  selected  from  those  functions  which  satisfy  the 

additional  condition  fV'dx=zc     (between  the  same  limits);    the 

dy  d^y 
quantities  V  and  F'  being  functions  of  ;r,  y,  -^,  -—,  &c. 

The  condition  fVdx  =  a  maximum  or  minimum,  gives 

DfVdx  =  0 (1). 

And  the  condition  fVdx  =  c,  gives 

DfV'dx  =  0 (2). 

Multiply  (2)  by  an  arbitrary  quantity  X,  and  add  the  result  to  (1); 

then    DfVdx  +  X . DfV'dx  z=:0  or  DJ{V+  \V')dx  =  0 ....  (3) 

and  equation  (3)  will  include  all  the  conditions  involved  in  the  prob- 
lem, and  will  imply  that  both  (1)  and  (2)  are  necessarily  true. 
For  since  by  hypothesis  X  is  an  arbitrary  quantity,  we  may  write 

Df{V+\Vyx=zO    and    I)f{V+\V')dx  =  0 

.  • .  ^/(>^i  -  >^2)  ^'<^^  =  0     or    (Xj  -  \)DfVdz  =  0. 

Now  X^  and  X^  are  not  equal,  and  therefore  Xj  —  X^  is  not  equal 
to  zero.     Hence  we  must  have 

DfV'dx  =  0,        and  .  • .  from  (3)        DfVdx  fc=  0  also. 
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Thus  (3)  includes  all  the  conditions  requirecf;  and  therefore  if  we 
replace  F"  by  V  +  'KV',  the  problena  can  be  solved  as  one  of  abso- 
lute maxima  or  minima. 

The  formula  (3)  expanded  and  applied  to  the  limits  Xq  and  x^,  gives 

^Ai-  Vodzo+sf'^^Vdx+XiV^'dx^-  V^'dx^)+8p^-Kirdx^0. 

^  Xq  "^  3?q 

71.  Cor.  It  may  be  shown  in  nearly  the  same  manner,  that  when 
fVdx  =  a  maximum  or  minimum,  and  also 

fV'dx  =  c        and        /F'Vfo  =  c', 

the  problem  may  be  solved  as  a  case  of  absolute  maxima  and  minima 
by  replacing  F  by  F  +  X  F'  -t-  X'  F"  where  X  and  X'  are  arbitrary 
constants. 

Applications. 

72.  We  will  now  illustrate  the  principles  already  expired  by  a 
few  examples. 

1.  To  find  the  nature  of  the  line  (lying  entirely  in  one  plane) 

which  is  the  shortest  distance  between  two  given  points. 

Let  x^y^  be  the  co-ordinates  of  the  point 
A,  and  x^y^  those  of  B,  The  general  value 
of  the  length  of  the  arc  of  a  plane  curve  AB 

1  +  -j-^  J  dx  taken  between  the  proper  0 


■"/{ 


dx^l 
limits.     Hence  in  the  present  case  we  shall  have 

U  =  r^  Vdx  =  r^  (l-h%)  dx=&  minimum. 
V  Xq  *^  Xq   \        dx  f 

Here   F=:  |l  +;t^)  —f\j\  ^"^  consequently  by  formula  (a), 
the  solution  of  the  equation  6  =  0  becomes 

y  =  ex  -f-  c'. 
and  the  shortest  path  from  ^  to  i?  is  a  straight  line. 
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The  equation 

ai—  Co  =  0    or     V^dx^  —  V^dx^  +  Pfy^  —  PqSi/q  =  0 

disappears  in  this  case,  since 

dxQ  =  0,  ctcj  =  0,  St/i  =  0,     and    Sy^  =  0, 

the  limiting  values  of  both  x  and  y  being  fixed. 

To  determine  the  values  of  the  constants  c  and  c'  we  have  the  two 

equations 

Vi  =  cx^  +  c',        and        y^  =  cJq  +  c' ; 

thus  the  solution  of  the  problem  is  complete. 

2.  To  find  the  line  of  shortest  distance  between  two  given  curves. 

Let  the  equation  of  the  curve  AB  be  ^q  =  F^^Cq (1). 

and  that  of  the  curve  CD. 

Vi  =  ^1*1 (2). 

As  in  example  1, 

•'=('+g)*=/(l)> 

.  • .  y  =  ca;  +  c',  

0  JT' 

and  the  shortest  distance  is  still  a 

straight  line. 

To  determine  the  values  of  the  constants  c  and  c',  and  the  limiting 
values  XQy  i/q,  arj,  y^,  we  proceed,  as  follows: 

From  (1)  and  (2)  we  get  the  following  conditions  connecting  cZtq, 

^y©  9  ^^1  ^^^  ^yi)  ^^^* ' 


in  which 


Also 


•'•  ^yo  =  ('o— <^)^-*^o>        ^yi  =  (^1  —  c)  <^,. 
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Substituting  these  values  in  the  equation  a^  —  Oq  =  0,  and  replacing 
Fi,  Fo,  Pj,  Fq  by  their  values,  we  get 

(1  +  c2)*ciri  -  (1  +  c^)^dxo  +  c{l  +  c2)"*  (t,  -  c)dx, 

—  c  (1  +  c2)"*  (/o  -  c)d:ro  =  0. 

Now,  placing  equal  to  zero  the  coefficient  of  dxQ  and  cfej,  the  only 
arbitrary  increments  remaining  in  the  equation,  we  get 

(1  +  c2)*+  c  (1  +  c2)"*(^i  -0  =  0,    and 

(l  +  c2)*+c(l+c2)"^(fo-c)=0; 

or,  1  +  c^i  =  0  .  •  •  (3),    and     1  +  c/q  =  0  •  •  •  (4). 

These  two  equations,  with  the  following 

yo  =  cxo  +  c\    yi  =  ca?i  +  c',    y^-F^Q,    y^  =  F^x^, 

suffice  to  determine  the  six  quantities,  c,  c',  Xq,  y^^  ar^,  y^. 

The  equations  (3)  and  (4)  show  that  the  shortest  line  EE^  cuts 
both  curves  at  right  angles. 

73.  In  the  preceding  example,  suppose  the  given  curves  to  become 
straight  lines  perpendicular  to  the  axis  of  x.  Then  dx^  =  0,  and 
dx^  =  0,  since  the  extremities  of  the  shortest  line  will  necessarily 
have  invariable  abscissae. 

Also     tQZ=z-p-=  CO,     and     /,  =  -p-  =  ao;     .'.  cz=  —  =  0; 

and  as  c'  is  now  indeterminate,  the  required  line  of  shortest  distance 
may  pass  through  any  point  of  AB, 

This  is  an  example  of  Exception  2. 

3.    To   find   the  form   of   the   function    y,   which    shall   render 


^=f::rh-!&P' 


a  maximum  or  mmimum. 
Here  we  have 
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and  therefore,  bj  formula  (6), 


Making  c  =  /*,  and  solving  with  respect  to  dx^  we  get 

This  comes  under  the  binomial  form,and  therefore  is  integrable  when 

1  _  .  I.    !_• 

an  integer  or  zero;    that  is,  when  n  has  one  of  the  following 
values,  viz. : 

1,  2'  3»  i'^^J     ^^'  '"^'  ""2'   ~  3'  "  4'  ^^• 
As  a  particular  case  of  this  problem,  suppose  i*  =  —  -; 

•••^=;7fe-7)''*=\^-*' 

or  dx^     ^^l_^    \^^y_    W-^^y. 

■yflLy—'f     V^y  —  y*      -y/^  —  y* 
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.  • .  X  +  c  =z  - /.  versin     ~ (/y  —  y^)  . 

If  the  limiting  values  of  x  and  y  be  given,  then 

dxQ  =  0,     Si/q  =  0,     dx^  =  0,     <yyi  =  0, 

and  the  equation  a^  —  Cq  =  0  disappears. 

To  find  the  two  constants  c  and  /,  we  have  the  two  equations 

.:  -^2y, 


a?i +  c  =  ~/.ver8in    -~  - -//yi  —  yi^ ; 
and  if  x^  =  0,     and    y©  =  0,    then    c  =  0,    and 

ar  =  ^/.  versin"^  ^  -  y/li^ (^)- 

74.  The  equation  (1)  of  this  last  example  exhibits  the  solution  of 
the  celebrated  problem  of  the  Brachystochrone^  or  the  curve  of 
swiftest  descent. 

Thus,  let  A  and  B  be  two  points  in  the  same  ver-  a     E      F       D 
tical  plane,  and  let  it  be  proposed  to  determine  the 
nature  of  the  curve  APB^  along  which  a  heavy  body 
will  descend  from  ^  to  i?  (under  the  influence  of  the 
force  of  gravity  alone)  in  the  shortest  possible  time. 

Denoting  by  t  the  time  occupied  in  passing  from  A  to  any  point  P 
in  the  unknown  path,  the  co-ordinates  of  which  point  are  x  and  y ; 
by  8  the  variable  arc  AP^  and  by  g  the  velocity  acquired  by  a  heavy 
body  falling  vertically  during  a  unit  of  time ;  then  it  is  shown  by 
the  principles  of  Mechanics,  that  the  velocity  acquired  by  the  body 
in  descending  along  the  curve,  (when  it  has  reached  the  point  P,) 
will  be  expressed  by 

r-—        ,    ,      ,       ds       dxf^    ^  dy^Y 
V^,  andalsoby-  =  -^l+;^,j 
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.  • .  / y "* 1 1  +  -—J  dz  =  a  minimum  between  the  limits 

a;  =  ir^  =  0,    and    x  =z  x^=z  AF, 

The  equation  (1)  represents  a  cycloid,  the  axis  DC  =  I  being 
vertical,  and  the  extremity  of  the  base  coincident  with  A,  the  point 
of  departure. 

75.  4.  Through  two  given  points  A  and  B,  draw  a  curve,  of  given 
length,  so  that  the  area  included  between  the  chord  AB  and  the 
curve  APB  may  be  the  greatest  possible. 

This  is  a  problem  of  relative  maxima  and  minima,  since  the  curve 
is  to  be  selected  from  a  particular  class,  viz. :  those  which  have  a 
given  length  /,  or  which  fulfil  the  condition         • 

i 


f::{ 


\  +  ^^dx  =  l  =  fV'dx. 


Also  fVdx  =  /    ^  ydx  =  a  maximum. 

Therefore  by  the  method  of  relative  maxima 
and  minima,  we  have 


A  X  D 


i 


=  Firfa^  -  Focfoo  +  S  f'^  Vdx 


+  X(  V.'dx,  -  Fo' .  dzo  +  «/*»  rdx). 

V  Xfi 

Here  the  limiting  values  of  both  x  and  y  are  invariable,  giving 
^0  =  0,    ^yo  =  0,    cfei  =  0,     ^y,=:0. 
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Hence  the  equation    a^—aQ    disappears,  and  formula  {b)  gives 


('- 


da?) 


-  (y  —  e)dy  , 

or  da:  =    ,  '  ,         whence 

V^*-(y-c)« 

x=z^[\^^{y^cf]'  +  c'    or     (ar  -  c')*  +  (y  -  c)^  =  X^ 
and  the  required  curve  is  the  arc  of  a  circle. 

To  determine  the  constants  c,  c\  and  X  we  have  the  three  equations 

(xo  -  cj  +  (yo  -  cf  =  X2,     (:p,  -  ey  +  (yi  -  cf  =  X^    and 

-  chord  AB  .  -I 


=  ^'"  (t-)' 


or  when  the  origin  is  at  A  and  the  chord  AB  coincides  with  the 
axis  of  2:, 

c'2  +  c2  =  X2,  (a?i  -  c')2  +  c2  =  X2,    aud    |^  =  sin--. 

76.  5.  Given  the  length  I  of  the  curve  joining  two  fixed  points 
A  and  B^  to  find  the  form  of  the  curve  when  the  surface  generated  by 
its  revolution  about  the  axis  AB  is  the  greatest  possible. 
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Here  fVdx  =X>y(l  +  ^I)  *= 


=  a  maximum, 


and 


F  +  xr 


..^,,g)V.(,,g)^,|). 


The  equation  a^  —  Cq  =  0  disappears,  and  (6)  gives 


1 


...,(,+g)=^,  +  x,g  = 


<^y2        (2*y  +  X)2 


-1. 


.  • .  dz  = 


cdy 


V(2i7+X)*"^^ 
To  integrate  this  put  2iry  -}-  X  =  2    and     -A2  _  ^2  =  «  —  ^, 

then   —  c2  =  —  2z<  +  ^,  2?  =     ^    ,  and Vy  =  ^^-j—^dt, 


and 


V'(2*y  +  X)2  -  c2  = 


2<    '  "^       2flr        4*^2 

•  •  • .  CtX  = •  ■— • 

2/  2*"    r 


.•.   X=z 


2«'  ^^  <  -  2*  ^^2^y  +  X  -  y^(2^y  +  x)2  -  (?» 


___c_,      2ry  +  X  +  Vt^y  -f  X)^  —  c^ 


=  (71og 


y+  C  +  -/(7+  C7')^  -  C2 


7// 


31 
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in  which   C  =  ^,  C'  =  ^,    and     C"  =  ^,' 

This  is  the  equation  of  the  Catenary,  which  therefore  is  the  required 
curve. 

77.  Prop.  To  find  the  form  of  the  function  and  the  values  of  the 
limits  Xq  and  x^  which  shall  render 

U  =  V  +  /    ^  Vdx  a  maximum  or  minimum,  where 

'"=/{--©.-(.^)-'"(l), P).] 

The  general  equation  6  =  0,  being  derived  exclusively  from  the 
terms  under  the 'sign  of  integration,  must  be  the  same  as  in  the  last 
proposition,  and  therefore  it  will  be  necessary  to  consider  only  those 
terms  which  refer  to  the  limits : 

VutdV  =  M'dx,  +  N'dy^  +  Pid{^\  +  Pi<ji^j^)  +  &c.  •  •  •  • 
+  ^••''^(£').+  ''"''^  +  """''^  +  ''■'Ki): 

Then  the  additional  terms  in  D  C7,  resulting  from  F',  are 

+*.w..+^-.,.+P,.  (f-)^+  P,.  («?) . . .  +  P...»  (g?) , 

and  the  first  member  of  the  equation  a^  —  Oq  =:  0  will  be  increased 
by  these  terms,  which,  being  of  the  same  form  with  the  terms  pre- 
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viously  found  in  that  equation,  there  will  be  no  difference  in  the 
manner  of  discussing  it  in  its  modified  form. 

It  must  be  remembered,  however,  that  the  possibility  of  satisfying 
the  condition  2)  CT  =  0,  depends  upon  the  fact  that  the  number  of 
independent  increments  in  the  equation  a^  —  Oq  =  0,  does  not  usually 
exceed  the  number  of  arbitrary  constants  in  the  integral  of  the 
equation  b  =  0,  Hence  if,  in  any  particular  case,  the  number  of 
independent  increments  should  be  greater  than  the  number  of 
constants,  the  solution  would  be  impossible. 

Now  in  the  case  at  present  under  consideration,  the  number  of 
increments. 


-M% m. 


relating  to  the  inferior  limit  is  n'  +  2 ;  and  the  number  of  incre- 
ments already  found  to  exist  in  Qq  is  n  +  1. 

If  then  n'  +  2>n+l,  or  n'>y»  —  1,  the  solution  of  the  prob- 
lem will  be  impossible. 

Similar  remarks  apply  to  the  superior  limit ;  and  we  conclude 
that  when  the  new  function  V  contains  any  coefficient  of  an  order 
higher  than  n  —  1,  the  function  CT  will  not  admit  of  a  maximum  or 
minimum. 

78.  Prop,  To  find  the  form  of  the  function  y  and  the  values  of 
the  limits  Xq  and  arj,  which  shall  render  ^  =  /  ^  ^c?jc  a  maximum 
or  minimum,  where 


^0 


F=/[.,y,|....g,.o,yo,(|);---(g)^^^ 

Wa W")J' 

The  general  equation  JDU  =  0  becomes  in  this  case    (p.  441) 
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This  being  written  in  the  form 

^1  ~  ^0  +  /    ^  i^y«^J?  =  0, 


^c 


shows  that  b  is  the  same  as  before,  and  therefore  the  form  of  the 

function  t/  is  not  changed  by  supposing  V  to  contain  explicitly  the 

du 
limiting  values  of  x,  y,  -j-,  &c. 

Also  the  terms  in  a^  —  Oq  =  0  are  of  the  same  nature  as  if  V 
did  not  contain  the  limits,  forming  a  series 

A,dx,  +  B,6i/,  +  C,  (^)  +  &c.  +  A,dx,  +  Bfyo  +  C^  ('^)  &c. 

Ai^B^,  C\,  Aic,  Aq^Bqj  Cq,  &c.,  being  constants.     For  in  the  ex- 
pressions 

7^  m,dx,    I    ^  m^dx^  &c., 
X^  *J  T^ 


^0  "^0 


the  same  supposition  is  made  as  in  the  terms 


o» 
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and  the  other  coefficients  of  the  several  increments  in  the  equation 
a^  —  Oq  =:  0,  where  V  did  not  contain  the  limits ;  viz. :  that  the 
value  of  y,  derived  from  the  equation  6  =  0,  has  been  substituted  in 
mj,  m^,  <kc.    This  substitution  being  effected,  and  the  definite  integrals 

/    *  m,dx,     I    ^  nirdx,  <fec., 

being  formed,  the  quantities  yfj,  B-^^  A^y  B^  &c.,  will  become  entirely 
constant. 

Thus  the  mode  of  treating  the  equation  2)  CT  =  0  is  in  all  respects 
the  same  as  in  the  case  previously  considered. 

The  following  examples  will  illustrate  the  cases  considered  in  the 
last  two  propositions, 

79.  Ex,  Having  given  the  area  c  of  the  figure  BAA^B^^  bounded 
by  the  axis  of  ar,  by  two  ordinates  passing  through  the  given  points 
B  and  B^^  and  by  a  curve  ACA^^io  find  the  nature  of  the  curve  and 
the  values  of  the  extreme  ordinates  BA  and  BiA^^  when  the  peri- 
meter of  the  figure  is  a  minimum.  Put 
OB=Xq,    OB^=x^,  BA=yoy  A^i=yi- 

Then,  since 

BBj^  =x^—Xq 

is  constant,  we  have 


A 

/                       \ 

A. 

3i 

y. 

xo 

B 


B, 


BA  +  B,A,  +  ACA,  =  yo  +  yi 


)  f"^'  V'dx=  f%dx  =  c. 

^X^  ^  Xr. 


.-.    U=V"+J'^\V+\V')dx=z2.mim 


a  mmimum. 


mmimum. 


Here  U  contains  a  term  V'\  exterior  to  the  sign  of  integration, 
involving  the  limiting  values  of  y,  and,  therefore,  by  the  method 
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applicable  to  such  cases,  combined  with  that  of  relative  maxima 
and  minima,  we  have 

i>^=i>[yo+y.+x:i(i+s)*+^y}«^]=o.  • 

Now     V  +  W  =  fly, --j^Y  and  therefore  by  formula  (6) 

dx 


or. 


(,  +  ^)»,.,-x,)  =  ,. 


Put    ^*  =  i8,     and     l  =  a,      then      /l  +  g- j  (/3  -  y)2  =  «« ; 

or,  (a:  —  c^'^-\-  (y  —  ^y  —  a^,  the  equation  of  a  circle. 

Hence,  the  curve  ACA^,  is  a  circular  arc. 

To  determine  the  values  of  the  ordinates  i/q  and  yj,  and  that  of 
a,  the  radius  of  the  circle,  wo  recur  to  the  equation 

cr,  —  cfo  =  0,  which  becomes,  in  the  present  case 

+  A^'%,4-iV^%o  =  0,     (1), 

since  V-{-W  does  not  contain  Pj?  ^3?  ^^-t  ^"^  ^"  contains  only  y^ 
and  y^. 

Also,  since  the  points  B  and  B^  are  given,  dx^  =  0,  and  dx^  =  0. 
Thus,  (1)  is  equivalent  to  the  two  conditions 


\ 
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But 


iV^=^=l,    and    iVr"=-/— =1. 


Hence,  by  substituting  the  values  of  iV^,  iV"  and  P^,  we  obtain 

And  therefore  the  arc  ACA^  is  a  semicircle,  the  tangents  at  A  and 
A^  being  perpendicular  to  OX. 


Also, 


radius  a  =  -  (ari—  ar^j),     and    y^zz:  y©. 


But  area  BAA^B^zzz  2a . y^  +  -^'a^  =  c,  and  . ' .  y©  beconies  known, 

At 

thus  making  the  solution  complete. 

80.  JSx,  To  find  the  curve  of  swiftest  descent  from  one  given  curve 
to  another,  the  motion  being  supposed  to  commence  at  the  upper 
curve. 

Let  AB  and  A^B^  be  the  given  curves,  and 
CC^  the  curve  required. 

Put     OD  =  Xq,     DCz=y^,     OE=x, 
EP  =  y,     OF=x,,    FC,=  !/,,     CF=8. 

Then,  by  the  principles  of  Mechanics  (before 
cited),  the  velocity  acquired  by  the  body  in 
descending  from  C  to  F  along  the  curve  CFCu  is  expressed  by 

V2^X/P  =  /2^(y-y7);    ^^^  a^^o  by^=  ^y^l  +  ^; 
.  •.  (f^  =  [2y  (y  -  yo)]"*.  [l  +  g-]*cfe. 


a  minimum. 
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Here  F contains  the  limit  yo  explicitly ;  and  therefore  DIT  will  con- 
tain the  additional  terms 

which  terms  appear  in  the  equation  aj—  Cq  =  0,  but  not  in  the  equa- 
tion 6=0. 

Also,  since  F  =  /I y,  -^j,      we  have,  by  formula  (6), 

or.       [(y-y„)(l  +  g)l*=l  =  (2C)* 


'  '  dx      L      y  —  y<t      J 

This  is  the  differential  equation  of  a  cycloid  having  the  axis  parallel 
to  y,  the  cusp  or  extremity  of  the  base  at  the  upper  point  x^  y,,,  and 
the  diameter  of  the  generating  circle  =  2C. 
The  equation  Oj  —  ffj  =  0  gives,  in  this  case, 

V,dx,  -  V,<Ix,  +  (P,)i  Sy,  -  {P,)Jy,  +.[f^^'n,  (^jd^yx. 


+ 


(f^^n,dxyy^  =  0...-{l). 


But     no  = -T— = -—=  —  N= pi,    since    i\r t^  =  0. 

ayo  "y  dx  ax 

,'.  J  u^dx  z=  —  /       '  dx  =  —  P^  +  q. 
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.'.f^^n,dx  =  {P,\-{P,\,    and    J\%)n,dx 

=  (^)m\  -  (/>:).]. 
Again,  if  the  differential  equations  of  the  two  given  curves  be 

we  shall  have  the  following  conditions  connecting  the  values  of  dx^^ 
^yoj  ^i>  and  %i,  viz. : 

Sj/o  +i£jdxo  =  t^diQ,     and     $t/^  +(^)  ^-^1=  ^i^i' 
Now  substituting  the  values  of  Si/q,  di/^,  I    ^n^dx^  and   /    ^\-r-\  n^dx 

in  (1),  and  placing  the  coefficients  of  dxQ  and  dx^,  separately,  equal  to 
zero,  we  get 

r.+  (p.).[.-(|)J-[W).-m,](|). 

-  cm. -(/■.).]['. -(I)  J  =0,    or, 

[(„|!)».^_,,-*]_,(g)_[(.,|l)-*. 
<y-*)-*];['.-(|)J=o--P); 


.  •  ,   f  2  —  Iqj 
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From  (2)  we  obtain  ^"("'iIt^)  =^>  *^^  therefore  the  cycloid 
intersects  the  second  curve  at  right  angles. 

Also,  from  (3)  we  get        1  +  /«  (j-)  =  ^  *> 

and  the  tangents  to  the  two  curves,  at  the  points  of  intersection  with 
the  cycloid,  are  parallel.  The  co-ordinates  of  those  points  are 
readily  found, 

81.  Prop.  To  determine  the  forms  of  the  functions  y  and  z,  and 
the  values  of  the  limits  x^  and  x^^  which  shall  render 

U  =:  I    ^  Vdx  a  maximum  or  minimum,  where 


^0 


v^  A    ^  ^     ^-t    ^  ^     ^^^n 

'^U^'^'dx'     dx^' dx-'     ""'  dx'     dx^ dxA' 

The  equation  DU  =i  0  becomes  in  this  case 


+ 


(hP  "1 


+      i'm' 
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If  the  functions  y  and  z  be  independent  of  each  other,  their  varia- 
tions hy  and  ^z  will  also  be  independent ;  and,  by  reasoning  as  in 
previous  propositions,  it  will  appear  that  we  shall  have  the  conditions 


And  for  the  equation  of  the  limits 

+  [A'  -  &c.]  ^-  \P^  -  &c.]„  (~)^.  <kc.  &e.  =  0, (2). 

The  mode  of  treating  these  equations  is  exactly  the  same  as  that 
employed  when  V  contained  but  one  function,  and  by  reasoning,  as 
in  that  case,  it  may  be  readily  shown  that  the  number  of  equations 
applicable  to  the  solution  of  the  problem  will  not,  in  general,  be 
affected  by  any  equations  of  condition  restricting  the  limits.  For 
every  such  equation  of  condition  will  diminish  by  unity  the  number 
of  terms  in  (2),  either  by  reducing  to  zero  the  variation  which 
appears  in  such  term  ;  or,  by  uniting  two  terms  in  one,  and  thereby 
diminishing  by  unity  the  number  of  equations  deducible  from  (2). 

But  the  given  equation  of  condition  will  just  supply  the  place  of 
that  which  has  disappeared. 

Thus  it  will  suffice  to  prove  that  (1)  and  (2)  furnish  the  requisite 
number  of  equations  in  a  single  case,  as  when  the  limits  of  x  are 
alone  fixed. 
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Now  the  first  of  equations  (1)  is  of  the  order  2»  in  y,  and  m  +  n 
in  Zy  and  the  second  of  equations  (1)  is  of  the  order  m  +  n  in  y^ 
and  2m  in  z.    They  are  therefore  of  the  forms 

_  r        dy         ch^y       dz         d^z"!      ^         ,^. 

If,  then,  we  differentiate  (3)  2m  times,  and  (4)  m  +  w  times,  we 

shall  have  3m  +  n  +  2  equations  with  which  to  eliminate  the  Sm-\-n 

dz  d^^^^z 

quantities    ^r,  — 3m+i»>     ^^^  ^^®  resulting  equation  will  be 

of  the  ordA*  2m  +  2n  in  y.  The  integral  of  this  equation  will  con- 
tain 2m  +  2»  constants.  But  the  number  of  equations  given  by 
(2)  is  exactly  2n  +  2m,  viz. :  the  2n  equations, 

and  the  2m  equations, 

[P/—  &c.]i  =  0,  &c. 

Hence  the  problem  is  in  general  determinate,  but  there  are 
exceptions  entirely  similar  to  those  considered  in  the  case  of  a  single 
dependent  function  y. 

82.  If  the  functions  y  and  z  be  connected  by  an  equation  L  =z  0, 
and  if  it  be  possible  to  resolve  that  equation  with  respect  to  y  or  z, 

so  as  to  obtain  a  result  of  the  form  z  =/|r,  y,  y-,  &c.  J,    the  values 

dz      d^z 
of  -7-,     -T-ni  <^c.,  can  be  formed  by  differentiation,  and  substituted  in 
ax      (Ix^ 

that  of  F,  which  will  then  contain  x,  y,  4ind  the  differential  coeffi- 
cients of  y  with  respect  to  ar,  thus  presenting  a  case  already 
considered. 
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83.  But  since  the  proposed  equation  2/  =  0  is  often  a  differential 
equation  difHcult  to  be  integrated,  we  are  oflen  compelled  to  adopt 
the  method  already  noticed,  (Page  444)  in  which  by  the  introduction 
of  a  new  indeterminate  quantity  X,  and  a  suitable  determination  of 
its  value,  we  are  enabled  to  obtain  an  expression  for  $  U  which  shall 
contain  but  one  of  the  variations  Sy  and  8z  under  the  sign  of  inte- 
gration. 

Thus,  if  we  denote  by  d,  the  sum  of  the  terms  exterior  to.  the  sign 
of  integration  in  the  value  ofSU,  (Page  445)  there  will  result 

•^  Xq  dx 

and  if  we  so  assume  the  quantity  X  as  to  fulfil  the  condition 

it  will  appear  by  reasoning,  similar  to  that  employed  when  y  was 
the  only  function,  that  the  condition  811=0  cannot  be  satisfied  (so 
long  as  the  form  of  Sy  is  arbitrary)  unless  we  have  the  two  conditions 

d=0     and     iV^+Xa-^^i^L+M)  +  &c.  =  0. 

dx 

Hence,  we  have  for  the  solution  of  the  problem,  the  three  general 
equations 

and  jyr' +  xa' -  ^1^L±M!)  +  &c.  =  0. 

dx 

which  are  just  sufficient  to  determine  the  three  unknown  quantities, 
X,  y  and  z. 

84.  We  will  now  give,  in  conclusion,  examples  to  illustrate  the 
cases  and  methods  above  explained. 
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Ex.  To  find  the  nature  of  the  lin^  which  is  the  shortest  distance 
between  two  given  points  in  space,  there  being  no  restriction  by 
which  the  lino  is  required  to  be  confined  to  one  plane. 

The  general  value  of  the  length  of  the  arc  of  a  curve  of  double 
curvature  is 

taken  between  the  proper  limits. 

Hence  in  the  present  case  we  shall  have 


--f::{ 


1  +  -^  +  -j-A  dx  =  a  minimum. 


Herer=(l+X+_),^=_=0,i^'  =  -  =  0 

dy  dz 

J,   _dV  J Ix  p/_^^_  ^ 


dx      V  ^  "^  dx^  "^  dx"^  dx     V  ^  "^  6/^2  "^  dx^ 

P2  =  0,     P2'  =  0,  &c. 
Ilcncc  the  equations 

dP  dP  ' 

^-  -T-  +  ^^'  =  0    and    iV^'  -  -4^  +  &c.  =  0 
dx  dx 

,  dP,       ^  .      dP,'        . 

become  -7—  =  0     and     —7^  =  0 

dx  dx 

dy  dz 

dx  dx 

or      jPj  =   — —.-_::  =  C      and       P(  =  =-r:=r  =  C 

V     '^  dx'^^  dx'^  \     '^dx^'^  dx^ 

Eliminating  first  —  and  then  — -   between  these  two  equations,   we 
readily  obtain  results  of  the  forms 
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dy  -      dz 

-f-^ztn    and      -7-  =  n   in  which  m  and  n  are  constants, 

ax  ax  ' 

.  • .  1/  =z  mx  +p,        and         z  =  nx  +  q. 

These  are  the  equations  of  a  straight  line,  which  therefore  is  the 
shortest  distance  required. 

To  find  the  values  of  the  constants  m,  n,  p,  and  g,  we  introduce 
the  given  limits  Xo,  yo>  ^o»  ^n  l/v  ^i>  ^^^  t^"^  g^^ 

yo  =  wiar^  +  ^,    z^,  =  iiXq  +  q,    y^  =  wi^i  +^,    Zj^=nx^  +  g, 

which  suffice  to  determine  m,  n,p  and  5'. 

85.  If  the  limiting  values  of  x  only  were  given,  those  of  y  and  9 
remaining  indeterminate,  the  terms  exterior  to  the  sign  of  integra- 
tion would  give 

{p,),  =  0,  (POo = 0,  (p,'). = 0,  (p.Oo = 0, 

which  are  equivalent  to  the  two  equations 

m  =  0     and     n  =  0, 

thus  leaving  the  other  two  constants  p  and  q  indeterminate,  and  pre- 
senting one  of  the  cases  of  exception  already  noticed. 

86.  JSx.  To  find  the  shortest  distance  between  two  given 
surfaces. 

Let  the  equation  of  the  first  surface  be  /o(^o»  t/oi^n)  =  0  •  •  •  •  (1) 
and  that  of  the  second  surface  /i(^i>  yu  ^i)  =  ^  •  •  •  •  (2) 

As  in  the  last  example     ^  =  I  ^  +  ^  +  3Ii) 
and  we  immediately  deduce  as  before 

y  =  mx  +  p (3),  z=:nx  +  q (4) 

which  show  that  the  shortest  path  is  still  a  straight  line. 

To  fix  the  co-ordinates  of  the  extremities  of  this  line  we  form  the 
complete  increment  of  (1)  and  (2)  thus : 


.  id"- 


• 
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Put  for  brevity 

rf/o  rf/i  df,  df. 


(Hxq  dxi  dxQ  dx^ 


^  .„w,...  ro,  (I) ,  (|)_,  (J) ,  g)_ 

their  values  derived  fVom  equations  (3)  and  (4).     We  shall  thus 

obtain 

(1  +  mniQ  +  ntio)  dx^  +  mQ$yQ  +  tiqSzq  =  0 

(1  +  mmi  +  nn^)  dx^  +  m^^y^  +  rii^Zi  =  0, 

Now  eliminating,  by  the  aid  of  these  equations,  dxQ  and  dx^^  from 
the  equations 

Vodx,  +  (POo^yo  +  (^/y^o  =  0 

and  placing  equal  to  zero  the  coefficients  of  5yo»  ^^o>  ^^u  ^^u  "^^ 
obtain 

7^0 Fo  —  (Pi)o  (1  +  m/?2o  +  n7?o)  =0 (7) 

miFi  -  (P,),  (1  +  ^^1  +  nn^)  =  0 (8) 

^0^0  -  (AOo  (1  +  ^'"'^0  +  nn^)  =0 (9) 

Wi  Fi  -  (P/)i  (1  +  mm^  +  nnj)  =  0 (10). 

If  now  we  replace  Vq  and  {Pi)q  &c.  in  (7),  (8),  (9)  and  (10),  by 
their  values 

(1  +  m2  +  n2)*,     -— =J^.__._=  &c. 

y  1  +  wi-  +  w^ 
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we  readily  find  from  (7)  and  (9)      m  =  iito,  n  =  n^  -  •  s*  •  •  (11) 

and  from  (8)  and  (10),    m  =  mj    and    n=:nQ (12). 

Now  eliminating  a?o»  yo»  *o»  *i»  Vi-  ^i>  "^hich  quantities  occur  in  the 
values  of  ^q,  ng,  m^,  and  n^,  by  means  of  the  six  equations, 

y^  =  fiMTo  +JP,    yi  =  »w?i  +  jp, 

/o(a^o>  yo.  «^o)  =  0,    /, (ar^,  yj, «,)  =  0, 

there  will  remain  the  four  equations  (11)  and  (12)  with  which  to 
compute  the  values  of  m,  n,  py  and  q ;  thus  the  line  of  shortest 
distance  will  be  fixed  in  position ;  and,  by  combining  its  equations 
with  those  of  the  given  surfaces,  we  can  find  the  values  of 

«i  Vi  ^i    Xq  yo  Zq, 

87.  The  equations  (11)  and  (12)  show  that  the  line  of  shortest 
distance  is  normal  to  both  sur&ces.  For  the  assumed  values  of 
hiq  and  ng  indicate  that  they  represent  the  tangents  of  the  angles 
formed  by  the  projections  of  the  normal  to  the  first  surface  on  the 
planes  of  xy  and  xz  with  the  axis  of  x ;  while  m  and  n  denote  the 
tangents  of  the  corresponding  angles  formed  by  the  projections  of 
the  line  of  shortest  distance. 

A  similar  remark  applies  to  the  quantities  ntj  and  n^,  and  the 
normal  to  the  second  surfiuse. 

88.  ^x.  To  find  the  shortest  distance  traced  on  the  surfiu)e  of  a 
given  sphere  between  two  given  points  in  the  surface. 

Here  the  quantity  to  be  rendered  a  minimum  is  the  same  as  in 
the  last  two  examples,  viz. : 


-<'( 


'+^+S)**----<'>' 


but  since  the  path  is  restricted  to  the  surface  of  a  given  sphere,  the 

32 
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co-ordinates,  a?,  y,  and  z,  of  any  point  in  the  required  path,  will  be 
connected  by  the  relation 

a;a  +  ya  +  22^r^     or    L=zx  +  y^  +  z^=0 (2). 

Hence  the  variations  of  y  and  z  will  not  be  independent  of  each 

other. 

dz 
Now  we  might  form  from  (2)  the  value  of  — ,  which,  substituted 

in  (1),  would  reduce  F  to  a  form  in  which  it  would  no  longer  con- 
tain the  function  z,  or  its  differential  coefficient,  or  we  may  adopt  the 
method  of  Lagrange,  which  is  usually  the  easier.  Taking  the  second 
method,  we  have 

dy  dz 

Pdx  _  ,  dx 


vA+S^S      s/^% 


^  "*"  dx^  ^  dx^ 


dL      dy      ri        dL  ,      dz      ^, 

dx 

diPy  +  Xj8) 
Hence  the  equations    iV+  Xa ' +  &c.  =  0, 

and  iyr+Xa'-  '^(^''+  ^^'^  +  &c.  =  0, 

become,  in  this  case, 

X?^-^-.X^-y— =  0 
dx       dx  dx         dx        * 

^  dz       dPy       ^  dz         d\       . 
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—  =  I  =  0  . . .  .  (3), 

J  dy  \  I  ± 


and  by  integration 

2  -^  —  y — 
dx        dx 


^ 


"^  c^x*  "^  dx^ 


=  c  .  . . .  (5) ; 


or,  by  changing  the  independent  variable  from  x  to  «,  (5)  becomes 

^y  dz  ,^v 

By  similar  reasoning  we  may  obtain 
^^         ^y  /m,\  .        dz        dx  _. 

Multiplying  (6)  by  x,  (7)  by  z,  and  (8)  by  y,  and  adding,  we  get 
ex  +  c^z  +  cjy  =  0,    or    «  H x  +  •-2y=  0  . .  . .  (9), 

the  equation  of  a  plane  passing  through  the  origin. 

Thus  the  required  line  of  shortest  distance  on  the  surface  of  the 
sphere,  is  confined  to  a  plane  passing  through  the  centre,  and  is,  con- 
sequently, a  great  circle. 
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The  equation  a^  —  a^  =  0  in  this  case  disappears,  since 

dz^  =  0,    dxi  =  0,    ^yo  =  0,    ^y^  =  0,    &©  =  0,    and    Sz^  =s  0. 

c  c* 

The  constants  —  and  --^  are  found  by  substituting 

«o»yoi«o»    «»^    *iiyi»«ii    for    «,y,  and  «  in(9). 

89.  If  the  limiting  values  of  x  only  were  given,  or  the  problem 
that  in  which  it  is  required  to  find  on  the  surface  of  the  sphere,  the 
shortest  path  between  two  parallel  sections,  the  variations  ^y^,  ^y^, 
Szq,  Szij  would  not  reduce  to  zero,  and  the  equation  a^  —  Oq  =  0 
would  give  the  four  conditions 

(Pi+>^)o=0,  (Pi+X/3)i=0,  (P/+ >^')o=^0,  (P/+}^')i=0, 

dtf 
or,  I  --=^=^|+X,yo  =  0....(10); 


and  I  -^===p.|  +  Xo«o  =  0.  .-.(ll); 

V^  +  iT^  +  i 

which  apply  to  the  inferior  limit,  with  two  similar  equations  for  the 
superior  limit. 

Eliminating  Xq  between  (10)  and  (11),  there  results 

dy  dz 

z— y  — 

dx         dx       .^^_ 


.v^ 


dz^       dx^l  0 


Hence,  the  constant  c  =  0  in  (5) ;  and  that  equation  becomes 

dy         dz       ^  dy       dz 
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• '  •  log  y  =  log  z  +  log  m  =  log  mz ;    and    y  =  mz. 

This  is  the  equation  of  a  plane  passing  through  the  axis  of  x^  and 
forming  an  arbitrary  angle  (tan^^m)  with  the  plane  of  arz*  Hence, 
the  required  path  is  the  arc  of  any  great  circle  perpendicular  to  the 
planes  of  the  parallel  sections. 
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